Mathematical Aspects of
Coagulation-Fragmentation Equations

F. P. da Costa

Abstract We give an overview of the mathematical literature on thegodsgtion-
like equations, from an analytic deterministic perspectin Section 1 we present
the coagulation type equations more commonly encounterdidel scientific and
mathematical literature and provide a brief historicalreiew of relevant works. In
Section 2 we present results about existence and uniquefnssisitions in some of
those systems, namely the discrete Smoluchowski and catagufragmentation:
we start by a brief description of the functional spaces, thed review the results
on existence of solutions with a brief description of the midieas of the proofs.
This part closes with the consideration of uniquenesst®dualSections 3 and 4 we
are concerned with several aspects of the solutions balvaVi pay special atten-
tion to the long time convergence to equilibria, self-sanibehaviour, and density
conservation or lack thereof.

1 Introduction: some processes and models

Coagulation (coalescence, agglomeration, aggregatimhfragmentation phenom-
ena are ubiquitous in many scientific disciplines, such ayskeal [41, 73, 83],
Astronomical [194], Chemical [228], Atmospheric [188, 19Biological [6, 174],
Environmental [96, 151], as well as in several technoldgicacesses [24, 86, 97].
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Their quantitative modelling can be achieved by severaherattical approa-
ches, such as those using stochastic processes, computéatgins, or by the
mathematical or numerical analysis of certain types otdéhtial equations, gener-
ally called coagulation-fragmentation equations. We wad&htre most of our atten-
tion in a class of these equations, the discrete coagutatigmentation equations,
but will also refer to the so called continuous case. Our gotl review the most
important Mathematical Analysis results about existencggueness and several
properties of the solutions, with special attention to dyital aspects, in a way
that is accessible to anyone with a background in diffea¢etjuations but with no
previous contact with these equations. To this end, we s$tyatb present the re-
sults, the ideas of the proofs, and some of their detaildjemtost reader friendly
way we can, often detailing simpler situations more deeply jast glossing over
more technically demanding proofs, or even just referrivgresult and calling the
reader’s attention to the original articles. This, we thiwkl help the reader to gain
a feel for the subject without getting too much bogged dowthéntechnicalities, at
the same time that will show him/her directions for a deepeahysof the issues.

In order to provide an overview as broad as possible of thd,fielthis intro-
ductory part, in addition to those systems that will be trmufoof out attention later
on, we will present a number of coagulation-fragmentatgure¢ions that have been
studied in the mathematical literature, although we will @oter into much detail,
and, in several cases, will not refer to them again afterszard

The mathematical literature on this type of equations hasahauge growth in
the last two decades, so much so that a comprehensive reYigve dield is no
longer possible in a work such as this. And this is not onlg tbout the mathemat-
ical literature, but even more so about the mathematicalktliod literature, as well
as the extremely rich and variegated contributions comiomfPhysics and other
scientific and technological areas. This scientific literats also a seemingly inex-
haustible fountain of interesting and difficult mathemailtigroblems, and so every
mathematician must spend as much (if not more) time beingaintgd with it than
he/she will spend with the mathematical literature. Thigdee is also reflect in the
list of references of the present work.

Although the Mathematical Analysis of the coagulationgfreentation equations
is a relatively recent research area, there exists alreadyrder of reviews that
are useful to whoever wants to obtain an overview of the grols| methods, and
existing results. Two of the most recent reviews, [133, 2h8}e important over-
laps with topics we deal with in this work. Another recentiesy, largely (but not
exclusively) centered on the study of coagulation-fragtaon-diffusion systems
using duality arguments and entropy and entropy-dissipatiethods is [68]. A
very interesting introduction to some of the classical niedethis field, including
a discussion of the physical ideas involved, is [43]. Anoth&eresting reference, al-
though somewhat outdated, is [74]. Reference [72] was tsteréview article about
mathematical modelling of these problems and although fexwyof its content is
mathematically rigorous it is still an interesting souroe the literature before the
1970s. Finally, although somewhat outside the scope of @ukwt is important
to point out the review article of David Aldous [2] that seeto$iad a tremendous
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importance in calling the attention of probabilists to thisa of research which re-
sulted in the contemporaneous explosion of works using ehakiic approach to

the coagulation and fragmentation processes (see, faniost [21] and references
therein). Similarly to what happens with the studies usirgjaehastic approach,
those on numerical analysis (see, e.g., [88, 119, 141, B® 2P6]) are outside the
scope of this work; a natural consequence of space limitatmd also of my lack

of expertise in those fields.

1.1 Coagulation and fragmentation processes

By coagulation (or coalescence, or agglomeration, or agdi@n) one means a class
of phenomena by means of which there is an increase in thé@izeass) of par-
ticles through their collision with other similar partislen the overwhelming ma-
jority of cases simultaneous collision of more than two iole$ are extremely rare
and are not considered.

In Figure 1 we present a schematic coagulation event betevganmticle of size
(or mass)x, calledx-cluster, and another of size (or magsy-cluster. As will be
pointed out below there are modelling situation in whichtiole sizes vary contin-
uously (inR™) and others for which the size is assumed discrete, indexsd i

Fig. 1 Scheme of the coagu- v)
lation process of ar-cluster
and ay-cluster.

)

The reciprocal process of spontaneous fragmentationisgagame implies, that
by which a given particle breaks up and originates two, orariban two, smaller
particles, and is schematically presented in Figure 2.

A different type of fragmentation that is sometimes consden the literature is
the collision induced fragmentation, also known as noedifragmentation: we can
consider this process as made of two consecutive stepspaletian step forming
an extremely unstable cluster that (in the time scale of tifiepfocess) instanta-
neously breaks into two or more smaller aggregates, as stiuatly illustrated in
Figure 3.
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Fig. 2 Scheme of the spon-
taneous (or linear) multiple

fragmentation process of an
x-cluster into several smaller
y-clusters.

 WEAY &

(y<Xx)

Fig. 3 Scheme of the colli-
sional (or non-linear) frag-
mentation process.

The differential equations of coagulation-fragmentatigpe are one of the at-
tempts at the mathematical modelling of the processes saizatty represented
in figures 1, 2, and 3. All these equations can be consideredetions of struc-
tured population dynamics, as they model the dynamics ¢ésysof particles with
some kind of internal structure (due to size, mass, or sofmer aharacteristic). In-
deed, there are cases where standard equations of bidlpgjmalation dynamics
pop up in the study of coagulation systems, although not ilrecdand obvious
way (e.g.: see [53, 61]), but the fact remains that, due tepleeial structure of the
coagulation-fragmentation, the general methods of stradtpopulation dynamics
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(asin, e.g., [221]) are usually not relevant (however, sdes8ction 1.10.4). A much
more important connection, as far as mathematical methedsamcerned, is with
kinetic theory, as is made plain in some of the most recenlieston the long time
behaviour of solutions and self-similarity we shall ref@below.

In the following parts of the present section we briefly prgsmme of the co-
agulation and fragmentation models that have been morelystiedied from the
mathematical point of view.

1.2 Smoluchowski’s coagulation equations

The coagulation differential equation was originally ppepd in 1916 by the physi-
cist Marian von Smoluchowski as a model for the kinetics dfodd formation
[204, 205], and in spite of the fact that it is at present onthefbest studied, there
are still a number of important open mathematical problelasitit.

Let us represent the coagulation process of Figure 1 in thenimg notation,
usual in chemical kinetics:

)+ ) XY (x+y),

wherea(x,y) is the rate of the coagulation reaction amongxagiuster and ay-
cluster, usually called the coagulation coefficient or adatijon kernel. Often these
coefficients depend only on the mass of the clusters, but #wer cases where it is
important to consider dependences on some other chastictéef. cases in Subsec-
tions 1.9 and 1.10) or upontime [212, 223]. The only geneeth@matical property
imposed by all physical situations is the symmetry and negativity of the coagu-
lation kernela(x,y) = a(y,x) > 0.

When the cluster masses assume only discrete values, lasltp a smaller
quantity considered as unity (the mass of the 1-clustemamnomey, the usual no-
tation fora(x,y) is ayy, and the usual letters to denote cluster sizes gré, ...,
instead ok,y,....

In Table 1 we collected some coagulation kernels occurrirthe literature (see
references cited in [49, 72, 133)]).

Let us start by considering the case of discrete masseshwi@s also the one
considered by Smoluchowski. Assuming the system is spatiaimogeneous, we
represent the concentration (or density) at tino the j-cluster byc; = ¢;(t), and
denote byc = (c;) the vector of concentrations of all clusters. Assumingdvttie
mass action law of chemical kinetics the rate of chanog @ given by the differ-
ential equation

¢j = Qe(c)(}) 1)

wherecj denotes the time derivativg andQc(c)(j) is the mathematical function
that represents the coagulation (hence the subs)nipaiction terms affecting the
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Table 1 Some coagulation kerneégx,y) occurring in the literature

a(x,y) Comments
1 Approximately Brownian coagulation
Linear chain polymerization
X+y Polymerization of branched chainsARB; _; type (f > 1)
Limit case of gravitation coagulation
x2/3 4 y=2/3 Diffusional growth of supported metal crystalites
Xy Polymerization of branched chainsR#s type (f > 1).
XayP 4 xBye A general case including e.g. Golovin, Stockmayer, etc.
(x4/3 er1/3)(x*1/3 +y~%3) Brownian coagulation (continuum regimen)
(X3 4+ y¥/3)2(x-1 +y~1)¥/2 Brownian coagulation (free molecular regimen)
(XL/3 4 y1/3)3 Tangential coagulation (linear velocity profiles)
(X3 4+ l/3)7 Tangential coagulation (non-linear velocity profiles)
(x4/3 +y1/3 )2 |13 —y1/3|  Gravitational deposition (particles bigger tharb0um).
(X0 +yT)B|xY —yY| Ballistic coagulation¢,B,y>0,aB+y < 1)

component of the concentration vectol here are two contributions to this reaction
term:

1. the creation of-clusters due to the reactions of smaller clusters with aypiate
massesj —k)+ (k) — (j),withk=1,...,j—1 andj > 2, to which corresponds

the term _
j—1

Qu(c)(j) := > kzlajfk,kcjfkch )

and definingQ1(c)(1) :=0;

2. the destruction of-clusters due to the coagulation reactions gft@uster and
any other presentin the syste) + (k) — (j+Kk), withk=1,2,.... Notimpos-
ing ana priori upper bound on the size of the clusters, to this processsmrnels
the term

[ee]

Q(c)(J) ==¢j ) ajxCk- ®3)
K=1
Hence, the right-hand side of (1) is

Qe(0)() := Qu(0)(J) — Qa(c)()

12 ® .
E Z 8j_kkCj—kCk — Cj Z ajkCk, |€ N. (4)
k=1 k=1

The discrete Smoluchowski system is the system of a countalshber of ordinary
differential equations (1) with the right-hand side given(s).

In several cases it is preferable to consider the versiomudlSchowski equa-
tions for which the cluster masses can be any positive reabeun This continuous
version, first considered by Hans Muller in 1928 [72, 164n de written as the
following integro-differential equation
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dtc(t,x) = QC(C) ('[,X) (5)

with c(t,x) the concentration (or density) gfclusters at time, and

QC(C)(tvx) = Ql(C)(t,X)—Qz(C)(t,X)
;:%/Oa(xfy,y)c(t,xfy)c(t,y)dyfc(t,x)/oa(X,y)C(LY)dy- (6)

The first mathematical works about (1) seem to have been therpéy Brice
McLeod [154] and [155]. On the continuous version (5) the finsthematical pa-
pers are those by Morgenstern [163] and Melzak [158] (ttgsdae also including
fragmentation, see Subsection 1.5). In the last two dech@es has been a huge
progress in our understanding of several questions ab@iéege, uniqueness, reg-
ularity, and asymptotic behaviour of solutions to theseatigns, and part of these
results will be presented below.

1.3 Oort-Hulst-Safronov coagulation equations

Another coagulation equation that has received some maiteigt the Oort-Hulst-
Safronov equation [65, 177], [194, Chapter 8], that was firsiposed to model
astronomy phenomena. This equation has also the genara(5pbut differs in the
way Q1(c)(t,x) andQz(c)(t,x) are defined:

1. thex-clusters creation rate depend on a kind of mean value siteeadlusters,
namely:

Qu(c)(t,x) == —dx (C(t,X) /0 Xya(x,y)C(t,y)dy) ; (7

2. the destruction ox-clusters due to the coagulation with other existing chsste
only occurs through the reaction with higher masses, heopigh a kind of sedi-
mentation of smaller clusters onto larger ones:

QuO) (1) ==c(t) [ alxy)e(t.y)dy. ®

As a consequence, some solution properties are distimattfre corresponding ones
in the Smoluchowski’s system, the most notable of them idittite speed of prop-
agation of the support of solutions [75], which contrasterggly to what happens
in Smoluchowski’s (see, for instance, [46] for the discredse). Notwithstanding
these differences in behaviour, both these equations Etedeand can be seen as
limit cases of one-parameter families of cluster equatj@bs120].
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1.4 Fragmentation equations

The first references to fragmentation processes took phatbe icontext of chemical
studies on polymer degradation (see, e.g., [197]). Therfifstence to the mathe-
matical modelling of the spontaneous fragmentation pseems to have been
done, using probabilistic methods, by Kolmogorov [112]ovdiso suggested and
supervised the later study [89] by A.F. Filippov. The firsnrarobabilistic math-
ematical reference to these processes is included in Melpak [158] about the
continuous coagulation-fragmentation system. For therelis version the first ref-
erence seems to be the paper [206] by Spouge. As the spoansafiagmentation
process can be modelled by a linear equation (see belowddern approach to
these problems is intimately connected with tools and nogtimm Linear Func-
tional Analysis, and an excellent introduction to them carséen in [7, Chapters 8
and 9].

In this section we will consider the spontaneous fragmentatase; other pro-
cesses, such as collisional fragmentation or volumetspetision, which are also
related with coagulation processes will be presented tatén Subsection 1.7.

We can represent the fragmentation process of Figure 2 by

(X)ﬁ(yl)Jr()@)Jr...,

whereB(x) is the rate of fragmentation ofclusters. Lety(x,y) be the average
number ofy-clusters produced by the fragmentation obacluster. In the case of
discrete masses, denotediby,k, ..., we use the traditional notatid®; and (; k,
instead oB(j) andy(j,k).

Mass conservation in each simple fragmentation reactigiiés that the total
mass of daughter particles must be equal to the mass of tjiearparticle, namely

X -1
| yweydy=x or 3 k=i, (©)
k=1

for the continuous and for the discrete cases, respectively

For definiteness, let us consider the discrete case. Asgumemass action law
the rate of change afj due to spontaneous fragmentation processes is given by the
differential equation

¢ =Qx(e)(i), (10)

whereQ¢(c)(j) encodes the fragmentation reaction contributions (helmeestib-
script f) to the evolution of thg-cluster concentration, that can be expressed by

Qs (c)(j) :==—Qa(c)(J) +Qa(c)(]), JEN, (11)

3 The notation is not very good since it suggests there canmestta countable number of daugh-
ter particlegyk): in fact, there is n@ priori reason preventing the distribution to be continuous.
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where
1. the destruction of-clusters due to the fragmentatioj) — (k) +..., is given by

Qs(c)(j) :=Bjc; and Qz(c)(1) :=0; (12)

2. the creation of-clusters due to fragmentation of bigger clusters is medeby
Qa(0)(j) =D Bjrktljk,iCi+k- (13)
K=1

A frequent assumption, valid, for instance, in the degriadaif polymers [228],
is that of binary fragmentation, i.e., each fragmentingstgu produces only two
daughter particles, and thus, by the symmetry of the phlysicaessili j = ¢ .
Hence, (9) implieqﬂ(j Y x = 2, which has the obvious interpretation that the av-
erage number of daughter particles in each fragmentatiequal to twd.

In this case, denoting bl  the rate constant for the binary fragmentation reac-
tion (j+K) — (j) + (K), i.e.,bj x := Bj kW +kk, We conclude thaB; = 2 ¥ 1b; vk
and thus the right-hand side of the binary fragmentatiootiea is

Qt(0)(j):i=—5 Y bj_kkCj+ Y bjkCjtk- (14)
Zk; i~k kCi k; j kCj+

As with the case of Smoluchowski’s equations, the contisugersions of the
fragmentation equations consist in integro-differergigliations obtained formally
by substituting the sums by integrals.

The fragmentation mechanism is mathematically encoddukiritnctionsB(x),
Y(x,y) andb(x,y) and the only general property these functions must obeyhgs-p
ical grounds, is non-negativity. Furthermore, the binaagfmentation coefficients
must be symmetridd(x,y) = b(y, X).

In the mathematical literature it is common to assume graotiditions such as
b(x,y) < (x+Vy)Y, orb(x,y) <x¥+yY, orb(x,y) > (x+y)", etc., or other conditions,
such as thetrong fragmentatiofid4, 45], and theveak fragmentatiof9, 30, 36,
48]. In models of some specific phenomena particular fragatiem kernels need
to be considered (e.g.: see [103]).

An assumption that is particularly important from the plegiviewpoint, cor-
responding to the occurrence of microscopic reversibilgycalled the detailed
balance condition. This presupposes the simultaneoutesegss of coagulation and
fragmentation processes (cf. next section) and, infogmiakkays that it must exist
an equilibrium (i.e., time independent) solution to eacthefindividual reactions

(1) + K = (J+K).

The detailed balance condition is the following: there &xe positive sequence
(Mj), with My = 1, such that

4 As it should, in a binary fragmentation. . .
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aj’ij Mk = bj,ijJrk. (15)

The sequencéM;) is physically interpreted as the system’s partition fume(il3,
36].

