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Abstract

A new approach to overcome the ill-conditioning of the Method of Fundamental
Solutions (MFS) combining Singular Value Decomposition (SVD) and an adequate
change of basis was introduced in [1] as MFS-SVD. The original formulation consid-
ered polar coordinates and harmonic polynomials as basis functions and is restricted
to the Laplace equation in 2D. In this work, we start by adapting the approach to
the Helmholtz equation in 2D and later extending it to elliptic coordinates. As in
the Laplace case, the approach in polar coordinates has very good numerical results
both in terms of conditioning and accuracy for domains close to a disk but does not
perform so well for other domains, such as an eccentric ellipse. We therefore con-
sider the MFS-SVD approach in elliptic coordinates with Mathieu functions as basis
functions for the latter. We illustrate the feasibility of the approach by numerical
examples in both cases.
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1. Introduction

The Method of Fundamental Solutions (MFS) is a meshless numerical method
introduced more than half a century ago by Kupradze and Aleksidze [2], quite often
used to solve boundary value problems for partial differential equations whose fun-
damental solution is known. This collocation method looks for a linear combination
of shifts of the fundamental solution of the given differential operator with source
points on an admissible source set.

The MFS is known to be highly accurate, specially on analytic domains [3] and
has a simple computational implementation; due to this, applications in several ar-
eas such as fluid mechanics [4, 5], elasticity [6, 7], acoustics [3, 8], electromagnetism
[9, 10], stationary heat conduction [11] and option pricing [12] have been employed.
However, the previously mentioned high accuracy is sometimes compromised as the
linear system is often highly ill-conditioned. Therefore, the use of regularization tech-
niques is normally required to obtain a stable MFS approximation to the solution.
There exists a variety of techniques for regularization, such as Tikhonov regular-
ization [13], Singular Value Decomposition [14, 15], QR decomposition [16, 17], but
still the research on approaches to overcome the ill-conditioning of the MFS is very
active, both in general or more specific cases [1, 16-18|.

An alternative approach to overcome the ill-conditioning is changing the basis
functions to a more adequate set. In [1] a well-conditioned algorithm named the
MFS-SVD was introduced, which finds a new set of basis functions based on harmonic
polynomials, spanning the same approximation space as the original one and reducing
the ill-conditioning of the MFS when applied to boundary value problems for the
Laplace equation.

In this work, we look for generalizations of the MFS-SVD approach both for the
Helmholtz equation and other geometries described in different systems of coordi-
nates. In particular, we are interested in domains in polar and elliptic coordinates.
To this end we explore Mathieu functions as the basis functions for problems involv-
ing elliptic coordinates, as we noticed that the expansion in terms of Bessel functions
used for polar coordinates has limited improvement for elliptic domains.

The paper is organized as follows. In section 2 we present the boundary value
problem to be solved and describe the standard approach to find its numerical solu-
tion by MFS. In section 3 we detail the MFS-SVD approach in polar coordinates and
in section 4 the MFS-SVD approach in elliptic coordinates. In section 5 we present
some numerical results to illustrate the feasibility of the method, both in terms of



reducing the ill-conditioning and therefore attaining better accuracy . Finally, in
section 6 we summarize our findings and draw some conclusions. At the end we
added an appendix summarizing some aspects of Mathieu functions, needed in the

paper.

2. The Method of Fundamental Solutions

Let D be a bounded and smooth domain in R? whose boundary is denoted by
0D. We consider the following Dirichlet boundary value problem for the Helmholtz
equation
Au+k*u=0 in D, (1)

u=g¢g on 0D,

for the unknown field u, with a given function g € H'/2(9D) and wavenumber k > 0.
In order to solve numerically this problem by the MFS, we recall that the funda-
mental solution for the Helmholtz operator in R? is given by
e
B(r) = LH(Hlal), w#0, &)
where Hél) is the Hankel function of the first kind of order zero. The classical
MFS [19-23] states that an approximation u for the solution of the problem (1)
can be obtained through a linear combination of a set of basis functions ®(- — y;),
where y; € C,j = 1,2,..., N, represent points over the closed curve C, which is the
boundary of a bounded open domain containing D. As in [16], let us refer to the
classical approach as Direct MF'S. Therefore an approximation to the solution of our
problem can be obtained by

N
ul(z) =Y al®(z —y,), z€D, y,€C (3)
n=1

for some coefficients a? € C. Due to properties of the fundamental solution, the
representation (3) for the field u¥ satisfies the Helmholtz equation in D and the
accurate approximation of the boundary condition by the same representation can
be justified by density results, since
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is dense in {v € H'(D) : (A + k*)v = 0}, with H' topology [8].