1.5 Coagulation-fragmentation equations

The coagulation-fragmentation equations are the systemndbscribes phenom-
ena where coagulation and fragmentation processes aréa@ously present. As
such, it has the form

Cj(t) = Qc(c(t))(j) +Qr(c(t)) (i) (16)
or
ac(t,X) = Qc(c)(t,x) + Qs (c)(t, X), a7

in the discrete and in the continuous case, respectively.

Possibly the first explicit reference to this system in tkeréiture is in [23] treat-
ing phenomena of polymerization and de-polymerizatiorhi@mistry. The authors
consider the discrete version of the equations, binaryniexgation, and reaction
kernels independent of the cluster siz&g, = a, bjx = b.

The first mathematical study about the existence of solstisriMelzak’s 1957
paper cited in the last section [158], that considers thdimoous system with
bounded kernels. The extension to unbounded kernels dtartwe than three
decades latter in lain Stewart’s papers [210, 211]. For therete system the first
existence result was published by John Spouge [206] in 1&8#] for bounded
fragmentation coefficients. More general results wereiobthby John Ball and
Jack Carr [12], by Philippe Laurencot [126], by the authds][ among many oth-
ers. Analogous existence results where obtained for siméaations modelling an
Ising spin system with Glauber dynamics by Markus Kreer [116

Long time behaviour of solutions to coagulation-fragméntasystems is a
rather difficult problem, not yet completely understoodeTtrst significant con-
tribution was by Michael Aizenman e Thor Bak in 1979, for tliatinuous system
with constant coefficients, [1]. In the last couple of decad@umber of important
papers have greatly advanced our understanding of the dgretaviour of solu-
tions of both the discrete and the continuous coagulatiagrientation equations.
Some of these contributions will be analysed below.

The vast majority of the mathematical studies have consitibinary fragmen-
tation, but some other types of fragmentation processes &law been considered
[84, 85, 86, 139, 215] and we shall briefly refer to them in Baect.7.
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1.6 Becker-®ring equations

The original Becker-Doring model was proposed in 1935 & ¢bntext of nucle-

ation studies [17] (formation of liquid droplets in a sugtsated vapour) in which
the concentrations of large clusters are so small that aerass the only relevant
reactions are those of coagulation between a cluster anchammeric particle, and

the fragmentation of a cluster by shedding off a single mosrarparticle at a time,

as schematically illustrated in Figure 4.

Even at very low densities it is not physically reasonablexpect the Becker-
Doring to be a good approximation [182]. However, the riahd difficult) mathe-
matics of the Becker-Doring system, together with thetiaat some of its properties
are believed to also hold in more general systems whose matiwl study is con-
siderably more complex, have turned the Becker-Dorintesysnto a paradigmatic
model in coagulation-fragmentation studies whose impaeaand contribution to
the understanding of the issues involved can hardly be tatecs[202]. Even from
the physical and mathematical modelling points of view, kedDoring like sys-
tems continue to this day to be proposed and studied [73, 107]

Fig. 4 Scheme of the Becker- 1)
Doring processes.

g

() (i+1)

In the original version of the Becker-Doring system the immer concentration
was assumed to be time independent. It was J.J. Burton [28Déver Penrose and
Joel Lebowitz [182] who first considered the current versibithe equations, in
which the mass of the system is formally constant and thusithrmer concentra-
tion has to change with time, and by this turning them into a-tiwear system of
the differential equations that is a particular case of thagelation-fragmentation
system with the rate kernels satisfying the restriction

ajxk=Dbjx=0 if jAk>1 (18)

Due to historical reasons, the notation used in Beckeiirigsystem is slightly
different from the one that would be obtained by substityt{h8) into (4),(14)

5 In this work we shall use the notatiom y = min{x,y} andxVy = max{x,y} and analogously
for the comparison of more than two numbers.
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and the result into (16). For > 1 let us defineaj := a;; andbj, 1 := bj; 1. let
a1 = a1 1, by = 3b, 1, and remember that the rate coefficieas e bj « are invari-
ant under permutation of the subscripts. Thus, the BeckeinD system is usually
written as

=30~ 3 (0),
= (19)

¢j =Jj-1(c) = Jj(c), j=>2

whereJ;(c) := ajC1Cj — bj11Cj41.

1.7 Equations with non-linear fragmentation

As pointed out in Section 1.1 there is a fragmentation meishathat is quiet differ-
ent from the spontaneous fragmentation considered in stibss 1.4—1.6, and that
mathematically originates non-linear contributions te éguations. There are some
situations in astrophysics and atmospheric sciences vthisraon-linear fragmen-
tation model has been used [194, 208, 209] and also in theemitics literature
there has been some interest (see, for example [42, 76, 22, 2

Considering the discrete case, assume that the collisiovelbe &-cluster and a
(J —k)-cluster can give rise to gcluster with probability; _ k, or, with probability
1—wj_kk, to a variable number of daughter particles with total magsaeto j.
Observe that, in contradistinction to spontaneous fragatiem, in this collisional
fragmentation process some of the daughter particles céarder than any of the
original clusters.

As usual, the equations are of the type

& = Qu(c)(i) (20)

where the reaction term has the following additive contidns:

1. formation ofi-clusters by coagulation of smaller clusters of appropriéte, say
i — j andj, with probabilityw;_j j, to which corresponds the term

i—1
5 2 Wiejjai-jiG-iCj; (21)
=1

2. destruction of-clusters by their collision with any other cluster, indedently
of the final result be a coagulation or a fragmentation, wlticlresponds to a
contributionQ(c)(i) given by (3);

3. the formation of aircluster as the result of a collision followed by instantzune
fragmentation, with probability complementary to the omee, whose term
reads as
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o j—1
2, Z Z k(L — Wik k) @)k kCj—KkCks (22)

| =

whererLk,k gives the distribution of size fragments produced by collisional
fragmentation ofj — k and k-clusters. Thus, this function is analogous to the
function ¢ in the spontaneous fragmentation models (cf. Section O#3erve
thatW has to satisfy the identitwji,k = L.Uki,j, and, considering that each reaction

conserves mass, also
jrk—1

Z |LIJ'ka+k
=

Hence, the general coagulation-fragmentation systemawitisional fragmentation
(20) is

i—1
ZWI joj@i-j,jCi- JCJ_CIZa*JCJ+

0
2 > z | k(1= W k)@ kCj—KkCx
j=I+1k=

Naturally, to the right-hand side of this system one can &eédspontaneous frag-
mentation ternQs (c)(i) given by (11).

The specification of the functiorft/jiyk, w;j  and a;j x allows the modelling of
particular cases of interest such as, for example, thatideres in [209] where
collisional fragmentation always produces only monomers.

The first mathematical study of these equations is due téppbilaurencot and
Dariusz Wrzosek [139]. An analogous (continuous) systeiith the imposition
of a maximum cluster size was proposed by Antonio Fasano andockers in
the context of liquid-liquid dispersions in chemical erggning [84, 85, 86] (see
also [215]). Another similar system was considered in &sidif polymerization
reactions with catalysed fragmentation [111].

1.8 Diffusive coagulation-fragmentation equations

The previous approaches to coagulation-fragmentatiocgsses assumed spatially
homogeneous systems and so the cluster densities are mitepieof the spacial
location. However, the spacial dependence of the clustesities, and in particu-
lar the consideration of diffusive effects, has been reasghimportant is several
situations [22, 70, 178].

The discrete version of these systems can be written as

¢ = Do(d o)) + Qel©)(j) + Q(0)(J), in @ x RYCR™xRY  (23)
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where the diffusion coefficientd; = dj(z c) are non-negative functions, and ade-
quate conditions are imposeddp= cj(zt) on the boundary Q, or to their decay
at infinity.

The first mathematical study about these systems seems ty béalshall
Slemrod [199], but the first general existence and uniqueresailt (without frag-
mentation, Qs (c)(j) = 0) is [19] by Philippe Bénilan and Dariuz Wrzosek. In
the last decade a growing number of papers have been publéimut systems
like (23), or its continuous analogue, dealing with exisgnuniqueness, and
behaviour of solutions. In this context the contributions Amann, Laurencot,
Mischler, Wrzosek, among others, are extremely importaee( for example,
[3, 4, 5, 68, 78, 121, 129, 132, 137, 138, 224, 225]). In thesgme chapter we
shall not further consider these works.

1.9 Equations with kinetic and transport terms

Another type of space dependence in these cluster equésitims introduction of
transport terms, first considered in meteorological swydieparticular in models of
cloud formation [20, 143]. The goal is to model the convatté clusters due to a
given velocity field. We shall exemplify with the case stulia [74, Chapters 10
and 11]. Leze Q C R® denote the space variabldz t,x) € R® the velocity of the
x-cluster at time and positiornz, and letr(zt,x) € R be the rate of change of the
concentratiorc(zt,x) by condensation or evaporation of droplets of size the
space-time locatiofiz,t). The equation, first proposed by Levin and Sedunov, and
by Berry, is

ac(z,t,x) 4+ ok(r(z,t,x)c(zt,x)) + Oz(v(z,t,X)c(z,t,X)) = Qc(C)(t,X), (24)

whereQc(c) is defined by (6), with the concentrations also dependertex vari-
able, but the coagulation kernel only dependent on the reasse

In this model the velocity field is an “exterior” field whereethlusters are embed-
ded. In particular, the coagulation reactions are not initee by the velocity field.
A different possibility is to consider the coagulation pees depending on the local
velocity, that is, considering the velocity field not as sdiieéd carrying the clus-
ters, but essential as the field that describes the locatitglof each cluster. This
more detailed model, analogous to the viewpoint used intkirteeory, was first
considered in the context of discrete velocity models byr®tel and co-workers
[201, 203], and, more recently, in the general case, amongrety Escobedo,
Laurencgot and Mischler in [79] where they proved resultsgtobal existence of
weak solutions and their convergence as o.

Let c(zt,x, p) be the concentration ofclusters with linear momentum, and
located ar at timet. The system studied in [79] is

dc+v-0,c=Qc(c), (25)
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wherev = p/x, and the coagulation ter@; = Q; — Qz is defined by

Ql(C) .
QZ(C) .

%/Rs/()xa()/a>/—)/)c(-,-7>/)C(.,,7y_>/)d)(dﬁ
/Rs/OXaW’V)C(n-,y>c(-,-,>/)d>(dd

wherey := (x,p) € R x R3, etc.

A similar model, without the space dependence, was coresidbefore by
Baranger in [15] and by Roquejoffre and Villedieu in [193jfll&nother model was
studied by Nicolas Fournier and Stéphane Mischler [94, Bbjvhich, although
there is also no spacial dependence, there are, additidoathe binary collisions
resulting in coagulating events, other binary elasticisiolhs (modelled by Boltz-
mann collision operator) and inelastic collisions (moe@lby a granular collision
operator).

Naturally, the analysis of this type of equations makes dseathods closely
related to those used in studies of Boltzmann’s and reldtestik equations. In this
chapter we will not consider these works further.

1.10 Other models

Other models have been considered in the literature. Wershaldescribe some of
them.

1.10.1 Multi-index cluster models

In the systems of previous sections clusters were charaetdry a single “internal”
quantity, their mass or volume, and, in some cases, by soxterteal” ones, such as
the spacial position or velocity. However, for some appi@ass one needs to char-
acterize the existing clusters by additional variablesiifiging relevant physical
quantities.

One obvious case is in co-polymerization reactions wherethee two mono-
meric speciesA andB say, and it is important to keep track of the way a given
cluster is made, not only by the total number of monomeritigles, but account-
ing for how many of each monomeric species a given clustariaéd. Thus, in the
simplest situation a cluster has to be described by a veghscsipt(ia,ig) inform-
ing that the cluster is made ly units of the monomeric specidsand byig units
of B. This approach was used in kinetic studies of micelles aisitheformation
(cf. e.g. [64]) where the following two component Beckensibig like system was
proposed:

d .
g% = W10 =)+ _1(0) -5 (c), i,jeNT\{1},
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with the terms of microscopic balance for monorgjiven byJ{fj (C):=4a,jC10Ci,j—
bit1,jCi11,j and those foB by JiEfj (C) :=a,jC0.1Ci,j — Bi,j+1Ci j+1, With the meaning
of the symbols analogous to that in the usual Becker-Dégngation (19).

A similar case occurs when the clusters are made of two plafstte same
substance and one needs to keep track of the quantitiestobédeem. An example
is presented in [186], where it is considered that eachgbartias a continuously
varying mass, of which a < x is the mass of one of the phases (ice or liquid
water). Using a notation analogous to that in Section 1€ ctiagulation operator
correspondent to (6) is now

Qle)xa) =5 [ [‘atc-y.a—Biy.prctx—y.a—Blol-y.p)dyds -
— ot-xa) [ [[ax By Biel-.y. Bydp.

Other model requiring a multi-index is considered in [22@here each cluster is
characterized by its magsand also by another subscrlp& j describing its shape
in the sense that it reflects its diameter. In this case aaslesin not only be subject
to coagulation and fragmentation reactions, but also trival rearrangement “re-
actions” that are a mere change in its geometry, as Figuremats to exemplify.

Fig. 5 An example of an
internal geometric rearrange-
ment “reaction” of &(15,9)- 4

cluster to &(15, 7)-cluster, at
arateycisg. Ci59 C157

A further model of this type was used in the study of surfagepaag in cell-
antibody interactions [37, 63]. In this casg-aluster can be represented by a graph
for which each of thg nodes stands for a monomeric unit in the cluster. All nodes
are potentially of maximum degree three but not all of thewehthis valency at a
given particular time. Th& < j nodes with degree one (the leaves of the graph) are
particularly important in this model and so the clusterscy&acterized by the pair
(j,k) and their dynamic was studied using an adapted version @&ehker-Doring
system.

Finally, another case with an associated graph (in this aasee) was studied in
[56], motivated by the study of self-organized criticality[100]. The model con-
sists in a coagulation system for the evolution of clustescdbed by a paifp, ),
wherep is the “order” andqg its mass, and where the reactions are schematically
represented by

(i,))+ (k,m) = (V(i,k, (iAk)+ 1), j+m).

This means that the mass satisfies the usual additivity, laaditder satisfy the
Horton-Strahler rules. Each cluster is represented by ga efla tree and a reaction
between two clusters corresponds to the respective edgescing in a node (cf.
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Figure 6). In [56] a coagulation system for the time evolutid the concentrations

Fig. 6 lllustration of the
Horton-Strahler rules in the
orders of the edges of a tree.

c,j of the (i, j)-clusters is studied, as well as the evolution of some megisc
quantities, like the total number of clusters of a given orde

1.10.2 Annihilation models

We now briefly consider a class of systems in which clusterskso made up of two
monomer species but merit a reference outside SectionllbEgause part of the
physical processes involved are significantly differentrfrthe usual coagulation
in that cluster can annihilate each other. The two-spe@aguation-annihilation
system describe the time evolution of the concentratiorusiters of two different
particle speciesA and B, say) in which theA-particle clusters [respB-particle
clusters] undergo coagulation between themselves, syacattipl

K|
Au+Ar 2 AL, [resp,Bu+By —% By.al, (26)

but when arA-particle cluster and B-particle cluster come together, they annihilate
each other, and in the simplest such model the annihilasi@oiplete, i.e., for all
U andA,

A +B) -0, 27)

where 0 represents a physically inert species. In the phygerature these pro-
cesses have been approached through a variety of technidsieg a mass ac-
tion approach as in coagulation studies, one of the first ssgdems to be Ben-
Naim and Krapivsky [18] where, for the case of discrete @usizes, it is as-
sumed that reactions rates are independent of the clugtes and all have the
same valueKa(u,A) = Ky(u,A) = L(1,A) = 2. In that work, the authors inves-
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tigated the time evolution of the system and the existencejon-existence, of
a universal similarity behaviour of the solutions. More estty, Laurencot and
van Roessel [135] considered these same issues in the casatofuous cluster
sizes with reaction rates still independent of the clusterssbut with the coagula-
tion ratesKa(u,A) = Kp(u,A) = k possibly different from the annihilation kernel
L(u,A) =L, a case that had already been considered by Krapivsky ir] fad e
discrete case with = 2. Still within the context of rate coefficients independeft
cluster sizes, in [61] da Costa, Pinto, van Roessel, andoBaspextended [135] by
considering the possibility of the coagulation rateéaflusters and oB-clusters to
be different from each other, i.&Ka(u,A) = Ka, Kp(,A) = Kp, andL(p,A) =L,
whereKg, Ky, L are positive constants, otherwise unrestricted. A shghmbre gen-
eral process has also been proposed consisting in an inergoinihilation be-
tweenA andB-patrticles (see, e.g., [115]), which means thatAladB species still
annihilate each other but only to the extent correspondirtbeir respective sizes,
which is represented schematically by

Ayyif g >A
Ay+By— 0 ifu=A. (28)
Br_pif H<A

Coagulation-annihilation with incomplete annihilatiodard to analyse math-
ematically and the method used for the complete annihilatése, based on Laplace
transform techniques, do not seem to work. This difficulty leal to the considera-
tion of some toy models that still show some interesting bigha. One such model
was first introduced by Redner, Ben-Avraham and Kahng in][a8d a similar but
more general one was introduced in [108]. These toy mod&srthe incomplete
annihilation process but get rid of both, the two differem@mameric species, and
the coagulation reactions. The process is schematicadhgsented by

aj‘k
Aj + A Ajj-k;
whereA := 0. Still assuming that there is no destruction of mass i @adividual
reaction, it now makes more sense to thinkjdads the size of the cluster “active

part”, being the difference betwegr- k and|j — k| the size of the resulting cluster
that has become inactive after the reaction. One illustnadf this is in Figure 7

Fig. 7 Schematic reaction
in the RBK coagulation- @3 —
annihilation model.

j k [i—K

The dynamics of this cluster system is governed by the folignequations,
called the RBK cluster system in [59],
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[ [

Cj= kz Q)+ kkCj+kCk — kz aj kCjCx, i=12..., (29)
=1 =1

whose mathematical study started only recently [59, 6@ viorth noticing the sim-
ilarities, and also the differences between the RBK sys@&hgnd Smoluchowski’s
coagulation equations.

1.10.3 Coagulation of intervals in the real line

The models considered in this section are toy models for ratiun and ageing
processes in physical systems far from equilibrium and baes considered exten-
sively in the Physics literature. Below we shall concert@tclusively on mathe-
matical works. Itis also interesting to remark that soméiese models can be seen
as a kind of “dual” processes to the RBK system with mono-lisp initial data
[108].

The first of these models was studied in 1992 by Jack Carr abéiRBego [39].
Their motivation was the studies of metastability in saos to reaction-diffusion
systems of Chafee-Infante type = £2uyx + u— u® in the bounded interval0,1)
with homogeneous Neumann conditions at the boundary, arydsweall diffusion
coefficiente. This rather interesting behaviour had been discoveredartied by
the same authors and by Giorgio Fusco e Jack Hale in a seniemafkable papers
(cf. [38, 98] for an introduction to those results). It catsiin the fact that a typical
solution rapidly approaches functions that, in spite ofoeng equilibria (and being
far from one) are practically time independent for an extlawarily large interval
of time (of the ordere!/¢). The graph of these functions are essentially constant
but for what happens in the neighbourhood of a finite nunhbef points of(0, 1),
where very sharp transitions take place. When, due to tha sldw dynamics,
two of these transition layers finally come close to one aemtine dynamics has
a markedly increase in its speed in such a way that the tramséyers suddenly
collapse and disappear, after which the dynamics returits xponentially slow
pace.

The mean field coagulation like model [39, 99] for this bebaviwas first de-
rived by [165] and is the following: considé&f > 1 points arbitrarily chosen in the
interval(0, 1) (these points represent the location of the transitionrkaiyethe solu-
tion to the reaction-diffusion equation); assume the feilg process with discrete
time: in each time unit look for the shortest interval in tteetfiion of (0, 1) defined
by theN chosen points and eliminate the two points that are its bagnthus pro-
ducing the fusion of that interval with its nearest neightsdthis corresponds to the
quick collapse of the transition layers) and having as alréisel reduction of the
number of points tdN — 2 in the next time unit (cf. Figure 8). Denoting Byxt)
the density, at timé, of the distribution of the number of intervals by unit lehgt
the total number of intervals by unit length is

N(t) :/Om F(x,t)dx
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L L1 L |
— T - w t

L | L |
— w — w 1 > K

Fig. 8 A schematic interval's coagulation process.

Let.Z(t) be the smallest interval at tinteThe time evolution of due to the process
described above has the following two contributions:

1. formation of an interval with lengtk by coalescence of an interval of length
Z(t) with two intervals of lengthy andx —y — Z(t),
2. disappearance of an interval of lengthy coalescence with any other interval.

The differential equation fof is

f2(t

W [/0“’ Fly.)f(x—y—.2(),)dy— 2f(xN() |, (30)

af(xt) =
wheref (x,t) =0 if x < Z(t). In [39] the time scale was chosen so that the expected
number of coagulation events per unit timef(s%(t),t)% = 1. In [99] the time
was parametrized by the smallest interval size, i%(t) =t, and the system was
written for the probability densitg (x) := f(x,t)/N(t), instead off.

A more general model, also studied by Carr and Pego [40], &hamlization of
previous models by Derrida, Godréche, and Yekutieli [6] by Pesz and Rodgers
[185]. The difference relative to the previous model is thatv, in each unit of
time, the smallest interval is divided in~! parts according to a probability density
dv(a) and these parts are randomly redistributed by the remaintegvals in the
partition.

Let X(t) be the size of the smallest interval at timep (x,t) be the expected
number of intervals with length larger than or equaktat timet normalize by the
initial number of intervals, and l(t) be the normalized total number of intervals
at timet. Then, the dynamics is determined by the equation

N(t) [ -1
b0 =~ ) (8- ax(®,0-9(x0) a~dv(ar)
subject to
N(t) = ¢(x.t), for —oo < x<X(t).

Another model was proposed and rigorously studied by MeNdgthammer and
Pego [162]. The corresponding process is the followingaahdime step choose an
integerk > 1 at random with probabilityy, and merge the smallest interval with
randomly chosen intervals.

With pi¥ denoting thek-fold self convolution ofp, and the remaining variables
as above, the dynamics is described by the equation
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af(xt) =202y pk(pt*k(xf 2) - kpt(x)), with x > .Z(t).
k=1

In [162] the time scale was taken tas- N(t)~1, and the analysis was based on the
method of Gallay and Mielke [99].

1.10.4 Proliferation models in population dynamics

The mathematical studies about proliferation processdsoilogical populations,
being them of individuals, cells, or biochemical moleculesve resulted in an ap-
preciable diversity of differential equation used as me{&84].

One of these equations, to model the time evolution of a agufation under-
going mitosis, by which a cell of sizeis broken into two of sizes/2 at a rateB(x),
is the following [184, Chapter 4]

an(xt) + oxn(x,t) = —B(x)n(x,t) 4+ 4B(2x)n(2x,1),

wheren(x;t) is the density of cells of sizeat timet. It is possible to generalize this
process by assuming that a cell can be brokendanégual daughter cells with sizes
x/a [55]. On the other hand, if the fragmentation process allthestwo daughter
cells to have distinct sizes, the differential equationtf@ densityn(x,t) has the
typical form of a fragmentation equation with mass transfi84] (cf. sections 1.4
and 1.9 above):

AN(XE) + Bxn(x,t) = —BOIN(X.t) + /X b y)n(y,t)dy.

In order to model more specific situations, the mathematiwadiels can become
correspondingly more complex. As an example that has ryoerteived some at-
tention, we can pointto models of growth and proliferatibprions (i.e., of proteins
with transmissible pathological conformations) respblesior the Bovine Spongi-
form Encephalopathy (“Mad Cow Disease”) [102, 187] and sgvmathematical
models have already been object of a rigorous analysis [1$%, 216]. According
to the contemporary biological understanding, there areliasic prion forms, a
normal, non-infectious, monomeric one (denoted by“HrPthe literature) and an
infectious polymeric form (Pr#®) formed by the polymerization of the monomeric
form. Above a certain critical size, the Pri*¢ seems to be have the strong tendency
to rapidly bond with the monomers. The Bffhas also break up into polymers be-
low the critical size that are quickly degraded into PrRonomers. Denoting by
yo(t) the PrF® concentration and by; the concentration of PR® polymeric chains
made up of monomers, the differential equation model is the followfh@2, 187]
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n-1 oo n—-1in+j—1
Yo=A—dy— onB|y|+ZZ > Jb|y|+ZZ Z ibiy;
=1li=n+]j

Vi = Bi-1YoYi-1— Biyoyi —aiyi — (i — 1)biy; + 2 Z bjy;,
j=1+1

wherea;, b, §i, A enare positive constants. Continuous mass versions of thyese e
tions were also considered in the literature [102, 136, 228].

1.11 Other problems about coagulation and fragmentation deds:
relation with particle models

To finish this introductory part, we will refer to a differetyipe of mathematical
studies of coagulation and fragmentation equations. Sthiamathematical works
that we have referred to were those that, starting with angdiéferential equa-
tion, have as goal the study of (some) properties of its gwlat(say: existence,
uniqueness, regularity, mass conservation, long timewieha self-similarity). In
the following sections of this chapter this is also the theweewill be interested in,
but in the present section we consider another importass déproblems that have
attracted some attention: starting from more fundamermatequilibrium Statisti-
cal Physics assumptions in terms of stochastic processebtain the coagulation
equations as some kind of thermodynamic limit of these ee® Here we will just
present, in a brief way adapted from [192], the kind of apphazsed, and direct the
interested reader to the works of, among others, Flaviua€[li05], James Nor-
ris [175], GroRkinsky and co-workers [104], Vassili Koldteov [114], Fraydoun
Rezakhanlou [192], and Nicolas Fournier and co-workers9@g

In the microscopic model one initially considers a colleotof N > 1 particles
randomly distributed in points € RY, with d > 2 andi € | = {1,2,...,N}. Each
particle have an integer mass € N* and is animated with a Brownian motion
with diffusion constant &my). When two particles of masses andm; are at a
distance from one another equal|g — xj|| = € > 0 they can coagulate to made
a particle of massn + m;, randomly located in any of the positiogsor xj, with
probability dependent of the masses of the original padicDue to this coagula-
tion process the number of particles in the system dimigistith time and so the
indexing set is time dependeﬂgl C |. One assumes that the dynamics of this par-
ticle systemq(t) := { xi(t || €lyq } is a Markov process with infinitesimal
generatot? = %.f + o7F, Where%ﬁ |s the contribution of the Brownian motion
between collisions, anﬁfc‘E is the coagulation term. For this microscopic process
one defines the empirical measure

6 In other versions of this coagulation process of stochgstiticles it is assumed the resulting

particle is located at the centre of maé%:”—’ [176], in still others coagulation can happen

within a whole interval of distances between the partictes @ot only at the distance[104]
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Gn(dx1) = - 3 8 (@XLM () =1,

BeingKe 0% an appropriate scaling factor adc constant (the total macroscopic
density), one can prove that in the thermodynamic limit, indenN — o« keeping
N/Kg = Z, the measurgn(dx t) converges to a measueg(x, t)dxin the following
sense

lim E
N—oc0 N

[ 300)(@n(dxt) — ealx. )| =0,

for all test functions) bounded and continuous R® x [0, ). The densitycy(x,t)
of the limit measure solves the coagulation equation wittusive terms (23).

2 Existence and uniqueness of solutions to discrete
coagulation-fragmentation systems

In this section we shall review results about existence amgueness of solutions
to coagulation-fragmentation systems, with special ersish@a the discrete case.
Note, however, that most of the results in one case have &quivin the other,
and a rigorous relation between the two can be establist84d.[WVe start with the
special case of Smoluchowski's coagulation equation ksafits importance, his-
torically and conceptually. Most of the section will be deabto existence results.
Uniqueness will be treated in the last part.
We start by briefly presenting the most relevant spaces wlesterwards.

2.1 Finite density spaces

With the notation introduced in Subsection 1.2,dgt) be the concentration gf
clusters at time and, without loss of generality, assume the massjetlaster isj.
Thus, the quantity(t) := 7, jc;j(t) can be interpreted as the total density of the
system (total mass, assuming the volume is constant) amdaasonable to impose
that solutions to (16) must have finite density, which meéas, for allt > 0, the
solution must be an element of the Banach space ¢! of finite density solutions
defined by

. o . Nt . . - A
¥1:={c=(cj) €R .|c||1.lej|cJ|<°°}- (31)

In many situations it is important to consider other Bangmcss, namely

Xy = {c: (cj) € RV icllq = Zj“|cj| < oo}, a>0. (32)
J:
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Some of these spaces have also physical meaning, for exatmg@leorm inXy =
/1 is a quantity proportional to the total number of clusterselo the physical
meaning associated to the coagulation and fragmentaticatieqs we will consider
only non-negative solutions, i.e., those remaining in tha-negative cone of the
relevant spac¥,,

X = {ceXa:cjzo,Vj}. (33)

Itis not hard to prove [44, Theorem 1.2.1] that the spagGewith the norms| - ||
constitute a compact and normal scale of Banach spacedhwtgans that, for all
B > a >0, Xg C Xq with the inclusions being continuous, dense, and compadt, a
for all ¢ € Xg it holds that]|c|« < ||c||g, and the following interpolation inequality
is also valid

VO<a<B <y, VeeXy, [ <llci el e

This scale is also regular, meaning that the norm of the qhaalesX}, is a logarith-
mically convex function of the parameter, but this result in not needed in what
follows.

For the continuous version of the coagulation-fragmeotagquations (17),
where the cluster masses areRr = (0,), one defines the relevant spaces in
an analogous way, but with the difference that the need ttralowhat happens to
very small clusters, and the non-existence of an inclusiation in theLP(R™)
spaces similar to what exists in th®& leads to the following finite density space

Y= LHRT, (1+y)dy) = LY(RT,dy) LY (R, ydy),
wheredy s the Lebesgue measure BnThe norm in this space is

- lve = - lage gy + - e yay-

2.2 Discrete Smoluchowski equations

Let us consider the Cauchy problem for Smoluchowski’s ctetgun system (1)-(4),

= <
Ci =75 ) @j—kkCj—kCk —Cj » ajkCx,

2 kzl k; 59
¢ (0) =cjo,

The approach to questions of existence to (34) that have imesh fruitful so
far consists in its approximation by finitedimensional truncations for which one
can prove that their solutiore(t) approach, in an adequate sense, a funation
which can be proved to be a solution of the infinite dimendisgatem (34). This
approach was used from the very first mathematical work$i@ércbagulation sys-
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tem by McLeod [154], in the coagulation-fragmentation eyss by Spouge [206]
and in the Becker-Doring, by Ball, Carr and Penrose [13].

A different approach that has been occasionally used inremiis coagulation-
fragmentation systems consists in the use of fixed pointédms and operator semi-
group theory, techniques that were pioneered by Melzak][468 by Aizenman e
Bak [1]. The approach using semi-group theory has been wagessful in the
study of (linear) fragmentation systems (cf., for examfléd, 153]).

In the present chapter we will only use the approach basediondtion. There
are essentially two finite-dimensional truncations used in the literature: the
maximal truncatiorand then-minimal truncationjn the designation introduced in
[49]. The first one corresponds to the following systemmairdinary differential
equations for the phase space ve¢trcy, .. .,Cn):

.1t " .
¢j= 5 Z @j_kkCj—kCk — Cj z ajkCjck, Jje€{1,....n}. (35)
K=1 K=1
The second corresponds to the system
11t n

Cj == Z aj_kkCj—kCk — Z a; kCjCx, jed{l,....n} (36)
2k:l k=1

for the same phase space vector. ikdImensional truncation analogous to the
minimal truncation, for which ther2dimensional vector i$cs,Cy, . ..,Con), is the
following, [123]:

o1 n .
¢ = > Z Qj_kkCj—kCk — Z aj kCjCx, | € {1,...,n}
K=1 K=1 (37)
) 1 n .
Cj = E Z aj—k,ijkaka ] e {n—|— 1, .. .,Zn}.
k=]—n

The starting point of the analysis consists in considerimg@propriate and rig-
orous version of the formal identity, which is a weak versairthe coagulation
equation:

YooY ao(0=3[ 3 3 (@40 -wauEusis @8

where one assumes that0r <t, and(g;) is a non-negative test sequence.

From this equality (or for a rigorous version of it) one extsathea priori es-
timates needed for the proofs. For instance, from (38) oneirdar that the only
a priori estimate expected to hold ;" is the boundedness of density (corre-
sponding to the test sequenge= j), and also that the stronger the growth rate
of the coefficients, the harder to get the estimates one ressdishe more likely
it is to expect the need of some control via assumptions orhidjeer moments
Mp(c) =321 ]Pcj(t), p> 1. (Note that for non-negative sequendasi(c) = | c[|p.)
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Before proceeding it is necessary to be precise about whagast by a solution
[12, 123]:

Definition 1 Let T € (0,+] and @ = (cjo) € [0,+)N". A solution c= (cj) of
(34)in[0,T) is a sequence of non-negative continuous functions satisfj > 1
andvt € (0,T),

@ cjec(oT)
(ii) z ajxcj € L1(0,t)
i=

(i) cj(t) _cJo+/ Zaj kkCj—k(S)Ck(s Zaj kCj (s )ds

A problem that immediately arises is to know if solutionstwiton-negative
[resp. positive] initial data remain non-negative [respsifive] for all later times.
This problem was first studied in the Becker-Doring casé, [A:3d afterwards in the
coagulation-fragmentation in [34, 36]. For the Smoluchidve®agulation system
the following result was proved in [46]:

Theorem 1 [46] Let ajx > O for all j,k. Take any g € X;” and let ¢ be a solution
of (34) in[0,T) C [0,+). For each te [0,T), let _#(t) be the set of subscripts
j for which ¢j(t) > 0. Then _# (t) = ¢ is independent of t and is given by =

spaii, (7 (0)) = {J = 5impi: pr € 7 (0).m € No.max; > 0}.

It is easy to conclude from this result that if, for some suipscp, we have
cp(0) > 0 then it is always true thaty(t) > O for all t > 0. On the other hand,
the proof of the result implies that @,(0) = O then, eithercy(t) = 0,vt > O (if
p & span, (7 (0))), or it will be always positive (ifp € spar,, (7 (0)).)

The proof of the theorem uses in a fundamental way the foligway to write
Smoluchowski’s equation:

GO0 =c&(1) + [ E(9Ri(3)ds 9)
where
it 00 1 j—1
t):= exp(/0 kzlajykck(s)ds> . Rj(t) = Ekzlajfk’kcjfk(t)ck(t)’
andRy(t) =0.

These positivity results are also relevant for the coaguiatragmentation sys-
tems, for which this method (with the obvious modificatiorthie definitions oE;
andR;) was first used in [34, 36], where it was also used to prove foagll t > 0O,
all componentg of (c;(t)) are strictly positive (i.e.,# = N) provided that, for all
natural numberk, the coefficients,  andby x are positive.