Assuming that we have N points y; € C, then the coefficients can be determined
by collocation, by forcing the boundary condition to be satisfied at the points x; €
0D,i = 1,2,...., M. By doing so, the problem is then reduced to solving a linear
system for the coefficients a” which for M > N is an overdetermined system written
as

APaP =G, (4)
with entries given by

Ai,j :q)(l'z—y]), Q5 :a;-), Gl:g(l'l), i:1,2,...,M, ]:1,2,,N
The MFS approach described above is usually highly accurate for analytic do-
mains, but the linear system (4) solved in the least squares sense is often severely
ill-conditioned; therefore one needs to find strategies to deal with the ill-conditioning.
In the following section we follow similar steps to those in the MFS-SVD approach
for the Laplace equation [1] extending it to the Helmholtz case for polar coordinates
and later to elliptic coordinates.

3. The MFS-SVD formulation in polar coordinates

In this section we generalize the approach introduced in [1] for the Laplace equa-
tion to the Helmholtz equation in polar coordinates, which we denote by MFS-SVDp.
We start by decomposing the fundamental solution into a sum of products of terms
depending separately on the evaluation and source points, through Graf’s addition
theorem [16, 24]

Dkl — yl) = HO k) o(klal) + 23 HO klyl) (ke cos(n®), o] > .
- (5)

with 8 denoting the angle between = and y. Expression (5) can be written in polar
coordinates, assuming = = (rp,0), y; = (Rpj,®;), V;(rp,0) = ®(x —y,), j =
1,2,...,N, as

U(rp,0) = H(”(kRP ) Jo(krp)+
2 Z HW(kRp;)J o (krp) (cos(nb) cos(nay) + sin(nf) sin(nay))  Rpy > rp.

(6)



Therefore, dropping i/4 from the fundamental solution to be incorporated in the
coefficients of the MFS one has the operator decomposition for the array of basis
functions given by

1(7”P, 97 RP,la 041)

U
Uy (rp, 0, Rpa,
@oo<7nP767RP7a) = 2( i . 2 2)

Un(rp, 0, Rpn, on)

JQ(kTp)/JS
Ji(krp)/Jf cos(0)
Bly By, B,, B Jl(krp)/J sin (6
Bg,o B;Z,l 35’2 B§73... (k (
A (krp)/J3 sin(
BY, By Bpy, B EZW)/J:», COSé

ST S

== BP,OO(RP7 a)FP,oo(rP7 9)’ (7)

where
Bjo= [ (kRpy)Ji | B = |20 (kRp,).J; cos(nay) 2H (kRp,); sin(nay) |

= mi = Y= k
rp = minllz|l, Rp :=maxfzf], J, = max |Jn(kr)], (8)

TG['I’D,RD

forn=1,2,...and j =1,2,....N.
When the expansion (5) is truncated for some Tp € N, then (7) can be written
as

@(TP,H,RP,Q) = BP(RP,OL)FP(TP,Q) (9)

with T such that 27p +1 > N so that Bp(Rp, @) has at least as many columns as
TOWS.
As in [1], we proceed by computing the singular value decomposition of Bp,

Bp = USV*, (10)



with U and V being unitary and S diagonal with non negative entries. Multiplying
from the left by U* we get

U*Bp = U'USV* =1ISV* =SV~ (11)
Since we have chosen Tp such that 27p +1 > N then we can write
S = [Sl|0]7

where S; is a square matrix and 0 denotes a block matrix with all entries equal to
zero. It follows that,

vi
\¢
where V7 is the matrix composed of the first N rows of V*. Now, multiplying
from the left by the matrix Sl_1 from (11) we obtain

S'U'Bp =S['SV* =8!S,V = V1.

This shows that we obtain a new set of basis functions ¢(rp,6) by multiplying
by S;'U* from the left, therefore obtaining

o(rp,0) = (SIIU*)@(TP,Q,Rp,a) = ViF(rp,0). (12)

To take advantage of the better numerical conditioning one should now use the new
basis functions computed using the last matrix product in (12).