Naturally, the existence results depend on the hypothadtssocoagulation coef-
ficientsa; k. Itis interesting to observe that not only the growth bud alfe structure
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of the coefficients is crucial for the existence of solutiasjt is clear in the follow-
ing results. Let us start by considering the following cdatian coefficients, that
will be calledmultiplicative type coefficients

(H1) There exists non-negative sequenggsand(a; x) such that
jk =i+ djk, (40)

and one of the two conditions is satisfied:

. i . a;
im 3 —o, 1im 2K _o vk>1, (41)
o | oo ]
or r
inf L =R>0, ajx<Krjr, Vj,k>1, (42)

i>1 ]
for non-negative constani&andK.

For this kind of coefficients we have the following result da¢.aurencot [123],
and Leyvraz and Tschudi [147],

Theorem 2 Assuming (H1) and beingye X;", there exists at least one solution
c of (34) in[0,+) such that, for all tc [0, +), it holds true that ¢t) € X;" and

le)]l2 < llcolla.

Sketch of proofThe basic idea of the proof is, by taking limits as— « in the
sequence of solutions oftruncated systems, to obtain a non-negative continuous
function and to prove that this function is, in fact, a saatto the Cauchy problem
for Smoluchowski's equation (34).

Being a bit more precise, assume the coagulation coeffegaiisfy (41). Then,
the existence of a function= (c;) that is limit of the sequence of solutiqn'j\‘)
of the truncated systems (for instance, using (35)) is aegumence of the Ascoli-

Arzela theorem, due to the compact inclusionXgfin X := {c =(cj) € RN':

el < oo}, where||c|[) == ¥4 rjlcj|, and the equiboundedness and uniform
equicontinuity of the sequence of solutions to the trurttaiestems. Another way
to prove the existence of a limit & — oo of the sequence of truncated solutions
(c'j\‘) is due to Ball and Carr [12] and consists in the applicatioRlelly’s theorem
[113, pp. 370-371] to an equibounded sequence of uniforrmlynded variation
functions built from the solutions:’j\‘).

By (41), thea priori uniform boundedness of the density(of") is sufficiently
strong to conclude the following estimate (uniformNg)

Ny N

r
%riciNk < sup—
i=

i N ri
- ic;© < |coll1sup~+, (43)
i>M | £ i>m |

which allows us to control the infinite sum in the right-handesof (35) and to
obtain the pointwise limit
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DG — Y a&C]
=1 =1

By the dominated convergence theorem, implies that we damlitaits asN — oo
and prove that is a solution of (34).

If the coagulation coefficients satisfy (42) instead of (#1 problem is harder
and the argument has to be modified. The difficulty of this eaisees from the fact
that the uniform bound on the density @dj\‘) is not strong enough to control the
terms in the second sum of the right-hand side of the trudcsgstem. A way to
overcome this problem, due to Laurencot [123], uses trimté37).

The first part of the proof consists in getting the existenica functionc that
is limit of the solutions(c'j\‘) of the truncated systems. This is a consequence of the

compact injection oH(0,T) in C(0, T). We start by pointing out that the version
of (38) for the solution$cﬂ-\‘) of (37) is

lim
k—00

=0 (44)

N N 1 AN N .
> gici ()= > gicj(1) = 5/ D> D (9j+k—9j — WAy k) (S)c (s)ds,  (45)
=1 =1 T [=1k=1

and the needed estimates are concluded by exploitingythiement propagation
equation. Choosing in (4%); = j 111 ny, 9j = 1, andg; = jl/zl{l,,_,,N}, one gets

N N N
ZJC'J'\'(U <5 i) <Y icjo (46)
i= j=1 =1
N 1N 2N
3 A0+ ), |3 e[ dss 3 eo (@)
UV & 12N _1/2
/T j;v'rjcj (s)‘ ds< 4<JZJ ¢ (T))I\/l : (48)

Thesea priori estimates imply that, for evefly € (0,+) andN > j, cﬂ-\‘ (t) <|lcollo
in [0, T] and

||ch

]

dt

-1
3/2
§T1/2<_Zaa,ji>ICoII%+f2(1+K)rjICollo/- (49)
L2(0,T) =

Hence,(cﬂ-\‘) is bounded irH*(0, T) and thus is relatively compact@0, T). Using
a diagonalization argument, one can conclude the existm‘m:eubsequenc((e:ﬂ-\"‘)
converging inC(0, T) to some functiort = (¢j) asN¢ — oo.

This convergence, together with the estimates (46) andi@dy the version of
(44) for the present case,
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lim || > ajci* = 3 aijc
=1 =1

k—o0

=0, (50)
L20)

which is the main ingredient to pass to the limit in #feequation of (37), thus
concluding the proof thatis a solution of (34). [ |

Let us now consideadditive coagulation coefficients, i.e., those satisfying the
condition

(H2) There exist non-negative sequengg$ and(a; x) such that
ajk="rj+Ik+djk (51)

and also &< ajx < K(j +k), for some constark > 0.

If the sequencesrj) and a; are sublinear and satisfy (41) the argument of
Leyvraz and Tschudy presented above can be adapted to abtaxistence proof
also in this case. Whery < (const)j it is necessary to modify those arguments:
it is still possible to use Helly’s theorem to prove the cagence of a subse-
quence of the sequence of solutions to truncated systenthduemaining proof
needs to be changed using an identity like (38) for the eiaiwdf the partial sums
z'j\':mgjc’j\‘ (t). This approach, due to Ball and Carr [12], is also applicabléhe
coagulation-fragmentation system, and so we leave a méadatbpresentation to
the next section. The result that is proved is the following:

Theorem 3 Let K > 0 be a constant and assumea< K(j +k). Let ¢ € X'.
Then, there exists at least one solution ¢ of (34)0in+-) such that ¢t) € X" e
le(t)]1 < [lcol|1, for all t € [0, +co).

An important distinction between systems with multiplicatand additive co-
efficients is that, in the last case, there are no solutiorthéoCauchy problems
(34) when the coefficients grow superlinearly, which cafiacontrasts with what
happen in the multiplicative case, as seen in Theorem 2.

This somewhat surprising non-existence result is a coresempiof the following
two theorems, to which we shall return in Section 4 on dertsityservation:

Theorem 4 [12] Assume (H2) and letee X;. Then, for every T> 0, all solution
c of (34) in[0, T) conserve densityc(t)||1 = ||co||1-

Theorem 5 [35, 69] Let T € (0,+], and let G,Cy > 0andf > a > 1 be con-
stants such that (|9 + k%) < ajx < Cy (jk)B. Let @ # 0 be an arbitrary element
of X{". Then, there are no solutions ¢ of (34){T) that conserve density i@, 7),
VT <T.

Clearly, one can multiply the number of existence resuliefimitely by making
assumptions about the coefficients different from (H1) &)(Hbut for these studies
to be of any relevance it is necessary that the assumptiensithier inordinately
general, or of special interest for the applications. Theeaaf the Becker-Doring
type coefficients falls into this last class (cf. Section)1.6



30 F. P. da Costa
ajxk=0 if jJAk>N,

whereN > 1 is a fixed constant. The classic case correspondis=tol [182] and

is the only important one for the applications (cf., e.g6]]1 This means that the
only non-zero coefficients aeg 1 (= a j) and the coagulation system is sometimes
called the “addition model” (cf. [124]). The Cauchy probl¢g4) for these models
with cp € X;" has density conserving solutions in every inteff@al’ ) whena; 1 ~
0()), [13], and, by arguments similar to those used with assumiti2), do not
have any solution in whatever non degenerate time intefvaj 4 is superlinear
(satisfying somewhat technical but not very restrictivaditions) [124]. We shall
return to these addition systems later in the chapter.

2.3 Discrete coagulation-fragmentation equations

Let us now turn our attention to the problem of existence aftsans to the initial
value problem for discrete coagulation-fragmentatioratigns (16), that we now
write as follows:

) 1 -1 0
Ci=75 Y Wj—kk(c) =) Wk(c),

22, 2, (52
¢j(0) = cjo,

whereV\/j,k(c) = aj kCjCk — bj,ij+k-

The approximation of these systems by finite dimensionalcations works as
in the previous section. The systems are analogous to thesecbnsidered, (35)-
(87), the main difference being the substitutionagfycpcq by Wp (). With this
minor change, and with the additional conditi§ff_, b; k¢j € L1(0,t), we obtain
a definition of solution for coagulation-fragmentationteyss of the same type as
Definition 1.

As pointed out in Section 1.5, the first mathematical workiwse equations was
due to Spouge [206], who considered sublinear coagulatefficientsa; y < rjry
with rj ~ ¢(j) asj — o, and somewhat restrictive conditions on the fragmentation
coefficients.

More recent results, valid for much more general coefficiemtre proved by
Ball and Carr [12], da Costa [45], Laurencot [126], and oghand it is to these
that we will now turn our attention. The fundamental teclueigpf these works is,
as in the coagulation system considered in the previousetie exploitation of
the evolution of appropriatg-moments of the solution&™) of the N-truncated
systems as a way to obtaarpriori estimates useful for taking limits & — .

The version of (38) for solution(s:’j\‘) of theN-truncated maximal system that is
useful in this study is

N N t 1
5 o)~ 3 90 = [(5 3 @0~ aMio)+
i=m j=m

Tm, N
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1
+5 Z 9j kW k(C) + Z (9j+k — GWjk(c) |ds
2TmN Tm‘N

(53)

WhereTnf,fN are the following subsets dfl x N : T,T11,N ={j,k>mj+k <N},
T2y ={i,k<sm-1m>j+k<N} andT3 ={j <m—-1k>m j+k<N},
with the sum defined to be zero if the corresponding set is gmpt

Let us start with the case where the coagulation coefficametsf the typa; x <
K(j +k), for some positive constamt. This condition includes the casg <
(const.) jk)¥/2, but not other important cases suchagg < (const.)k, that will be
considered afterwards.

Theorem 6 [12, 126] Let g x < K(j+k), where K is an arbitrary positive constant.
Let @ be any element of X Then, there exists at least one solution ¢ of (34) defined
on[0,+) and satisfyind|c(t)||1 = ||co||1-

The original proof of this theorem is due to Ball and Carr [TRgorems 2.4 and
2.5]. In what follows we present a simpler version by Laym#rt26] that is based
on the adaptation and generalization of a classical re$udeda Vallee Poussin
[190, Theorem I.1.2-2] whiclgrosso modoguarantees that every integrable func-
tion has an higher integrability property (cf. Lemma 1 bélolwis this additional
integrability that allows the deduction of anpriori estimate to pass to the limit
N — o in the sequencee)

A noteworthy aspect of these proofs is that no assumptiansnade on the bi-
nary fragmentation coefficients (apart from the generabafgositivity and sym-
metry). The result of [126] is even applicable to equatioiits wultiple fragmen-
tation (10)-(11), but here we will particularize for the eaxf binary fragmentation
(52).

Sketch of proofTo get a functiorc as limit of solutions(cV) to the truncated
systems we proceed as in the proof of Theorem 2, applying/delieorem to an
auxiliary sequence [12]. The fundamental problem is to pitbwat the limit function
is a solution to the Cauchy problem. It is on this problem thatwill centre our
attention.

Let .71 be the subset oE([0, +-)) ﬂV\/lg’c°°(0,+oo) whose elements are non-
negative convex functiori$ such that) (0) = 0, U’(0) > 0, andU’ is concave. Let
J1.0 C J#1 be the set of those functions that, additionally, satisfy

lim U'(x) = lim U = oo, (54)
X——+00 X—+0 X

The following lemma is an extension of a result of de la \@loussin that is
useful in what follows:

Lemma 1 [122, 140] Let(Q, %, u) be a measure space, and leew.* (Q, %, u).
Then, there exists a function& #7 . such that U|w|) € L}(Q, %, ).
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In applying this lemma to our cas®@ = N, Z = 2N, and, forl € 4, define
H(1) == Yie| Coj, Wherecy € X is the initial condition of the Cauchy problem (34).
Sincecyg € X* we have(x — x) € LY(Q,%,u) and, by Lemma 1, there exists a
functionUp € %1 ., such thatx— Ug(x)) € L1(Q, %, 1), and so

iUo(i)COi <o, (55)

Observe that, in the sense of (58} grows faster at infinity than the identity
and thus (55) provides a stronger decay of the initial céonlity. As with the co-
agulation equations, the equation for the evolution ofthmoments of solutions
(cV) to the truncated systems is essential to obtain the neetlethéss. For that we
need to know that, for evety € 71, there exists a positive constang such that
(i+)HUG+j)—-U@)—U(j)) <my(iU(j)+ ju (i), for alli,j € N. Using this
inequality in (53) withm= 1 eg = Up we obtain, for every &t < T < +oo,

N
Y Uo(i)e}'(t) <C(T), (56)
=1

-TN-1 N U
o<, 2,2 lﬂ R 0.())'0'1 €] (8)ds < C(T), (57)

where byC(T) we denote constants dependingTfarand also oK, ¢ andUp.

The same estimates are valid if in (56) we sum only uip<taV and in (57) only
uptoi <M —1andj <M, withM <N — 1. Taking limits, firstN — +co, and then
M — oo, we conclude that

3 Uo(i)ej(t) <C(T), (58)

o</ Z | 0;1 U° ())b., ci(9)ds< C(T), (59)

and from this it follows thag _; & jc; € L*(0,T), andy ;1 bi jic; € L*(0,T).
From (56) we deduce the following estimate, similar to (43),

N—i

j
Z\AU o(j)eN < (i, T)Js>u|vﬁ)Uo(J) (60)

N—i ;
J

a c < 2iK sup
j;w ! i>m Uo(j) |

which, together with the analogous one obtained from (58)eith Lebesgue dom-
inated convergence theorem, allow us to control the tailk@&eries corresponding
to the coagulation terms and get

lim
N—oc0

=0. (61)
L1(0,T)

N—i NN &)
Zai,JCi Cj — > ajCig
i= =1
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The corresponding limit for the fragmentation terms, namel

lim
N—oc0

=0, (62)
LY0T)

Zb.J.c Zb.J.cJ

j=1+1

results from (57), (59) and the dominated convergence émeor

This concludes the proof that the functiombtained as the limit of the trunca-
tions(cN) whenN — o, is a solution of (52). To prove that the normais equal to
the norm of the initial condition we again use (56) and (58)ider to write, with
N > M — 1> 2 arbitrary,

M-1 o0

N [
et )||1—HCoH1‘ < Z ilef' (O —ci ]+ %licm +_ZVIJCT'(t)+_ZVIJ'Cj(t)
j=N+ i= i=

00

: j
< cN + Coj +2C(T) su , (63
Z | J | J %Jrlj 0j ( ) >|\/ﬁ)UO(J) ( )
which, by the arbitrariness & andN, implies that|c(t)||1 = ||co|1. |

If the coagulation coefficients do not satisfy the boand < K(j + k), but only
the weaker condition; x < K(jk)?, with a € [0,1], there are also several existence
theorems for which it is also necessary to impose, in additiche growth condi-
tion on the coefficients, some conditions on their structasewell as restrictions
upon the fragmentation coefficients. As we pointed out inepd@ a first result of
this type, by Spouge [206], is the following (written withetihypothesis of binary
fragmentation).

Theorem 7 [206] Let a; < ¢(j)o ( ) as j,k — 4o where K is an arbitrary posi-

tive constant, and let;x satlsfyzk 1bjx < Qand by < o (k) when k— +co, for j
fixed, where Q- O iis a constant. Letg+ 0 be an arbitrary sequence in;X Then,
there exists at least one solution ¢ of (52) definefjr-).

The proof of this result, like the one of Theorem 2, uses Hekynd Ascoli-
Arzela theorems in order to obtain a solution of the Caucloplam (52) by taking
the limit N — o in the sequence of solutions to truncated systems, [206].

Another existence result, obtained in [45] with a so cafiedng fragmentation
conditionon the fragmentation coefficients, is the following:

Theorem 8 [45] Let ajx < Kqa(jk)“, with constants K> 0 anda < 1. Let by

r-1
be such tharzj:le jHbjr—j > K¢ (u)rYtH, wherep, y and K; (1) are non-negative
constants, angr > a. Take any elemeng@ X;". Then, there exists at least one solu-
tion c of (52) defined of®), +). The solutions of (52) obtained as limits of solutions
of maximally truncated systems are unique and satfisft)||1 = ||col|1, ¥t > O.

Observe that the strong fragmentation condition used gittl@orem is satisfied
by fragmentation coefficients of the type
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bix~ (j+KkP or bjx~(jk)F, with g> -1 (64)

Sketch of proofThe basic ingredient of the proofis the regularizing effbetstrong
fragmentation condition has on some higher moments, atfatatlows us to obtain
the needed priori estimates. This regularization result consists in thel lotegra-
bility of moments||c(-)||11y—¢, V&, of functionsc that are obtained as weakimits

of sequences of solutions to truncated systems. This iddalheady been used by
Carr [34] in the study of the asymptotic behaviour of solaievhen the coagulation
coefficients satisfy the conditions of Theorem 6. The maffedénce between the
tools used in [34] and in [45] is that the differential inetjtyefor the evolution of
higher moments of solutior®d to truncated systems is now

d
Gl < Go+Gal|cV i — Gl 2, (65)

whereu > 1+a, a1 =1+ 2‘1"—:11, a2 = 1+ ;%5 and4; positive constants dependent
only ona,y, u and||co||. In [34], the inequality akin to (65) has the right-hand side
of the Bernoulli equation and thus can be explicitly solvgdalstandard change of
variable. In the case of (65) the analysis is less direct bataan prove thatcV||,
satisfies the inequality

1KV < [(v - DAY 7T, (66)

for every constant € (1,a), and for constanté = A(v, a1, a2, %o, 61,%2) > 0
appropriately chosen. By taking the linht — o in (66) we obtain the local inte-
grability of the u-moments ft < 1+ y) of functions obtained as weaklimits of
solutionscN. It is this local integrability of(1+ y— £)-moments that is tha pri-
ori estimate which, together with the dominated convergenserim and Fatou’s
lemma, allows taking limits in the truncated equationshhintthe coagulation and
in the fragmentation terms. |

To finish this section it is worth observing that the resubseiy presented do
not cover all possible conditions on the coefficients or digdins of solution. In
particular, note that if the fragmentation coefficientsalemore rapidly that what
is determined by the estimates (64) the above results arappditable to the case
ajk ~ O(jk) (Theorem 7, due to Spouge, requiggg ~ ¢(j)¢(k)). The existence
of solution in a case close to this critical growth case, witae coefficients have
the structuren; x = j%k+ k], with a € (0,1), was obtained in [81] for continu-
ous coagulation-fragmentation systems, as a consequémstinates proved for
the study of the gelation problem. The analysis presentéitbinpaper can also be
applied to discrete equations and will be analysed lateettién 4.