The MFS-SVDp approach is the approximation obtained by a linear combination
of the new basis function ¢(rp,0),

N
u P (rp,0) = ZaiVDgon(rp,G). (13)

n=1

The coefficients can be determined by solving
APa%VP = G, (14)

where,

A" = o(z)" = [p(z1), p(x2), ..., o(zn)]" and aVP = [afVP a3VP, . a3V P]T.



Remark 1. Note that as N < 27Tp + 1, an increasing number of source points N
leads to an increasing truncation number Tp. This may raise underflow problems,
due to the asymptotic limit tending to zero of the Bessel function J,, with increasing
n, when computing the ratios .J,,/J* from a certain n > N*. To avoid this, for N
greater than a fixed N*, the ratio J,/J* is computed using the asymptotic behavior
[25] given by

Jo(2) ~ leTn(%)n n — 0. (15)

4. The MFS-SVD formulation in elliptic coordinates

As we will see in section 5, the MFS-SVDp approach takes care of the ill-
conditioning for disks, but it has mild effect for domains with less symmetry than
the disk, in particular for domains that are elongated in one direction.

Let us consider the problem (1) with D being a domain defined by an ellipse. In
this situation, it is clear that the geometry of the domain is better described using
elliptic coordinates, and Mathieu functions will be a natural choice for the basis
functions instead of the Bessel functions used for the disk.

In this section, we illustrate how to formulate the MFS-SVD approach when
considering domains described in elliptic coordinates. We will denote this case as
MFS-SVDg.

The elliptic coordinate system can be defined as in [26] by

x1 =ocoshncosv, x9=osinhnsinvy, (16)

where, 0 > 0,0 <79 < ooand 0 <v <27 If n =1y from (16) we obtain the ellipse

2 2
Ty T —1

: (17)

o2cosh®n,  o?sinh?®ng

with semi axes a = o coshny and b = o sinh 7. When the two semi axes of the ellipse
are known then

1o = tanh™*! S, o=Vva®—b. (18)

To transform the cartesian coordinates (z1, z5) to elliptic coordinates (n,v) the fol-
lowing explicit transformations are used

n = sinh ™' F(21,29,0), v =cos " <L>, (19)

o coshn



with

F(xy,19,0) = L\/(:}C% + 23 —02) + \/(aﬁ + 22 — 02)2 + 40222
V20

When x5 > 0 from (19) we get 0 < v < 7 while if 5 < 0 we get 7 < v < 27, [27].

We aim to solve (1) by transforming the problem from cartesian to elliptic coor-
dinates. Let both x € 0D and y € C', be represented in the same elliptic coordinate
system. We consider the elliptic coordinates for x and y given by = = (rg, ) and
Y= (REv w)'

The Hankel function (5) is expressed in elliptic coordinates by a series expansion
containing Mathieu functions [28, 29] as

Y (kl — ) =43 (
n=0

1
No,,

1
o Rel (@, 7e)Rel?) (g, Re)Sew (g, 0)Sen (g, )+

RO7(11)(Q7 TE)R07(13) (q7 RE)SOn(qa 19)8071((]7 w)) ’ RE > TE; (20)

where ¢ = k%*0%/4, Se,, and So,, are the even and odd angular Mathieu functions,
Rel, Rel® the even radial Mathieu functions of first and third kind, Ro{”and Ro(®
are the odd radial Mathieu functions of first and third kind, and Ne,and No,, are the
even and odd normalization coefficients, respectively, whose definitions can be found
in the appendix (see section 7). The series expansion (20) is to be considered for both
cases of the even Mathieu functions and the odd Mathieu functions, that is, we will
have four terms for each term in the sum. Note that, among the several notations
used to denote Mathieu functions, in this work we use the Stratton convention.
Now, by following the same rationale as in section 3, we can write

F
Ay (T’E, v, RE,I; wl) B}s,o B}m BJIE,Q B%?,ZS"' Fi(l)

As(rg, 9, Rp o, w B, B2, B, B%... :
=l 0 Rpw) = | 2 el (PR Bea Bra Brael
: | [

An(rg, ¥, Rg.n,wN) Bgo Bg,1 Bgs DBgs-- :

— BE,oo(REyw)FE,oo(rE779)7 (21)



By, = [CesSes(q,w;)  CetSed(q,w;)  CofSo(q,w;)  Co?Sof(q,w;)]
ReW?(q,75)Sef (q,9)/ Leg*
Re(q,75)Sef(q,¥)/ Leg* » (1)t