2.4 On the uniqueness of solutions

As in the case of existence studies, the results about umégséhave been obtained
under several different assumptions about the rate caafifiei The approach used
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by these studies consists, essentially, in assuming tisteexie of two distinct so-
lutions ¢ andd to the Cauchy problem (34) or (52), and then proving that some
moment of the functiofx| := |c—d| satisfies a differential inequality which implies
x=0 (cf. e.qg. [12, 13, 45, 126]).

In order to get the needed differential inequalities onedade control the evo-
lution of certain moments, which requires the impositiorrestrictions, either on
the class of solutions under consideration, or on the caetfiis, that are usually
more stringent than those required in order to prove existeAs an illustration
we present the case, studied in [12], where all coagulatefficients are bounded,
which already contains the main ingredients used in morerg¢nases:

Theorem 9 [12] Let aj x < K where K> 0 is a constant. Take as initial condition
any @ € X;". Then, there exists one and only one solution ¢ to (52) deifin€g-«)
and satisfyingd|c(t)||1 = ||co||1 for allt > 0.

Sketch of proofAssuming there are two solutions of the initial value probi®2),
¢ andd, definex := c—d and consider the functiog (t) := ||x(t)||1. The version
of (38) withg; = j1(j < n) andc substituted byx| gives

n . t
S iO1= [ (Un(e)+Va(s))ds (67)
=1 0

where

1
Uni=35 Z(fnr fi = fi) (W k(€) =W k(d)), Vn:=— Z fj (Wi k(c) =W k(d)),
Tl‘n Tl,n
with f; ;= jsgn(xj), T, := {1<j<nj+k>n+1} and T}, was previously

defined in page 31. Noting tha¥ (c) — W x(d) = (CjXi + dXj)aj k — bj kXj.+k.
and usingaj k < K, we getle (fj1k — fj — fi)(cjx« + dkxj)aj k < consty, and

thus, because-(fj x — fj — fk)ka < —((j +k) = ] = K)|xj4x| = O, we have
't

/ Un(s)ds< (const.)p(t). The limit / Vh(s)ds— 0 asn — o is obtained using
0

the condition on the coefficients and the hypothesis thatdd are density con-
serving, which is natural since these last conditions auévatent to

n n
ici®) =S jcio= / W, i (c(s))ds™% o, (68)
3 it~ 3 o= [ 5

and similarly ford.
With these estimates we can write

Yr(t) < (const.)/(;t Y (s)ds (69)

and hence, by Gronwall's inequality = 0, implying uniqueness of density con-
serving solutions. |
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Observe that Theorem 9 imposes a very strong boundednedgicoron the
coagulation coefficients but none on the fragmentation ¢apart from the basic
ones of non-negativity and symmetry used to prove exis)e@izserve also that the
theorem establishes uniqueness just in the family of densitserving solutions.

This type of restrictions occur also in other cases. In [#5 proved that, under
the hypothesis of Theorem 8, density conserving solutisasuaique. The proof
uses the same ideas as presented before but the estimatgsdondV, are now
obtained using the following integrability resujt(-)||11a € LY(0,t), Vt < o, of
solutionsc to (52). This additional regularity, similar to what was dse the proof
of Theorem 8, has to be established for all solutions of (82},only for those
obtained by taking limits of solutions to truncated prob¢erand this is achieved
by a kind of step-by-step argument first used by Carr in [3tip €stimates finally
result in the following inequality, similar to (69),

yn(t) < const./ot d(s)yi(s)ds (70)

whered (s) = Kal|c(S) 1.0+ Ka[d(S) 1. a-

Another uniqueness result, similar to the one in Theorem@®avedin [126] and
complements the existence result whose proof was presentdgorem 6. Under
the conditiona; x < Aj + Ay, whereA < Kai, it is shown, by a proof like the one
above, that uniqueness holds in the class of density cangeswolutions satisfying

the integrability conditioanAjcj € LY(0,t), for eacht < . There is a natural
=

problem that immediately comes to mind, which is the existenf solutions with
this additional regularity, or, better still, to know whatdhe additional conditions
(if any) that need to be imposed & 0 that ensure this extra regularity at later
times. The answer to this problem was given by Laurencat 26] and generalizes
previous similar results by Carr and da Costa [36]. Befoesenting the result we
need to introduce the following notation: we say that a fiomdt) is an element of
5 ifitis non-negative, convex, belongs@3([0, +)), satisfiedJ (0) = U’(0) = 0,

its derivative is a convex function and there exists a pasitonstanKy such that
U’(2x) < KyU’(x) for all x> 0. (The functions— x™ are in.%; if m> 2.)

Proposition 1 [126] Let aj x < K(j + k), where K> 0 is a constant. Letge X,
be such that there exists & 71 U %5 with z U(j)cjo < . Then, there exists at
j=1

least one solution c of (34) defined B +), satisfying||c(t)||1 = ||co||1 and, for
each t< oo,

sup 3 U (j)ci(s) < .
sc[ot] =1

This type of results, usually called “propagation of monsgrdre very useful for
the study of the long time behaviour of solutions and we siedilirn to them in the
next section.
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Imposing growth restrictions on the kinetic coefficientssifpossible to prove
uniqueness without further regularity restrictions on ithigal data. An example,
due to Ball and Carr [12], is the following:

Theorem 10 [12] Let K > 0 and a € [0,3] be constants such that, for all nat-

ural numbers jk,no, it holds g x < K(jk), ZJL(:kfl)/ZJ i %y j < Kk and

ZJL(;:OWZJ jtor_jj <Kr, forr > 2no. Let @ € X" be arbitrary. Then, there exists

only one solution ¢ of (52) defined & T).

Note that, due tdjk)® < (jk)¥/2 < 3(j +k), Theorem 6 can be applied to this
case and this means that, under these conditions, solutdid®) are unique and
conserve density. However, note that the present resuittia oniqueness theorem
in the class of density conserving solutions (as in the te${4 6] cited above) butin
the universe of all solutions to the Cauchy problem (52) engénse of Definition 1.
The proof of this theorem uses the method presented abovaémrem 9. The only
relevant difference is that now is more convenient to getmeges ony;_(t) =
[IX(t)]]1-q instead ofipy (t) = ||x(t)]|1. The final result, from which uniqueness easily
follows, is the inequality (69) withy; substituted by, 4.

A natural question at this point is to know to what extent thges not covered by
these uniqueness theorems correspond to real cases ohitpreness. Clearly, the
complete elucidation of this problem means a complete cheniaation of unique-
ness, something not yet achieved at present. However, dherexamples of non-
uniqueness that seem to provide evidence that this prolderatisimple. To con-
clude we present one of these examples, due to Ball and @air,Note that it is
an example about the linear fragmentation system.

Example 1 [12] Let aj = 0and by = 1. Then, g(t) = e~ (-1/2 (1— e ¥/2)?is
a solution of (52) with initial conditiong= 0.

Observe that the assumptions in Example 1 are included sethonsidered in
Theorem 9. Hence, we know that density conserving solutamasunique. As a
solution of (52) withcg = 0 is the identically zero solution, the above example im-
plies that we have non-uniqueness. Due to the linearitye$ystem, we can obtain
analogous non-uniqueness results for other initial comabt For further discussion
on these issues see [7].

3 Long-time behaviour of solutions to coagulation-fragmetation
systems

We shall now review some of the most important mathematigpaéets of the long
time behaviour of solutions. The large number of resulthaliterature forces us
to make some choices about the results we will cover. We wéikthe approach at
the level used in the previous section so as to give the reademly a guide to the
literature but also to the ideas and some details of the prafdhe existing results.
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3.1 Convergence to equilibria and phase transitions

In this section we consider results about the convergenequdibria of solutions
to the discrete coagulation-fragmentation systems.

Since, as was pointed out in the Introduction, these egustian be seen as a
mathematical model of an isolated chemical system, it isnahto expect solutions
to converge to some equilibrium &s+ 4. In fact, in the usual chemical kinet-
ics models this is exactly what normally happens. We shalltkat in the infinite
dimensional coagulation-fragmentation systems the asytiogoehaviour is much
more interesting, even surprising, and a behaviour thatysipally interpreted as a
dynamical phase transition can take place under apprepriaiditions.

3.1.1 Strong fragmentation systems

Let us start with thestrong fragmentatiocase. This case was studied by Carr [34]
and by Fournier and Mischler [93] and these conditions otfirdigamentation coeffi-
cients were also considered by da Costa in [45] for the stéidyistence of solutions
discussed above (cf. Theorem 8). The technique used in 8345 Based on the fact,
pointed out in the discussion of the proof of Theorem 8, thistdassumption on the
fragmentation coefficients imply the boundedness of somkdrimoments, which
implies the solution is pre-compactX}]" for the the norm topology. The existence
of a Lyapunov function and the application of LaSalle’s in&ace principle were
the tools that allowed Carr to prove the convergence of theisa to a unique equi-
librium. Estimates based on the regularity of higher ordenmants were essential
to obtain the exponential convergence to equilibria by Rmurand Mischler, valid
for sufficiently small initial data. The result of [34] is tlellowing:

Theorem 11 [34] Let K,K; > 0, a € [0,1] and y > a be constants such that,
for all natural numbers jk, the following holds g < K(j% +k%), a3 ,b1x >0

r—1
and ZJ-LF:ZlJ jHbjr—j > K¢(u)r¥*H. Assume that the detailed balance condition
(15) is satisfied and that, for some>g1, the partition function(M;) satisfies

liminf Mjl/qu > 0. Letp > 0 be arbitrary. Then, there exists a time-independent so-
joeo

lution ¢® of the coagulation-fragmentation equations, with dengitguch that, for
all initial data co € X;" with density||co|| = p, the unique solution(€) of (52) with

constant density satisfigs(t) — ¢”||m %0, forallm> 1.

Sketch of proofiVith these assumptions on the coefficients the momentsatign
cN to the truncated systems satisfy the following differdritiaquality, analogous
to (65),

d
gele e < Gollc™|lu — “allc™] 2, (71)

wherep > 1 a, =1+ m%l ‘6o, and% are positive constants. The standard change

of variables used to solve the Bernoulli ordinary diffeiaheéquations||cN||, —
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u:= [|cV[l; 2, can be used to solve explicitly this differential inequatind taking
N — o we conclude the solutions of (52) that are obtained as linfitsuncated
system satisfy .

ey <A(1—e8) "7 (72)
wherepu > 1, A andB are positive constants.

The strong fragmentation condition also implies that the- y — £)-moments
of every density conserving solution to (52) are integrabke stated above (cf.
page 36), and this implies the uniqueness of density comgpsolutions. This fact
means that there exists a semi-group of operdtérsdefined byT (-)co := ¢, where
c is the unique density conserving solutions of (52). The uradity (72) implies
that, for eachu > 1 andt > 0, U>; T (t)Cp is a bounded set of;, and so, by the
compact inclusion among the spacgs(cf. page 24) it is a pre-compact subset of
Xf. Hence, for each initial conditiocy € Xf, the solutionT (t)cp has a non-empty
invariantw-limit set w(cp) C Xy, for all p > 1. What remains to be proved it that
#w(cp) = 1 and its single element is an equilibrium, i.e., a time irefefent solution
with densityp = ||cpl|, and that this equilibrium is independent of the initial cend
tion, provided its density ig. It is at this point that the detailed balance condition
is used, and the existence of a Lyapunov functions plays ateale.

For everyd; > 0 define the sequence= (dj) by

dj == M;(dy)’. (73)
Clearly, the detailed balance condition implies that
Wi k(d) = aj ik — bj dlj 1k = aj kM Mi (da) 7 = bj M (da) 4 = 0,

and sod is a stationary solution of (52) withy = d if and only if d € X;". The
positivity is obvious from (73), but the fact thdthas finite density requires a little
more care. In order to study the densitycf= (dj) = (M;(d1)!) it is natural to
consider the functioa— F(2) : [0,+) — [0, 4] defined by

F)= S jM 2. 74
(2) ,le iz (74)

Letzs € [0, +oo] be the convergence radius of this series, andlet sup.c(g 5, F (2).
Clearly, there are three distinct cases#pif zy = 0 thenps = 0 and the only equilib-
rium solution is the zero solution; # = 4o thenps = +c and for eactp > 0 there
exists a unique equilibrium (73) with densitd ||y = F (dy); finally, if zs € (0,+),
it can happen eithgys = +o or ps < 40, and in this last case there are no equilibria
with densitieso > ps. This case will be important in the next section but under the
strong fragmentation conditions that we are currently m®rég it is possible to
prove thatps = +, and so, for every > 0 there exists an equilibrium given by
(73) with densityp, [34]. We will denote this equilibrium bg?.

The discovery of Lyapunov functions for coagulation-fragrtation systems, re-
lated with the free energy, or with the entropy, of the phgissystem, was first made
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by Aizenman and Bak [1] for continuous systems with congtatetcoefficients. For
more general systems, the existence of a Lyapunov funatiems to have been first
identified, at a formal level, by Buhagiar in the Becker-Dgrsystem (cf. ref. cit.
[13]) and was first used in a mathematically rigorous way by, Barr and Penrose
in [13]. Our presentation will follow this paper closelytlaugh the boundedness of
higher moments due to our present strong fragmentationomdreatly simplifies
it.

Letc € X;” and consider the function

Vic):=S ¢ (log—+ -1 75
©:= 3 o (loagg -1). (75)
where the term in the sum is defined to be zero if the correspggl is zero. The

continuity and minimization properties of this functiorve¢re established in [13]
and will be presented next: [€t(c) = G(c) — Fn(c), with

8

G(c) = cj(logcj—1), Fm(c) = Z jmcj IogMjl/jm. (76)
=1 =1

Itis not hard to prove tha® is finite and sequentially weakeontinuous inX;". As

the radius of convergence of the series (74) is positivesilig ..., Mjl/j < oo, and
we conclude tha¥ is bounded below in

X, i={ceX{ :[lcli=p}, (77)

c” is the only minimizer oV in X;",, and every minimizing sequen¢e))) of V in
lep converges ta® strongly inXy. If iminf j_e Mjl/jq > 0, for someq > 1, thenV
is bounded above iKnN Xffp and is continuous in this setrifi > q.

For solutiongc") of the Cauchy problem for the maximally truncated coagatati
fragmentation system, the following holds:

V() + [ Dr((8))ds=V (1) (78)

where
Dn(c") =

NI =

H: (" 79
HZSN jk(c") (79)
and

Hjk(c) == (ajkCjck — bjkCj1k) (109(MjkCjck) — l0g(MjMyCj k) (80)
= (ajkCjCk — bjkCj+k) (109(aj kCjck) — log(bj kCj+k)) = O,
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where the second equality comes from the detailed balanuditam (15), and the
positivity from the fact that solutions have all their conmgaits positive (cf. page 26)
andvx,y > 0, (x—y)(logx—logy) > 0.

Since for everyn > 1 we havec" — c strongly inX, by the continuity o/ we
conclude thaV (c"(t)) — V(c(t)), for everyt > 1 > 0. Fixing a positive integeN
we haveDy(c") > Dn(c") for n > N, and thus,

t it
limin Dn(c”(s))dsz/ Dn(c(s))ds

n—00 T

which, lettingN — o, gives

V(c(t))+ tD(c(s))dsg V(c(T)), (81)
with
Hj,k(C). (82)

This concludes the proof thstis a Lyapunov function for (52).

With these ingredients is now easy to prove the existencaef and only one,
equilibriumcP with densityp (which has necessarily the form (73)), and to get the
characterization oév(Cp): since this set must consist of solutions along which the
Lyapunov function is constant, this implies, by (81) andsignconservation, that
w(cp) = {cP}, with p = ||co||, as we wanted to prove. [ |

As the main ingredient of the above proofis, as already pdinut, the finiteness
of higher order moments, Theorem 11 can be adapted, withahgf difficulties, to
the conditions considered in [45], with the condition on ¢bagulation coefficients
changed t@; x < K(jk)¥, with a < 1, [50].

To finish this section it is interesting to observe that thitled balance condition
isnota necessary condition to get convergence to equilibriadt) in [93], Fournier
and Mischler proved that, &; < K(jk)* andL(j +Kk)” < bjx < K¢ (j +Kk)3, with
ae€[0,1, y>—-2(1—a) ands,y € (—1,), then, for allp = ||co| sufficiently
small, the solutionT (t)co satisfies

[T(t)co— @&l < Ke ™ ', vt >1, (83)

where the constants, k > 0 depend only o, y, K¢, L, andp, andc’is the only
equilibrium of the system with densify. Note that this result establishes an expo-
nential rate of convergence to equilibria.