Fi RO(l)j(q, r5)S0%(q,9)/ Lo |’ Ls, = reﬁa,)ép]‘RS n(@:7)], st =e, 0],
R‘O(l)?(q’ TE)SO?<Qa 19)/[’0;)*

(22)

/ e
4Re®
e = B (@ Re) e
Neg
4Re®’ (¢, RE)
C o _ n ? L 0%
“n Nee “n s
4Ro®" (¢, Rp)
Cf e _ n ? L ex
On Nog n
4Ro®’ (¢, R
Co° = o, (g, E)Lofl*,
\ Nog

forn,o=0,1,...and j =1,2,..., N.
Truncating the series expansion (20) for some Tr € N satisfying 477 > N, we
get

E(TE,ﬁ,RE,w) = BE(RE,W)FE(TE719)a (23)

which is analogous to (9). From (23) we proceed as in section 3 to obtain the new
basis functions.

The computational implementation of the MFS-SVD remains similar to the clas-
sic MFS, with an additional SVD decomposition and a matrix multiplication as in
(12). Also, one needs to take into account the truncation of the series in (6), that
defines the precision of the approximation of the fundamental solution and the di-
mensions of the matrices B and F in (7) and (21), that though do not have a higher
implementation complexity, increase the computation cost of the MFS-SVD in com-
parison with the classic MFS. The algorithm that summarizes the implementation
of this technique is described in [1]. In our case we need to remove steps 5, 6 and 7

9



of that algorithm and consider the notations introduced here. Regarding the com-
putation time, we have observed much higher computational cost of the MFS-SVD
compared to the classic MFS. The increase in the computation cost comes from the
SVD decomposition, which is aggravated in the MFS-SVDg due to the larger matri-
ces, as well as the evaluation of the Mathieu functions. A comparison of the CPU
time in some cases, is provided in next section (see Tables 1 and 2) with the com-
putations being carried on a desktop computer with processor Intel(R) Core(TM)
i5-4460T CPU @1.9GHz and 4.00 Gb of RAM.

5. Numerical Results

Let us illustrate the feasibility of the proposed method by considering different
cases with circular, elliptic and other domains. To evaluate the performance of the
proposed methods, in some examples we compute the L?-norm ||[u — u3Y?||z2(p) in
the interior of D and in others the L?-norm ||g — u3Y”||12(sp) on its boundary.

In all cases, the source points are distributed in an equiangular way.

5.1. MFEFS-SVD in polar coordinates

The approximations for the J* defined in (8) were obtained as in [16] by simply
evaluating |J*| at 10000 equally spaced points r; € [rp, Rp] and taking their maxi-
mum. In the context of Remark 1, to overcome underflow problems while computing
the ratio J,/J;;, we use a threshold of N* = 140 since it is the first n that returns
Jn(1) = 0.

5.1.1. Disk

Following an example considered in [16], we consider a problem in the unit disk
with exact solution

u(z) = —iYg(ldx — (20,0)]), z€D, mo>1.
We take the wavenumber k = 8 and we place the source points in a circumference with
radius R = 1.5 centered at origin. We look for approximations in the cases xg = 3
and xyp = 1.1, outside and inside the circle defined by the source points. Figure 1
shows the results for the case xy = 3 with both approaches, namely the MFS-DIR
and the proposed MFS-SVDp. In this case both approaches have similar behavior,
whatever the number of source points considered, and in both cases around N = 70
source points are sufficient to reach machine precision. However, the similarities
in the results are not observed in the computation time where the MFS-SVDp is
by far more expensive than the MFS-DIR, Table 1. The second case xo = 1.1 is

10



more challenging, since the solution cannot be analytically extended to the artificial
boundary C. We consider approximations for R = 1.05 and R = 1.5, since it is
known that the MFS-DIR performs better when the artificial boundary is close to
the domain.  Figure 2 illustrates this behavior with an error of order 1073 for
R = 1.05 against 1076 for R = 1.5 when we consider 400 collocation points. On the
other hand the MFS-SVDp has similar behavior in both cases which is similar to
the best MFS-DIR case. Figure 2 also justifies the previous results by illustrating
the evolution of the condition number (middle) and the effective condition number
(right) in the considered cases. While for MFS-SVDp it remains bounded, it explodes

for the MFS-DIR, namely in the case for R = 1.5. .

1020
——MFS-DIR MFS—SVDP ——MFS-DIR

100 MFS-SVD,,

N
<
&
o
B

llerrorll, 2.5,
Condition Number
>
S

10—10
10718 n . 10°
1020 100 =
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

N N

Figure 1: MFS-SVDp vs. MFS-DIR for the Helmholtz equation with unit disk as domain, exact
1

solution u(z) = —=Yy(k|lx — 7]), with v = (3,0), k = 8 and source points in a circumference with

R = 1.5. Plot of the error in the domain (left) and condition number (right).

Table 1: Computation time, in seconds, as a function of collocation points for the case considered

in Figure 1.

N MFS-DIR MFS-SVDp

) 0.097 450.494
100 0.893 717.109
200 2.063 1001.109

The previous example illustrates that ME'S-SVD p behaves better than the MFS-DIR
for large N. To further test the robustness of this approach we consider another

example from [16]. Again the exact solution is known and given by u(r,0) =

11
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Figure 2: MFS-SVDp vs. MFS-DIR for the Helmholtz equation with unit disk as domain, exact
1
solution u(x) = —ZYO(MOU — ), with v = (1.1,0), %k = 8 and source points in a circumference

with R = 1.05 and R = 1.5. Plot of the error in the domain (left), condition number (center) and
effective condition number (right).

e™ Jo (k1)) Jm(k),m € N. We first fix m = 2 and look for approximations to cases
with wavenumber k = 1,10, 100, (see Figure 3). We can observe a similar behavior
of the error for both approaches with minor improvements for the MFS-SVDp, with
a much better conditioning. In the second scenario we fix £ = 1 and we explore
the approximations for m = 10, 30,50 with results presented in Figure 4. For this
scenario we see clearly the MFS-SVDp performing better than the classic approach;
we have the approximations reaching machine precision in all cases, at the cost of in-
creasing source points as m increases, but the MFS-DIR shows results deteriorating
from machine precision order in m = 10 to an error around 10~* in the case m = 50.
In both scenarios we can observe the boundedness of the condition number of the

MFS-SVDp.

Remark 2. The MFS-SVDp is based on expansion (7) which is afterwards truncated
for Tp € N, with 27p + 1 > N. The selection of Tp should be made carefully. In
fact, increasing the value of Tp does not always translate in better approximations,
due to the numerical computations of the truncated version of (6). In each case, the
choice of source points and the guarantee of machine precision in (7) should define
the value of Tp.

5.1.2. Ellipse

Next we analyze the performance of the method in case of elliptic domains. Let
us consider the elliptic boundary domain given by the equation z?/a? +y* = 1. This
case was considered in [30] for a = 2 and in [16] for a = 2,3, .., 7, with the boundary

12
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Figure 3: Plot of the error in the domain and condition number of the MFS-DIR (first line) and
MFS-SVDp (second line) for the Helmholtz equation with unit disk as domain, exact solution
u(r, ) = €™ 1, (kr)/Jm(k), k = 1,10,100, m = 2 and the circumference with R = 1.5 as artificial

boundary.

values given by g(z,y) = /@) sin(z 4+ ). Let us take k =1 and a = 6; first we
place the source points on a circumference of radius R = 50 centered at the origin, a
situation where the classical MF'S shows poor performance, with results in Figure 5;
secondly, we consider the source points to be on an ellipse with semiaxes multiplied
by 10, results in Figure 8. We can see that, no matter where the source points
are located the classical approach always shows an error of order 1; in contrast the
MFS-SVDp approach shows slightly better results with error of order 1074, as the
evolution of the condition number is slightly different when compared to the classical
approach. However, in both cases we do not manage to control the condition number
as in the disk case nor achieve machine precision accuracy.

5.1.3. Square

To finalize this section let us consider a non smooth domain, the square with side
length equal to 1. The source points and the collocation points are distributed as
in previous cases. The wavenumber and the values at the boundary are taken as in
Example 5.1.2. As artificial boundary we consider two cases, a circumference with

13
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Figure 4: Plot of the error in the domain and condition number of the MFS-DIR (first line) and
MFS-SVDp (second line) for the Helmholtz equation with unit disk as domain, exact solution
u(r, ) = €™ 1, (kr)/Jm(k), m = 10,30,50, k = 1 and the circumference with R = 1.5 as artificial

boundary.

radius R = 5 and the square with side length equal to 3. The results are presented
in Figure 6 and no matter the artificial boundary considered still the MFS-SVDp
performs better than the MFS-DIR; the improvement is not that pronounced as in
the disk case but still the MFS-SVDp has the condition number increasing in a slower
pace than in the MFS-DIR which results in improvements in accuracy. An important
remark is that we have observed that to obtain good results with MFS-SVDp the
set of collocation points should always include the corners of the square.