The proof of this result is also based on the finiteness ofdrighder moments,
which comes from the lower bound on the fragmentation caeffts. More specif-

7 The precise technical condition used in [94], possibly retessary, is thay satisfies the in-

equality e
Kep <32KCp > i

L
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ically, under the stated conditions one proves the follgadontraction property:
there exists & * such that, for alt > T*, and all solutiong andd of the coagulation-
fragmentation system with initial datg anddy, respectively, both with density,
the following inequality holds

& ltt) — dt) 2 < K ctt) — dt) (84

This differential inequality is obtained from
d L
—llc— < J— _
gille d||2_<2K|C+d|3 16>|c |z

and from an estimate on the third momentef d proving that one can estimate its
value uniformly in time by a quantity smaller than the absakalue of the negative
term, provided the density of the initial condition (and hence of the solutions at
later times, since they conserve density) is sufficienthalsnt is likely that this
restriction on the initial density can be improved, but sotfas nice result is the
best one available on rates of convergence with strong feaggtion conditions.

3.1.2 Weak-fragmentation systems

When fragmentation is weak (in a sense to be made precis¢ ao@xtraordinarily
interesting phenomenon occurs which is physically intetgnt as corresponding to
the existence of a dynamic phase transition in the systengbmabdelled by (52).
The phenomenon s the following: there exists a criticakitgms € (0, ) such that

(i) if the initial conditioncy has densityp > ps, then the solutiort to (52) con-
verges weaks, but not strongly, to the only equilibriurPs with densityps (su-
percritical case),

(i)  if the initial condition cy has density < ps, then the solutior to (52) con-
verges strongly ifX;" to the unique equilibriunt® with densityp (subcritical
case).

Note that in case (i) the density of thelimit solution, c®s, is strictly smaller than
the density of the solution to (52) in every time instart o, whereas in case (ii)
the density is also conserved in the limit.

Before going through a brief history of this result and asaly its proof, it is
interesting to attend to a possible phase transition ine¢afion of this behaviour.

If we consider that each componegtof the solutionc = (c;) represents the
concentration of a microscopigecluster in a certain physical state, a gas say, and
that p is the vapour density, the quantipg can be interpreted as the saturation
density of the system. Thus, if the system is in a superdatistate (i.e., a state
with p > ps,) there is no vapour equilibrium state with that density drelgystem
will evolve to an equilibrium with density exactly equal teetsaturated density. The
excess densitp — ps disappears from the gaseous system via condensation, which
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corresponds to the formation of another physical phase ndefted by none of the
variablesc; but, heuristically, corresponding to a cluster incommeaisly bigger
thanj, for everyj).

If the system is in a saturated or in a sub-saturated statk,densityp < ps,
then its evolution proceeds to the unique equilibrium witattdensity, the density
being conserved along the process and in the limit state.

The behaviour described above was first observed in the xtooitéhe Becker-
Doring equations by Ball, Carr and Penrose in [13]. The fa€aconvergence to
an equilibrium is proved using a Lyapunov function, as in¢hse of strong frag-
mentation described earlier (cf. page 40), however in tlkesgnt case the finiteness
of higher order moments is not valid, fact that increasedifieulty of the proof
of orbit pre-compacity and the identification of the limitreity in the subcritical
case. In order to obtain these results, in [13] there was ¢leel to impose the fol-
lowing extra decay condition on the initial data (typicaliy exponential decay [13,
Eq.(5.10)]):

—— < o, wherez is the only solution of (z) = ps, (85)

M

Coj
M; !

&

1

J

which provided the seeked for control on the tail of the sohutc;j(t)). This re-
striction was later eliminated in [11] by noting that, foethariables, := 55, jcj,

it is possible to construct a supersolution independeritth® decay behaviour of
the initial conditionxp, and this implies pre-compacity of the orbitXj" and thus
strong convergence X;, which has as consequence that the limit equilibrium has
the same density of the solution at finite times.

The extension of this result to coagulation-fragmentagisiems (52) more gen-
eral than the Becker-Doring was marred with several dilties and was only truly
achieved two decades later, with the work of Cafizo [30].rét fattempt was made
by Carr and da Costa in [36] where, in order to prove strongveence in the
subcritical case, the following generalized Becker-Dgrassumption was used:

ajyk:bj,k:O if jAk>N, (86)

whereN is a fixed positive integer. In the classic Becker-Doringedd = 1 (cf.
(18)). With this assumption, with the restriction (85) or tinitial data, and with
some technical assumptions on the kinetic coefficients,tlile ones used in [13],
it was possible to rigorously prove the behaviour describg@ and (ii) above. A
subsequent attempt to overcome the restrictions abouttiidarity of the initial
condition was made by da Costa in [48] but was only partiallycessful: the re-
sult obtained, inspired in the method of [11], only allowsdt@w conclusions for
initial data inX;" that, although has no extra decay requirement, needs toitsave
densityp bounded above by a bound lilg ~ ¢(N~1) whenN — c. This cer-
tainly seems to point to the fact that the method is not orgyfficient to deal with
the generalized Becker-Doring, but it really is totallyadequate for the general
coagulation-fragmentation (that corresponds, form#dlyakeN — o).
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Notwithstanding these failures, the idea to construct mghetions, introduced
in [11], was a good one and could finally be carefully explbiby Cafiizo in [29] to
getrid of the restriction on the initial density imposed48]. With the assumptions
on the coefficients used in previous works [36, 48], Cafigd.an argument similar
to the one of Ball and Carr and proved [29, Proposition 3.8{tiiz< zs, A € (1, %),
and if (Aj) is a decreasing sequence such that

Aj-1— A
N
Aj=Ajr

then, when the initial condition (in the variables introduced above) satisfy(0) <
An for all n, then there exist positive constafsindng such thak,(t) < CAn for all
n > ng andt > 0. The proof of this pre-compacity result is based on the faltagwy
differential inequality foH;(-) := (x;(-) — CAj)*, whereut = uVv 0,

d 00 00
ot > Hj<(const)} Hj,

J="o J="o

and on the application of Gronwall's lemma.

In the remaining of this section we shall present a more gg¢nesult, also due to
Caiiizo, [30], that overcomes the need to impose (86) ancegrthie phase transition
behaviour for the general coagulation-fragmentationesysand, in a sense, com-
pletes the work started by Ball, Carr and Penrose in 1986 thi#tBecker-Doring
system. Cafiizo work [30] imposes an additional decay tartitial dataco € X, but
it is typically the existence of a moment of order smallenth&o, and not an expo-
nential decay, as in [13, 36]. This very mild restriction ism@than compensated by
the fact that the result is valid for the general coagulafragmentation equations,
and not only to the restrictive Becker-Doring versions.pigsent it is not clear if
this restriction is essential. The hypotheses considergDj are the following:

(H3) There exists constanits> 0, y € R andA € [0,1) such that
aj ks bj,kSK(j)‘-i-k)‘) (87)

i—1
Z bj’i,j <Ki¥, vi>1 (88)
=1

(H4) There exists a positive sequer{ ) satisfying (15).

(H5) lim Mjl/J =71 € (0,00) andps := F(zs) € (0,], whereF is given by (74).
(H6) The sequenceéM;z}) is monotone decreasing.

(H7) There exists a constaki > 0 such that

aj1>Kij*, vi>1 (89)

(H8) The initial data areg € X;i', with g :=max{2—A,1+A,1+y}.
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The main result, extending to coagulation-fragmentati@result of [13], is the
following:

Theorem 12 [30] Assume (H3)—(H8). Let ¢ be a solution of (52) with (cams}
densityp = ||c||1 = ||Col/1. The following holds:

() If p> ps, thendt) > (szé) when t— oo,
(i) If p <ps, thendt) — c®¥strongly in X, when t— +o, where €%is the only
equilibrium solution with densitp.

Sketch of proofThe general strategy to prove this result was already us¢i3in
and in [29, 36] and consists of proving that, if a solution\enges weak-to an
equilibrium with density strictly smaller than the critlaane ps, then the conver-
gence is actually strong in the norm topology>af and thus the limit density is
equal to the initial one.

That all solutions of (52) converge weako equilibria had already been proved
in [36]: assuming (H3)—(H8), solutiorsto (52) satisfyc(t) = ¢® whent — oo, for
somep < min{||co||, ps}, wherec? is the only equilibrium solution with density.
As in the case of strong fragmentation presented earlierpthof of this result of
weak- convergence to equilibria is based on the existence of autyapfunction.
The proofin [30] is based on the Lyapunov function, on thetiaof the density by
the (2— A)-moment, and in an estimate that implies that the growthisfriftoment
is at most linear ir.

Caflizo also proved a result on the rate of convergence tdilmép using a
slightly different Lyapunov function introduced by JabindaNiethammer in the
study of the rate of convergence to equilibria in Beckeribg systems [109]: for
ce X/, letV be defined by (75) and, fare (0,z, define theenergy of c relative
to the equilibrium(M;z') by the expression

7(c) ::V(c)f(logz)ijchriszj. (90)
=1 =1

Observe that, ips < e and if we chooseso thatc®™ = (M;z)) satisfied|c®d| = ||c||,
then, it is easy to conclude th&g(c) = V(c) — V(c®9), which justifies the name
given to¥5(c).

The fundamental inequality used in the proof of Theorem diating the density
of a positive sequenae= (c;) with its (2— A )-moment, is

el =5 iMjc} < CVDV/Iclz . (91)
=1

whereC is a positive constant arid := D(c) is given by

- CiCj  Cj4+1 ) ( C1Cj Cjt+1 )
D)= aMj( — ——— | [log— —log—— |, (92)
© 121 Y < Mj  Mjy M; Mj1
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wherea; = a; 1 if j > 2, anda; = %alyl. The inequality is valid under the assump-
tions (H3)—(H7) and provided; € (0,z) andc € X,_, . The functionD is called the
Becker-dring free energy dissipation rate [30], which is a natural designation
since it was proved in [13] that the time evolution of the Lyapv functionv along
solutionsc(t) of the Becker-Doring system satisfies

Observe that, as pointed out beforg,y > 0, (x—y)(logx—logy) > 0, and so the
functionD(c) is non-negative.

Its should be noted that (91) is a purely algebraic relatialidvfor certain se-
quenceg and has nothing to do with these sequences being soluticsenoé dif-
ferential equation. It is merely a consequence of the fdligwestimate about the
tail of the seriesy ; jMjcy, which is valid under the same assumptions,

[oe]
g g AL
iMicy; < JMj1c;
i=]+1

Under the hypotheses of Theorem 12, taking a solutienc(t) of (52) with
initial conditioncy € X,_,, and using the approximation afby solutions to the
truncated systems, we can prove thett)||,_, satisfies the differential inequality
%||c(t)||2,)\ < (const.p?, and thus, for some consta@tindependent of, it holds
that

[e(t)llz-a <C(1+t) (93)

As stated above the idea of the proof consists in showingftlasolution with
initial density pp converges weak-to an equilibrium with density < ps, then it
converges strongly iX; and thusp = po.

Let us assume that(t) — c® whent — -+, wherec® = (M;Z') andz < z.
Thuscy(t) — z< zsandcy (t) < % < zs, for all timest > tp, wherety is sufficiently
large. Using (91) and (93) we know that- p;(t) < Cv/Dy/1+1, fort > to, where
p1(t) = ||(Mjca(t))]|,, andC is a constant. By continuity of (74) in the interior of
its interval of convergencey (t) — p; := ||c®Y)|, ast — co.

Now, eitherp — p1(t) > O after some;, or there exists a sequenige— c such
thatp — p1(tn) < 0. Let us start by the first possibility: p — p1(t) > 0 forallt > t;

the previous inequality gives the estimat&(t)) > %C*Z and the evolution
of V along solutions satisfies

V(t) = V(ty) f./t't Der (c(s))ds (94)
<vit) - [ De(s)ds (95)

o2 [ p=pi9)

<V(t
sVit) Ju 1+s

ds (96)
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whereDcr is thecoagulation-fragmentation free energy dissipation rdgdined by

12 CiCj Citj CiCj Ciyj
D == i iMiM; — I —1 . 97

It is worth calling the reader attention to the fact thathailtgh the formal
derivation of the evolution equation (94) is trivial, itggorous proof is far from
being simple [36, Theorem 5.2]. The inequality (95) is dudhe obvious fact
thatDcr(c) > D(c) > 0. The Lyapunov functiofV is bounded from below along
solutions; using this result the integral in the right-haside of (96) has to be
bounded from above and, sinpg(t) — p;, we conclude thab, = p. But then, since
c(t) = c®and|[c(t)|| = p = p, = ||c®¥, [13, Lemma 3.3] implies that(t) — ¢
strongly inX;.

It remains to consider the possibility of existence of a seqat, — c such that
p — pi(ta) < 0. In this case we would have < p;(tn) — p; and thusp < p;. By
the lower semicontinuity of the norm o with respect to weak-convergence, we
havep, < p and thugp, = p. This concludes the proof. |

Once the long-time limit of solutions in Theorem 12 has bemved, a natural
problemto consider is to clarify the way the limit equililoni solution is approached
ast — o. Recall that in the strong fragmentation case solutionveae to the
limit equilibrium exponentially fast, at least for sufficitly small initial data (cf.
page 41). Note that, for that type of coefficients, the altiensity is infinite and
so all solutions are subcritical.

Under weak fragmentation conditions the long-time behaviaf solutions is
expected to be richer, and the cases of supercritical ancrisoal densities are
thought to exhibit distinct behaviours. However, at présggorous results about
these aspects are restricted to the Becker-Doring cadeyarshall briefly review
them next.

For the Becker-Doring equations with subcritical initég@nsity a recent paper
by Caflizo and Lods [31] improved previous results by Jabohiethammer [109]
and prove that, under appropriate assumptions that inexgdenentially decaying
initial conditions, subcritical solutions converge expatially fast to the limit equi-
librium, and give an estimate for the convergence rate. Taeige statement of the
result requires the introduction of some hypotheses:

(H9) On the coagulation coefficients:

. _ . _
aj=0(j) asj — oo, lim L —q infaj > 0.
joe Qj J

(H10) On the fragmentation coefficients:= &'(j) asj — .

" . .M
(H11) Onthe partition function: lim—— =: z € (0, 4-)
] —00 Mj+j_
Under these conditions the following was proved:

Theorem 13 [31] Assume (H9)—(H11). Let ¢ be a solution of (19) with @iiton-
dition M := 37, €"/¢j(0) < +oo, for somev > 0, and let z> 0 be the monomer
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density of the corresponding limit equilibriun¥dc= (szj). Then, there exists
v e (0,v) and A, > 0, such that, for every] € (0,v), there is C> 0, depending
only onp,n,M, andz‘j"zle”JszJ, such that the following holds for all* O,

S el ci(t)—M;z | <Ce M,
> i j
=1

where, if limj_. aj = +o, we can take\, ! = sug(z‘f:kHszj) (le(:l aJleZJ)

The proof of this theorem is rather lengthy and involved aedwill not delve with

it here: the interested reader should consult the originpkep [31]. We just point
out that the main tool is an appropriate linearisation ofBkeeker-Doring equations
around the equilibriune® and the proof of an appropriate spectral gap in suitable
sequence spaces.

Let us now briefly consider the case of supercritical sohdito the Becker-
Doring system. As stated in Theorem 12(i), solutions (&them conserve initial
densityp in finite times) converge to the limit equilibrium with cigal densityps <
p. That, in general, this convergence can be a complicatedndigahprocess has
been shown by Penrose in [180], where he proved that, foaicembnequilibrium
initial conditions, each component of the solution of (1&h&ain exponentially close
to the initial condition for a time that is exponentially pm (p — ps) %, after which
it converges to the critical equilibrium. This is a metagdtgbbehaviour that, in
some sense, agrees with the physical fact that nucleatimepses in supersaturated
mixtures are exceedingly slow processes.

The occurrence of metastability behaviour is an intergdeature of the Becker-
Doring system. Another very interesting and challengirgptem is to know what
happens to the solution for times so large that all possileiastability regimes have
elapsed. So, the problem is to understand how do the excesiyde — ps spreads
to larger and larger clusters once the solution “starts teehorhis problem of
evolution of large clusters has been studied, in the smakgxdensity regime, by
several authors [130, 166, 167, 168] striving to get rigenoiwofs to the pioneering
work Penrose and collaborators [181, 183] who establishedelation of the large
time asymptotic of small excess density solutions with goihs to the Lipschitz-
Slyozov-Wagner equation of Oswald ripening [149, 214]. @b&iled presentation
of the existing rigorous results on this very interestinglfogdynamic limit of the
Becker-Doring (as yet with no parallel in more general adation-fragmentation
models) would take too long. In what follows we will just attpt to give an heuris-
tic idea of the approach.

A very crude formal computation suggests a possible cororedt one consid-
ers extremely large clusters sizgsthen j — 1 and | are extremely close to each
other and, considering as a continuous real variable, the right-hand side of the
equation for the-cluster in the Becker-Doring system is roughly equal-@J, so
the equation itself igkc+ d;J = 0; the assumptions about the reaction coefficients
a; andb; determine the way the flukdepends ow(t, j), and the monomer dynam-
ics is determined by density conservation. To make moreigegehis idea, let us
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take the following situation, considered in Penrose’s apph to the modelling of
first-order phase transitions:

(i) aj=j% forsomea € [0,1).
(i) bj=aj(z+qjY), for constantss,q > 0, andy € (0,1).

The more precise heuristic argument is roughly the follgqi66, 180, 202]: since
we are considering large times, consider a new time scate e1tV-t, with a
small positive parameter— 0. Adequately choosing a separatipn= j. (&) — +o
between small and large clusters, we consider the larg¢eclsizesj > j. as a
continuous variablec = €j and introduce the rescaled functionér,x), v (T,Xx),
andu(t), such that;(t) = £2v(1,x), Jj(c) = €2+ Yu(1,x), andc; = zs+ £¥u(T),
respectively. The equation for large cluster sizes becpimdise limite — 0,

oV + dx(x“ (u—agx?) v) =0(1). (98)

In the other hand, density conservation and a judiciouscehof j. lead to, in the
limit € — O,

/Omxv(r,x)dx:pfszrﬁ(l), (99)

which is equivalent to

q/ X2 Yy (1,x)dx
_ _Jo

/ xv(1,x)dx
Jo

at least for some relation betweerandy [166].