5.2. MFS-SVD in elliptic coordinates

The previous results on the elliptic domain show that the MFS-SVDp, does not
address properly the problem of improving the conditioning, even though the results
are better than for the MFS-DIR. Let us now illustrate the performance of the
proposed method when using the elliptic coordinates formulation of the MFS-SVD

described in section 4.
In the elliptic coordinates case the approximations for Ls'*, defined in (22), were

obtained, as in the polar case, by simply evaluating |Rs(1),t1(q, r)| at 10000 equally
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Figure 5: MFS-SVDp vs. MFS-DIR for the Helmholtz equation on an elliptic domain given by
22/6% + y? = 1 with source points on a circumference with R = 50, boundary values given by

g(z,y) = /@) gin(z+1y). Plot of the error on the boundary (left) and condition number (right).
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Figure 6: MFS-SVDp vs. MFS-DIR for the Helmholtz equation on a square domain with side
length equal to 1, source points on a circumference with R = 5 and on a square with side length
equal to 3, with boundary values given by g(z,y) = i@ +v*) sin(xz 4+ y). Plot of the error on the
boundary (left), condition number (center) and effective condition number (right).

spaced points r; € [rp, Rp| and taking their maximum. In the following example,
as we consider the case of two confocal ellipses, one representing the domain under
study and the other the closed curve containing the source points, we simply evaluate
|RS(1)i(q, r)| at r = rg since in the elliptic coordinate system rp = Rp.

Remark 3. The numerical implementation is being carried out using Matlab which
does not have Mathieu functions implemented; to evaluate these functions we used
the toolbox “Matlab Mathieu Functions Toolbox v.1.0 7, [31, 32], with a few mod-
ifications to increase the accuracy. The main modification performed in that code
is on the definition of the radial Mathieu functions. These functions have in their
definitions an offset integer parameter s for the order of the Bessel functions. This
parameter is set by default equal to 0 for the even-even, even-odd and odd-odd,
radial functions and set to 1 for the odd-even in the above toolbox. This somehow
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traditional selection of values for the parameter s is known to provide acceptable
results, namely single precision accuracy, when n is not large [33]; for high values of
n one can find the evaluation errors increasing without bound. Since for the pro-
posed MFS-SVD approach the number of collocation points depends on the number
of terms used to truncate the series (20) single precision accuracy is not satisfactory,
and we have therefore modified the code in order to allow a better parameter choice
and therefore improve the accuracy to double precision.

It has been observed that the use of larger offset values tends to improve the
accuracy [34]. We have therefore performed a modification of Cojocaru’s code by
introducing the possibility to change the offset parameter s and we select this pa-
rameter by considering the ideas of the “tuning algorithm”described in [33]. In
Figure 7 we illustrate the improvement we can get after this modification by consid-
ering the following example; in (20) we take = = (6,0), y = (16.45904993363967,0)
and ¢ = 8.75. The elliptic coordinates for z,y are (0.1682361183106064,0) and
(1.682361183106065, 0), respectively. We evaluate the L?-error between the funda-
mental solution computed by Matlab built-in functions and the evaluation using (20).
As we can see by using the original toolbox we would be limited to truncating the
series around n = 10 as we get the best accuracy at this point. However, truncating
at this level would give us only a maximum of N = 40 source points which can be
very low to achieve good approximations. After the modification of the code we can
reach machine precision accuracy and stability with increasing N.

10%
-e-Original toolbox
toolbox mod. (25)
-+-toolbox mod. (50)
-=-toolbox mod. (100)

o
T

o
)
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||error||L2
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Figure 7: L2-error before and after modification of Cojocaru’s toolbox, for the particular case
given by cartesian coordinates x = (6,0), y = (16.45904993363967,0), the corresponding elliptic
coordinates are (0.1682361183106064,0),(1.682361183106065,0), with ¢ = 8.75. The original code
only consider a maximum of 25 terms in Mathieu functions. The modified code was tested with 25,
50 and 100 terms.
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5.2.1. FEllipse

We take the same example considered in subsubsection 5.1.2. First we illustrate,
by considering as artificial boundary an ellipse magnified by different factors 1.05,
2.1, 3.15, 4.20, 5.25 and 10. From Figure 8 (left) we observe that in this particular
case the location of the artificial boundary does not seem to improve that much the
accuracy of the MFS-DIR. On the other side Figure 8 (center and right) shows the
comparison between both MFS-SVD approaches versus the MFS-DIR considered
only for artificial boundary magnified by 10. Clearly we can see that the elliptic
coordinates formulation is better when considering elliptic domains. We have the
error of MFS-SVDy reaching order 10~!* while the MFS-SVDp stabilizes at order
10~* and the MFS-DIR at order 1. Again the computational performance is the
main drawback of the this approach as we can observe in Table 2.

Table 2: Computation time, in seconds, as a function of the collocation points, for the case consid-
ered in Figure 8.

N MFS-DIR MFS-SVDp MFS-SVDg

) 0.065 387.648 3958.186
100 0.331 505.707 5052.500
200 0.712 634.791 39118.740
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Figure 8: MFS-DIR for different artificial boundary obtained by using different magnified factors
(left). Comparison between MFS-DIR, MFS-SVD p and MFS-SVD g, for the Helmholtz equation on
an elliptic domain given by 22/62 +y? = 1 with source points on an ellipse with semiaxes multiplied

by 10, boundary values given by g(z,y) = ei@*+v*) sin(x 4+ y). Plot of the error on the boundary
(center) and condition number (right).

5.2.2. Peanut-shaped smooth domain
We now consider the peanut-shaped domain in [35] a non elliptic domain elon-
gated in the x-axis direction, with boundary 0D illustrated in Figure 9 (left), de-
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scribed by the parametrization

oD = {3\/(3082 (t) + 0.25sin” (t){cos (t),sin (t)}, t €0, 27?[}.

To evaluate the performance of the MFS-SVDg we consider three cases: (a) The case
with boundary values given by g(x,y) = /@ +¥") sin(x +y), (b) the case with exact
solution u(z,y) = —in(M(m, y) —~y|) with v = (5,0) and v = (400, 0) at inside and
outside the domain defined by the artificial boundary, respectively and (c) the plane
wave u(x,y) = eFEtv/V2,

In all cases the artificial boundary is an ellipse, the points will be distributed
as in the previous cases and we consider the wavenumber £ = 1. Note that in the
case with two confocal ellipses the elliptic coordinate system was defined using the
parameter o in (18), given by the ellipse which defines the domain; in this case o
is defined from the ellipse with semiaxes a and b given by the distance between the
origin and the intersection of the peanut-shaped curve with the x-axes and y-axes
respectively, i.e. a = 3 and b = 1.5.

The numerical results for case (a) are presented in Figure 9, for case (b) in Fig-
ures 10-11 and for case (c) in Figure 12. In all cases we clearly see an improvement
of the conditioning when using the MFS-SVDp approach and even more when con-
sidering the MFS-SVDg, as expected. We can observe as well that even though
the MFS-SVDp shows better conditioning at the beginning when compared to the
MFEFS-DIR, the condition number still grows relatively fast to reach an order of 10
or higher in all cases; as illustrated in Figure 9 this is limiting the improvement of
the accuracy of the MFS-SVDp and even deteriorating it as the condition number
surpasses 105, On the other hand the MFS-SVD g shows a slowly growing condition
number, which allows for an improvement in accuracy.

6. Conclusions

In this work two extensions of [1] are presented. First extension is to check
whether this approach would perform as well as in the Laplace case for other physical
problems. Indeed we have illustrated that the ME'S-SVDp applied to the Helmholtz
equation in R? performs as well as observed in the Laplace equation . Second we
recall that it has already been observed that for non circular domains we do have
improvements on accuracy but the condition number is not as well controlled as in
domains close to a disk, therefore limiting the improvements on the accuracy in
certain cases. For this reason we have addressed the question of improving the con-
ditioning of the matrix, for elliptic boundaries, by proposing the MFS-SVDg. This
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Figure 9: Peanut-shaped domain and the ellipse which defines the elliptic coordinates system (left).
Comparison between MFS-DIR, MFS-SVDp and MFS-SVDg, for the Helmholtz equation on a
peanut domain with source points on an ellipse, semiaxes multiplied by 10, boundary values given
by g(z,y) = i@ +y%) sin(xz + y). Plot of the error on the boundary (center) and condition number