System (98)-(99) is the classic Lipschitz-Slyozov-Wagmedel. We direct the
interested reader to the references above for the preaisarstnt and proof of this
result.

u(t)

)

3.2 Self-similar behaviour of solutions

Contrasting to what happens with the coagulation-fragatemnt system, in Smolu-

chowski's coagulation equations it is easy to prove thaidaetically zero sequence
is the only non-negative equilibrium, and the proof thatrg\emlutions converges,

in the weakx sense, to this equilibrium das— « is also elementary (cf. below, and
Subsection 3.2.1).

The zero sequence has density equal to zero and, being thégydealue the
largest for which there is an equilibrium, it can be consédethe critical density of
the system and so, in a sense, all non-zero solutions arecsitigal. So, the prob-
lem considered in the closing part of last subsection, naimelv does the excess
density is spread to larger and larger cluster sizas-as», is also relevant in the
Smoluchowski’s equation setting, where its concretizsatias taken the form of the
investigation of self-similar behaviour of solutions,.j.#he existence of a function
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(or family of functions) for which, after an appropriatecabng of the variables, all
solutions converge whein— . This problem, of clear scientific importance, has
received a good deal of attention in the mathematical modedommunity (cf.,
e.g. [71, 72, 96, 144, 145, 146, 150, 217] and ref. cit.) bygdntant progresses in
its rigorous analysis are much more recent. In what followsmill review some of
these.

3.2.1 Similarity behaviour in Smoluchowski’'s coagulatiorequations

Let us start by justifying the sentence above about theatifyiof the convergence
to equilibria in the Smoluchowski system:

Theorem 14 [36] Let a; j > O for all j. Let ¢ be a solution of (34) if0, ) with
Co € X;". Then¢t) > 0ast— +w.

Sketch of proofThe heuristic idea is clear enough: since the coagulationgss
entails the increase of the clusters’ mean size (cf. Sedtidhwe expect the total
density of clusters with sizes below any arbitrarily fixetlieeto decrease with time.
The convergence proof is based in this monotonicity prgpert

Let c be a solution of (34) and, for eache N, let us consider

Palt)i= 3 e 1) (100)
=

This function measures the total density at tinoé clusters with size not larger than
n. By (100) and the definition of solution we get, for alf > 0,

t+T
pr(t+1)— pa(t) = — / Z jaj kcj(s)ck(s)ds< 0, (101)

Jt Tl‘n

whereT;}, was defined in page 35. Am(t) and pn(t) are non-negative functions,
there exists a non-decreasing positive sequépgg such thatp,(t) — pn when

t — 4o0. Sincecy(t) = M, these functiong,(t) also converge to some
constantsg := % > 0, ast — +o0. By induction in the coagulation equation
integrated irft,t + 7] the conclusion that, = 0 is easily reached [36]. [ |

We are now interested in knowing whether or not solutions3#&) €onverge to

the zero solution in a self-similar way. In a slightly moregise maner: under what
conditions there exists a functiah such that, for a large class of initial conditions,
the corresponding solutions to (34) satisfy

cj(t) ~ ¢(t)2d(j¢(t)™P), ast — +ooandj — +oo, (102)

whereg(-) is a positive increasing function, aacindb are positive constants?
Not much is rigorously known about the problem in this gehsgtiing. What we
present next are answers for certain particular coeffisignt (constant, additive,
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product) for which rigorous and fairly complete answersehbeen obtained, and
then point to very recent rigorous analysis for systems withie general classes of
rate coefficients.

We start by the constant coefficient c3sa; x = 2. This case was studied by
Kreer and Penrose [117] and by da Costa [47] using an ideairfirstduced by
Lushnikov [150] which is based in exploiting the generatfimgction

8

d(zt) =S ), |7<1 (103)
=1

Observe that (103) is the discrete Laplace transfgfin, cj(t)e 1", (Re(w) > 0),
of the solutionc of (34). It is easy to prove that is solution of the initial value
problem

S = el (104)
104
5 =97 —2lclo#

with [|c(0)|lo = No := ||Collo and ¢ (z,0) = ¢(z) := z‘f:lcojzj, from which we im-
mediately conclude that

1 ¢(2)
No+t 1 No+t-1—g(2)

p(zt)=t? (105)
Since@(-,t) is an analytic function on the unit open bBi C C, we use Cauchy’s
integral formula to write

2.y L 1 7{ 1 ?(2)
tei(t) = 2mi Np+t=1 Jy, ZHI Ng +t-1— (p(z)dz’ (106)

whereyy = {z€ C: |z =rp < 1}. In order to conclude something about the long-
time behaviour of the right-hand side of (106) we need to kiteevbehaviour of
the zeros of (z,7) ;= No+ T — ¢(2) ast — 0. With the additional hypothesis of an
exponentially decaying initial conditiar; < A(14A)~}, for some constanis > 0
andA € (0,1), it can be proved that, for all sufficiently smalthere existg| simple
zeros ofF (2,1, z(1), satisfying|z(7)| > 1 andz(1) = wl(1+ T+ 0(1%),
whent — 0, whereawy, is the g™ root of unity, €™/9; all the remaining roots of
F(z 1) are in the exterior 0B; and keep a distance uniformly positive fr@npwhen

T — 0. The positive integer constaqtis given byg = gcd_# (0), where_¢ (0) is
the set of subscript$ for which cgj > 0 (cf. statement of Theorem 1). With this
result and the representation formula (105) it is not diffitprove the following:

Theorem 15 [47, 117] Let g x = 2 and consider a non-negative exponentially de-
creasing initial condition g € X;". Let g and_# (0) be as above. Thus, the solution
¢ of (34) has the following self-similar behaviour:

8 The value of the constant is irrelevant for the result siriceain always be transformed into
another value by a time rescaling. The choice we make siregplifie computations a bit.
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lim  t2(t) = —1—g ¢/l (107)
it — 4o l|Col|1
& = j/tfixed
j € spany, 7 (0)

A version of this result valid for the continuous Smoluchkilgssequations, was
also proved by Kreer and Penrose in [117], also for expoaliyntiecaying initial
data. The same behaviour occurs with the obvious changestation:

1
I|m t2C X.t) = 7e7§/HC(X~,O)H1_ 108
jot— oo 1) llc(x,0)]|1 (108)
& = j/tfixed

If the coefficientsa; \ (or a(x,y)) are not constants, or if the initial condition
does not decay exponentially, the above technique is ndicapfe. In these cases,
only recently the rigorous analysis of the self-similar &ébur of solutions was
achieved, in a number of notable papers by Menon and Pego 889 161] (see
also [179]). These works use a more general notion of saluitiderms of measures,
allowing for the simultaneous consideration of the diseeatd the continuous cases
of the Smoluchowski’s equation. Using the modified Laplaeasform¢ (zt) :=
Jo (1—e ) (dx), wherev, (dx) = c(x,t)dx is the finite measure ofD,«) that
describes the cluster size distribution, Menon and Pegeeglrthe following:

Theorem 16 [179] Let a(x,y) = 2, and = 1 and consider initial data satisfying
Jo va(dx) = 1. Let v (dx), be a finite measure solution of (5)-(6), and lete the
probability distribution function

_ Jou@dy) _ ¥
= —t./o c(t,y)dy: (109)

1. Suppose there existsXt) — c and a probability distribution F such that
F.(x) < 1for some x> 0, and

R(X)

R(A(t)X) — F.(x), ast — oo, (110)

in its points of continuity. Then
X
/ yvi(dy) ~ x1PL(x), asx — o, (111)
0

for some constan € (0,1] and some function L slowly varying at infinity [87,
pp. 275-9].
2. Reciprocally, suppose (111) is true. Then (110) holdt wi

0o (71)k+1xpk

F* (X) = Fp (X) == kzlm, (112)

being a Mittag-Leffler distribution [87, page 453], whoseplace transform is

5 e P (0X) = k.
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Observe that Theorem 16 provides a classification of alliptesself-similar
solutions of the Smoluchowski’s equation with constantfficients, which are so-
lutions of the type

c(t,x) =t~ YPny (tYPx), pe(0,1], (113)

wheren, (-) = F;(-) is the Mittag-Leffler distribution density (112).

Using the Laplace transform, the self-simidarsatdike (102) for the transform,
and separation of variables, it is easy to check that thetifums (113) are in fact
solutions to (5)-(6).

Itis interesting to observe thatif (dx) has finite density, thep = 1 andF; (x) =
1— e % corresponding to the solutiart,x) = ée*x/t. Compare this with (108).

This result is similar to the Central Limit Theorem. The disitionsF, with
p € (0,1) have infinite density and correspond to Lévy'’s stable itigtions.

Menon and Pego also proved that the convergence to theisglslimit is
uniform in the similarity variable:

Theorem 17 [160] Let ¢(1,x) > 0, be an initial condition satisfyindy’ c¢(1,x)dx=
Jo xc(1,x)dx= 1. Suppose the Fourier transform of(4¢x) is integrable. Then

: X2 axit]

t!Tm?ggt ‘t c(t,x)—e | =0.

An improved version, establishing convergence in a strotamlogy and provid-
ing an upper bounét 2 for the rate of this convergence to zero was obtained by
Caiiizo, Mischler and Mouhou on [33]. The result of this tfego is also validmu-
tatis mutandisfor the solutions of the discrete system (cf. [160, Theore2i)2

Results similar to those above were also proved by Menon eagd 259] for the
two solvable types of coefficients (additigéx,y) = X+ Y, and produch(x,y) = xy)
for which they also obtained a complete characterizatidgh@elf-similar attractor
[161]. For these kernels the rate of the convergence statbe theorem was proved
to be exponential by Ravi Srinivasan [207] also using mestiased on the Laplace
transform in an approach that is analogous, in spirit, toBegy-Esséen theorem
when one considers the result in theorems 16 and 17 as a Qdntitarheorem for
the clusters distributions.

The first rigorous proofs of existence of self-similar smos for non-solvable
kernels are by Fournier and Laurencot [90] and Escobedacaltaborators [82],
who proved the existence of (but not the convergence tokssaifar solutions to the
continuous system (5)-(6). Their approach is differentrfithose presented above,
not resorting to Laplace transforms, and returning to ama icdemmonly used in
the mathematical modelling and physics literatures [72],1#hich is to use the
ansatz(102) directly in (5)-(6) in order to obtain an integro-@ifential equation
for the self-similar profile®(-), and to prove that, for certain types of coefficients,
this equation has a non identically zero weak solution. &han extremely natural
approach from a mathematical perspective and was certaitdynpted before; the
fact that only in [82, 90] this idea could have been set on a basis attests to
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the very demanding technical difficulties its concretiaatinvolves. We will now
present a very brief description of the result and appro&{s0d.
Write
o(t,x) = ¢(t) 2@(c(t)x) (114)

and assume the coagulation coefficients satisfy the honsdtyerondition

a(uxuy) = u*a(xy), vuxyeR", (115)

for some real constant.
Substituting (114) into (5)-(6) and using (115) the follogiequation arises

y%( (XP(x)) +xQc(P)(x) =0 (116)

/:xcb(x)dx: P, (117)

for the unknown functior® and the real positive unknowiig, p).

It is easy to conclude that, {f®,y,p) is a solution of (116)-(117), then each
of the elements of the two parameter fam{lg® (bx),ayb=1~, apb*z) is also a
solution of (116)-(117). This means that, without loss aigality, we can consider
y=15.0=1

A non-negative functior® € L*(0,,xdx) is a weak solution of (116) ifp €
L1(0,00,x2dx), if (X,y) — xyax,y) @(x)@(y) € LY(R* x RT), and if

0@ = [ [ axyxooo()dydx (118)

for almost allz€ R™. Thus, if @ is a weak solution of (116) we have, for every

@ € C3([0,)),
v [ RomeMax= [ [xaxy)(@(x+y) - o) o Dy)dydx  (119)

From a technical viewpoint, it is more suitable to consider tinknown function
@ (x) = x®(x) instead of®(x), and, instead of (119), to write the weak version of
(116) as

v [ xbgax= [ [* 2 (gixry) - g0 b bly)dydx  (120)

The main result of [90] is the following:

Theorem 18 [90] Consider coagulation coefficients satisfying any offiehe fol-
lowing conditions:

() axy)=x+y")(xP+yP), ac)01),BcR" A =a—-Bec(-»1)
(i) a(xy) =" +y")P acl0),BcR"A=aBc(01)
(i) a(xy) =x"yP+xPy*, ac(0,1),8€(0,1),A=a+Bc(0,1)
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Lety= ﬁ ,p = 1. Then, there exists a positive weak solutif (116)-(117) and
the function g(x,t) :=t~2Y@(xt™Y), with xt > 0, is a (self-similar) weak solution
of (5)-(6) with unit density for all t- 0.

The proof by Fournier and Laurencot starts by the followttscretization of
(120),

I’y:(lll<|<n2 1f|+17 |7 IZJ\_:JL (|; n) i— JfJ r:z\l :Jl-a(i—n,ri])fifj.

Considering the solutions of this systemréfequations as the stationary solu-
tions of an appropriate system of ordinary differential&gpns, one concludes the
existence of a non-negative solutibr= f" satisfying

rl2
fl=1, vn.
2,0

Using the solutiong™, the following sequence of probability measures indexed by
nis constructed

n2
@"(dx) = ;ﬁ“d/n<dx>, (121)
i=
and thea priori estimate
sup[ Xx°®"(dx) < oo, (122)
n>1-/0

is proved, where the domain of the parametetepend of the type of coefficient,
(i), (ii) or (iii), considered. From (121) and (122) one deds the tightness of the
sequence{d)“(dx)) and thus the existence of a probability meastn@x) and a
subsequencé&)”k(dx)) such that, for all functiong € CL([0,)), it holds that

00

lim [ @(x)®™(dx) = ./: o(x) B (dx).

k—o /0

The last step in the proof is to establish tidats a weak solution of (120) and thus
P(x) = @ is a weak solution of (116)-(117).

The problem of self-similar dynamic behaviour in (5)-(6¢,j the convergence of
a “generic” solution of (5)-(6) to the self-similar ones, ege existence was proved
in Theorem 18, is still largely open.

A natural approach to study this stability problem would bednsider a trans-
formation like the following one, more general than (114),

o(t.x) = ¢(t) g (logq(t), ¢(t) ),

and, substituting in (5)-(6), to obtain an evolution eqoiatfor ¢ that would al-
low to prove that, for an appropriate notion of convergeg¢eg(t), ) — @(-),
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whent — +co. This idea was successfully implemented, in the framewonkexk
convergence i1, in the case of constant coefficiert, y) = 1, using Lyapunov
functions whose construction were strongly dependent @fkiiown form of the
limit @, [134], which turns the potentially promising method usslé the form of
@ is not known. The idea was also applied with success in thesgybexistence and
stability of self-similar solutions in the Oort-Hulst-3$ahov equations with constant
[127], with additive [9], and with multiplicative [128] cdicients.

A number of recent studies have greatly enhanced our umaelisy of the
self-similar behaviour of Smoluchowski’'s equation withnagolvable kernels. It
was established by Fournier and Laurencot in [91] that, slom type kernels
a(x,y) =x* +y*, with A € (0,1), the self-similar profile) — ®(n) proved to exist
in [82, 90] is continuously differentiable iR™ decay exponentially fast ag— o
and is singular atj — 0. Further improved results on the behaviour of the profile
@(n) whenn — 0 were obtained in [32, 170] and whgn— o in [173]. A very in-
teresting, albeit formal, study of the behaviour of the dgrt®nserving self-similar
profiles in the limitn — 0 was published in [157].

The regularity of self-similar profiles in [91] was greatipproved by Cafizo
and Mishler [32] who proved that, &(x,y) = x?y? +xPy? with ~-1<a <B <1
anda + 8 € (—1,1), then the profiles ar€”(R™). Some results on the uniqueness
of self-similar profiles have also been established [32].172

The existence of self-similar fat tail solutions (i.e., rexponentially decaying
profiles, as exists for solvable kernel equations) has beeved by Niethammer
and Velazquez for diagonal kernels, in [169], and moremt#ggn [171], for homo-
geneous kernels satisfyirgx,y) < C(x* +y'), with A € [0,1).

Most of these papers use ansatZike (114) in order to get an equation for the
profile @ that is then exploited recurring to a variety of means, casimpy among
other tools, rather delicate estimates and adequatelyddimxed point theorems.
We direct the reader to the original papers for the stateroktite results and to
fully appreciate the beauty and difficulty of their proofs.

With the exception of the exact caagx,y) = xy, studied by Menon, Pego, and
Srinivasan [159, 161, 207], all the above results corredposystems for which so-
lutions conserve density. The general problem of conservair non-conservation,
of density will be treated in Section 4. Here we just brieflferedo a recent work
by Breschi and Fontelos [25] which is the first rigorous probéxistence of self-
similar solutions for a non-exact kernel for which solusato not conserve density
for all times, namelya(x,y) = (xy)1~¢, with € < 1. With these coefficients there
exists a timeTy before which all solutions conserve density, but densityrelese
afterwards (cf. Theorem 21 in Section 4). In [25] the auttsdusly the existence of
self-similar solutions fot < Tg; in particular they prove, among other things, that,
with these coefficients, the Laplace transform of Smoludidwequation results
in a nonlocal Burgers’ equatiom(A,t) = 14, (D;gw()\,t))z, wherew(A,t) =
— Jo (e — 1)xc(x,t)dx, and D, ¢ is a nonlocal operator. If one proves that this
Burgers’ equation has self-similar solutions of the faifh ,t) = (Tg—t)? @ (&),
where & = A(Ty — t)~#, one can use the inverse Laplace transform to prove
that the original Smoluchowski equation has a correspansiétf-similar solution
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@(n) 2m L = efny/(E)dE. The equation satisfied by is the following ordi-
nary d|fferent|al equation

a
dé

the (rather non-trivial) analysis of which, using pertuibafunctional analytic tech-
niques, is one of the accomplishments of [25].