(right).
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Figure 10: Comparison between MFS-DIR, MFS-SVDp and MFS-SVDg, for the Helmholtz equa-
tion on peanut a domain with source points on an ellipse, semi-axes multiplied by 10, exact solution

1
u(z) = —=Yy(klx —~]), v = (5,0) and k = 1. Plot of the error on the boundary (left) and condition

number (right).

was achieved by introducing the Mathieu functions as basis functions to represent
the solutions in this domain instead of Bessel functions which better fit the problems
with disks. Our work shows that by following this approach we can effectively control
the condition number and therefore improve the accuracy, being able to use a higher
number of source and collocation points without compromising the conditioning of
the linear system.

Another contribution of this work is on the discussion about the numerical
evaluation of Mathieu functions. These functions sometimes considered by some
authors as intractable, and many times reported as showing important cancellation
errors, are recognized as the ideal functions to address problems involving elliptic
domains. We have illustrated, that we can use Mathieu functions and get very good
results, all this due to the adaptation of a previous code, allowing for a better choice
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Figure 11: Comparison between MFS-DIR, MFS-SVD p and MFS-SVDg, for the Helmholtz equa-
tion on a peanut domain with source points on an ellipse, semi-axes multiplied by 10, exact solution
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Figure 12: Comparison between MFS-DIR, MFS-SVD p and MFS-SVDg, for the Helmholtz equa-
tion on peanut domain with source points on an ellipse, semi-axes multiplied by 10, boundary values
given by u(z,y) = e*@+v)/V2 and k = 1. Plot of the error on the boundary (left) and condition

number (right).

of the parameter s for each case.
The proposed extension of [1] reinforces the idea that the MFS-SVD is suited for

several boundary value problems. Therefore our future work will focus on illustrating
this case, namely by assessing the MFS-SVD performance for the Helmholtz equation
in R? the propagation of elastic waves in R? and R3, for instance.
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7. Appendix

7.1. Definition of angular, radial and normalization factor for Mathieu functions
following Stratton convention
Knowing that A,, are the Mathieu expansion coefficients then the angular Math-
ieu funcions can be represented in terms of sine and cosine and the radial Mathieu
functions in terms of products of Bessel functions defined by, [29, 33]

) 2 o0 2
Net, = 2W(ZAS;><q,n>) +W(ZM> ) Neo — W(ZA%‘*”(q,n)) |
. j=0
2 e%] 2
No° —w(ZAQJH ) Noizw(ZA&i”(q,n)) :
j=1
u,q) = ZAg?')(q,n) cos(2ju), ZM“ g,m) cos((2j + 1)u),
Z AR (q,n)sin(2ju), S0 (u,q) = Y AZ (g, n)sin((2j + L)u),
=0

e —1)"
Re(l’z)n(uv Q) - \/?%MC( ? (U, Q)a r= t/2 t= 07 2’ 4’ Y
(ee

)
Re(*?) (u,q) = \/?NL—MMCQ@(%@, r=(t—1)/2 t=1,35,..,
(e0)

e -1
Ro(1’2)n(U,q) = \/?A(gs)—())Msglf)(u,q), r=1t/2 t=2,4,6,..,
O
Ro(1:2)° °(u,q) = ZiM (172)< ) =({t-1)/2 t=1,3,5
0 4 2A(23+1)(q n) S0 \Usq) T = T e
(00) ’

Re(’)(u,q) = Rel" (u, q) + iRe{P (u,q), Ro{(u,q) = Rel(u,q) +iRo{ (u, q)
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with,

par

M) = 51 A 0o (o) 2 02) + o) 2,0,
=0

Mc((i{’,) = i(‘l)jAng)(qa n) (Jks(U1>Zl€+s+1(U2) + Jk+s+1(U1)ZI€—5(U2>>a
=0

Moty = 31 AR o) () Z) — a2 () )
j=1

Molt) = (-1 AZ g, m) (a0 211 08) = a0 20
=0

where, v; = \/ge™", va = \/q ", Z' = J, Z? =Y and s is an arbitrary integer
ameter.
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