1 2
~(1-20)8- DW(E) + BEW(E) = 5o (P w(®)

3.2.2 Similarity behaviour in addition models with input of monomers

Another system for which the self-similar behaviour of s$imios has been studied
is the “addition model”, referred to in page 30, with inputhabnomers. Its kinetics
consists of the Smoluchowski’'s coagulation equation whieeeonly coefficients
that are eventually non-zero are those corresponding tioea between clusters
and monomersa; x = 0 if j Ak > 1. This kind of models are extensively used in
studies of the early stages of submonolayer epitaxial drowhere a thin layer of
a material is built on the surface of a crystal by bombardingth monomers (see,
for example, [10, 16, 101]). This is an extremely importaahinological process
and has been theoretically modelled by a variety of techesqu

Using the notation adopted for the Becker-Doring systefmp@ge 12) the mean
field approach to these processes by coagulation equatiosssts in the following
addition model

G=dt)—act—c y ajc;
1= di(t) —auc] 1121 iCi (123)

Cj = @j_1C1Cj—1 — ajC1Cj, | >2,

whereJ; (1) is a function describing the input rate of monomers.

The first rigorous studies of the self-similar behaviouratiions to systems like
(123) are relatively recent [54, 57, 58, 62, 195] and onlytfiercase of constant rate
coefficientsa; = 1, and for monomer input rate of polynomial-like typgt) = (1+
£(t))at®, wherea > 0 andw are real constants araf-) is a continuous function
converging to zero at infinity. The methods used in these svark distinct from
those presented above and are based, in an essential wag/fact that by defining
the auxiliary variable

Co:= Z cj, (124)
=1
the equation (123) can be written as
= (1+&(t))at? —coca,

cl_ (1+£( ))at® — cocy — 2, (125)
Cj = CiCj_1—C1Cj, > 2



58 F. P. da Costa

The essential observation is that (125) can be studied byupdiog the system
with the first two equations, for the variablés, c1), from the remaining infinite
dimensional system for the variablegt) with j > 2. Furthermore, considering in
this last system the change of time scale definind by ¢(t) := _ft; ci(s)ds the
infinite system is transformed in the lower triangular linsgstem

&' =¢-1-€, j>2 (126)

wherecj(¢) := ¢j(t(¢)). Clearly, (126) can be explicitly solved by the variation of
constants formula to get

N | ik 1 ¢ NPT
Ei(¢)=e Ck;(j—k)!ck(o)+M/() €1(¢—9)d e *ds (127)

Hence, to study the self-similar behaviour of solutionsi®3) we can exploit the
representation formula (127) if the needed informationuatioe behaviour of the
componenti(¢) of the solution is known, and this can in principle be obtdifrem
the study of the long-time behaviour of solutions to the timensional system

o = (1+&(t))at® —coc
{ €1 = (1+¢(t))at®— coci —c. (128)

The result obtained in [54, 58] using this approach is thiefahg:

Theorem 19 [54, 58] Let g = 1 and J(t) = (1+£(t))at®, witha > 0, w > —3,

and g(t) a continuous function such thatt) — 0 when t— +oco. For rp := Z—g,
1

define Q(w) := (m) 79 (2£2)" Let(cj) be a solution to (123) with initial

condition G(0) € Xo, and let¢(t) and€;(¢) be as above. Then

. . fo & (o _f@-mif 0<n<1
M im Qo(@)6?Ei(¢) = Pre(n): {o, if n>1,
n = j/¢ fixed
n#1
(i)  Furthermore, if G(0) = Owhen j> 2, then

1 —+oo
lim (T—T) on(w)(%'O Ei(Q)=Drp(&) = e*%&'z/ y1*2foe*5y2*%y4dy.
j¢— o \2 0

P
77flxed
feR

In Figure 9 we present the graphs of some similarity profileg, and @, (, for
several values of the parameterlt is interesting to observe that the functiohs,,
can be thought of as something like an inner expansion fojuting discontinuity
that exists in the function®y ,, atn = 1 whenw < 1.

Sketch of proofin order to use (127) to get the seeked for conclusions we teed
know not only the limit ofci(¢) when¢ — +oo, but also its rate of convergence.
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w<l

w>1

Fig. 9 Graphs of the similarity limits in Theorem 19.
On the left: @y 4, for values ofw below and above 1 in steps oflQ
On the right:®, , with w from —0.342 to 099 in steps of A48

In order to obtain this information a detailed study of thedeime behaviour of
the solutions of (128) is needed. In the autonomous aase  ande(t) = 0), this
study can be done using invariant regions for the dynami¢4¢28), a change of
variables suggested by Poincaré’s compactification amdsk of central manifolds
techniques [57], or else using only elementary (but soméwmloae elaborate) argu-
ments based on invariant regions and monotonicity [52].tRemon-autonomous
case all of these approaches do not seem to be applicabldarsiudy uses an
ansatzfor a non-autonomous change of variables that is suggestadfdttis in
[218]. In the new variables system (128) takes the form

X = (1+ (1) —xy) — AT~2x2 + Bt~ 1x (129)

Yy = (1+&(1) —xy)-AT"2 — AT Ly,

where T is the new time, related with the variabteused in (128) by% =
1+2w 1

1/3 1
( 3a’ ) t=3, the constant#\ andB are defined byA := (322)? andB:=

1+2w 442w
41;—2‘2), respectively, and the _vect()x, y) is qb_tained frorr.(cll,c(.)) by thg_same non-
autonomous change of variables. Exploiting some difféaéirtequalities, the be-
haviour of the auxiliary functionk := xyandb:=y— AT %X along solutions, and
methods from the qualitative theory of ordinary differahgquations, leads to the

following [58, 54]:

1
3 3 1w t— oo

Using (130) and the change of variabtes ¢ we conclude that

Qo(w)¢0 & (¢) =571, (131)

and using this result and appropriate estimates for the suhthe integral of (127)
we obtain the similarity limits stated in the theorem. |
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What happens if the monomers input rate is slower than tiedsta Theorem 19
is studied by Sasportes in [195], where he concludes that:if—% there exists a
self-similar profile for the variablg, correspondent to (i) in Theorem 19, and the
limit:

lim(1/2)%(3/@)*c(10g6)* € (¢) = @1 1/2(n).
n—i/cfixed
n#1

However, the limit in (i), for that similarity variable, @& not exist.

The kind of self-similar behaviour presented in Theorem)l#ems to be valid
also wheng;j = jP with p < 1. Although a rigorous proof is lacking, non-rigorous
formal computations [51] seem to suggest that, for certamctionsQp(w) and

2+w)(1-p 24w

i w
A(w, p), forrp = %, and for the time scale = (M) PSS it
could be true that

), ¢ = Fo
n = j/cfixed
n#1

, < “P(1—ntP)P 1
im_ Qu(@)s (€)= Brp(n) = { 7 77T A<

Animportant feature of many physical systems that is defiynitot considered in
the simple model (123) is the existence of a critical clusize below which clusters
are very unstable and do not exist. The first rigorous appraathe modelling of
this phenomenon in the framework we are considering wasgsexprecently by
Costin and co-workers in [62], where the following systemalagous to (123) but
with constant input of monomers, constant reaction rates gecritical cluster size
n> 2, was considered:

(o)
Gt=a-ng—c1) ¢
2,

Ch = Cf —C1Cn
Cj = C1Cj—1—C1Cj, |j >N,

(132)

Again, as in (123), the definition of an auxiliary variatlét) := 3, cj(t) allows
for the decoupling of (132) into a two-dimensional and amiitdi dimensional that
can be solved recursively. The qualitative methods use8ang7] for the determi-
nation of the exact long-time convergence rates of solst{123) do not seem to
work in this case. However, a careful rigorous asymptotalysis was possible to
implement fully and the following self-similar behaviouag#/obtained in [62]:

—(n=1)/n ;
: (n—1)/n (-D/nx oy J (1=1) ,if0<n<l1
jdm |, (@) e (6 {o, if n>1
n = j/cfixed

n#1

Observe that i = 2 the result of Theorem 19(i) is recovered.
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4 Density conservation and gelation

More than once in this chapter we referred to problems andtseselated to the
conservation, or non conservation, of the solution derhityugh time evolution.
The problem of characterizing the rate coefficients and nitei data for which
there is conservation of density, or lack thereof, has beenal the main open
problems in the mathematics of coagulation-fragmentdtiomany decades. Only
from the late 1990s was real significant progress made, firsiebn [110], using
probabilistic methods, and afterwards by Escobedo, Méscahd Perthame [81]
and by these authors together with Laurencot [80], usinglg@analytic methods.

Seeing the coagulation-fragmentation equations as a rfraelchemical kinet-
ics it is all too natural to expect the density of solutiondéoa time invariant, due
to mass conservation in each elementary reaction. In fasteeding in a formal
way, if we substitute (4), (14) and (16) inf_, j¢; we obtainyj’; j¢j = 0, with
an analogous formal result being valid for the continuousiea of the equations.

The attempts to turn these formal computations rigoroug\vieced, from the
beginning, with mathematical difficulties, perhaps unexted, which resulted in
that, for many years, the results available in the litemtuere formal studies (cf.
e.g. [77, 83, 106, 227]), rigorous studies of particulaesd®6, 27], and examples
of solutions that did not conserve density [147, 148]. Akgh studies were for
Smoluchowski's equation with product type coagulatiomieds growing fast with
the cluster size. We will start by a brief review of the firstthematically rigorous
studies.

The first results on the existence of solution to Smoluch@s/skagulation sys-
tem, proved by McLeod in the beginning of the 1960s [154, 15%] considered
coagulation coefficients; x = rjrg and an initial conditiorcoj; = ;1. The condi-
tion considered in those studies on the finiteness of theaisoki second moment
llc(t)|l2 < e implied that, wherr; = j, the maximal interval of existence f6,1),
whenr; < j it contains[0,e~], and whenrj = jq;, with gj — +oo, there is no
solution in any non degenerate time interval. Observe thlagna; < jk, the re-
quirement of finite second moment easily implies densityseovation of the solu-
tion (cf. (68)) and, in fact, waving this condition LeyvraadiTschudi proved [147]
that forr; = j McLeod’s solution can be continued for- 1, using to that end the
generating function

8

G(t,2):= Y ¢;(1)z, where ¢;(t) := jc;(t)el blc(S)lds,
j=1

This generating function is a solution of the equation

0G 0G

e —ZGE, ze (0,1),t >0,
with G(0,z) = z As this problem can be integrated by the method of charatiesi
to obtain an explicit expression f@, from which we then obtaig; and hence;.
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The final result is Leyvraz-Tschudi’s solution:

P2

Tt” elifo<t<1

U=y, (133)
%% if t>1,

for which an easy computation results in

1, fo<t<1
el ={ o if v 51

Thus, Leyvraz-Tschudi’s solution does not conserve defwit > 1. This same re-
sult was later re-derived by Slemrod [200] without recotiosgenerating functions.

It is very interesting to observe that the nonconservatfateosity happens at a
finite time (in Leyvraz-Tschudi’s solution, &= 1) and not at the long-time limit,
t — +o0, as in the Becker-Doring and the coagulation-fragmentagguations with
weak fragmentation. The physical interpretation is anailsg the missing density
lc(0)]|2— |lc(t)||1 corresponds to the runaway of part of the density to entittesse
sizes are not described by subscripts N (or x € R™ in the continuous version),
which means that they are, from the physical point of vieepmmensurably larger
than everyj. This “infinite cluster” is interpreted in the physics ligdure as a differ-
ent macroscopic phase, calledeld,and its occurrence is called the sol-gel transition
or gelification. The smallest timg, > 0 after which density conservation no longer
holds is called the geling tinfe

The above interpretation for the finite time break down ofsignconservation
also suggests that such a phenomenon occurs when the dioaguaeefficients
grow fast with the cluster sizes. In fact, Leyvraz showedli4q] that, ifr; = j,
with a > %, then there exists a solution of (34) with a specially choséial con-
dition, for whichTg = 0. This result, as well as those above are examples of non
density conserving solutions with very particular initidta; nevertheless they are
historically important because for many years they wererggaly the only rigor-
ous examples known of solutions exhibiting a behaviountlzes generally believed
to hold for all non zero solutions to (34) whan, > (jk)* with o > %

The casex > 1 was first studied by van Dongen [69] and rigorously proved by
Carr and da Costa [35]:

Theorem 20 [35] Let C_(j9 +kY) <ajx <Cy (jk)B, with constants C, Gy > 0
andf > a > 1. Let c be a solution of (34) ifD, T) with ¢ # 0. Then, ¢ does not
conserve density in any time intenfBlte), Vi < T.

Sketch of proofThe basic idea of the proof is an argument by contradictidgmgus
higher moments: assuming thatis a density conserving solution in an interval

9 There is an analogous behaviour of loss of mass in the pupmératation system, called “shatter-
ing” and interpreted as a loss of mass to infinitesimal chgsi&/e shall not consider this behaviour
here, directing the interested reader to the literatugg, ., 89, 152].
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[0,t.) and using the lower bound for the coefficients it is possiblprove that, for
allp>1,

i 1-a
Z jPci(t) <llcollx z jPle —CLiCollLi™ % (e-1)/2. (134)
i=m j=m

where 0<t < € < to, andmis sufficiently large.

Obviously (134) implies that all momenis(t)|| , are finite in(0,t.) and this is
the result that is at the centre of the contradiction bec#uséower bound on the
coefficients, the hypothesis of density conservation, adldiét’s inequality imply
that,vo,t,7 € (0,t) Withd <t < T,

_a-1 t 14+4
lle®)llp—lle(3)llp > pCelicol* 7T [ [le(s)lp **d
/5

from which we get a blowing up time fdfc(t)|| p, T(P), with IlmFHH0 TP <5 m

For many decades the only rigorous results for the (mse(z,l] were the
particular solutions in [147, 148], already referred to. &tempt by da Costa [49]
to prove that the same behaviour would occur for all sol#jdased in a dynamical
systems approach, resulted in the identification of a |degeily of gelling solutions
but did not solve the problem, although it had some use in timeenical analysis of
the gelling phenomenon [8]. For the continuous system Lregae[125] considered
a(x,y) =r(x)r(y)+a(x,y) with a(x,y) <Ar(x)r(y) andr(x) > Rx and proved that
all solution exhibit gelation and obtained some resultsualite density decay and
the gelification time.

In other works fragmentation was also included. Recall ihd# 6] it was proved
that, with coagulation coefficients for which gelation wapected to occur, a suf-
ficiently strong fragmentation prevents that to happenatléor solutions obtained
as limits of truncated systems (cf. Theorem 8). This is aildme with the interpre-
tation of gelation as a loss of density to an infinite sizetgnlliecause it is natural
to expect that a high rate of fragmentation of big clustehsbits the accumulation
of density in larger and larger clusters, thus preventirgrtinaway phenomenon
causing the emergence of gelation

The rigorous analytic elucidation of gelation was achiewne2D02 by Escobedo,
Mischler and Perthame in [81], and in 2003 by the same authitihd_aurencot in
[80]. In what follows we briefly describe those results.

Let us start by observing that the results in [80, 81] are @dder the continuous
version of the coagulation-fragmentation equations katyrally, they are also valid
for the discrete case. We shall concentrate our attentithreicoagulation equation:

Theorem 21 [81] Let a(x,y) = 5 (x%yP +xPy?), with0< a < B < landA :=
o + [ > 1. Let ¢ be an arbitrary weak solution of (5)-(6) with a non zendtial
condition'® ¢y € Y;. Then, there exists a positive constapteC, (Mg (0), Mo(0),A )
such that, for all t> 0, it holds

10 The Banach spacg was defined in page 24.
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C.

Mi(t) < ———— 135
and so the geling time is finite and satisfies the upper bound
c \
Tg<T..=( —= ) . 136
o (M1(0)> (130)

In this statement the notatidvi(t) := [[c(t,)[| 1(r+ yqy, WaS used.
Sketch of proofThe proof is based on some estimates for the weak solutiong us
carefully constructed test functions, from which it is pbksto conclude that, for
allt >0,

/ " Ma(t)%dt < Cy Mo(0)* My (1)2 2, (137)

from which we obviously see that the density cannot be cohstad, with a bit
more extra work, obtain (135). Let us look at this argumentiore detail. The
definition of weak solution of (5)-(6) is like the one in thesdiete case: it is any
functionc € C([0,00); LY) NL®(0,T;Y1), VT > 0, satisfyingMy(t) < My(0), vt > 0,
such that, for alt > 7 > 0 andg € L*(0, ), the following holds

[ et xjdx— [ gxe(r.xdx—
0 0
1 rt
=5 [ [ [, (@0 y) — 900 — giy)axy)e(s ¥e(sy)dxdyds (138)
T RTxR*
Let ¢ be a weak solution of (5)-(6) and in (138) consider the testfiong(x) =
ga(X) :=xAA € L®(0,). Asga(X+Y) —ga(X) —ga(y) <0inRT x RT itis possible

to estimate the right-hand side of (138) keeping only thetrdaution due to the
integration or{A, ©)2, which immediately results in

/Tt (/Aooy"/zc(s,x)dx)zdsg 2M+(T) (139)

Consider now a functior® : [0,00) — [0,c0) which is monotonic increasing,
differentiable a.e., with®(0) = 0, andCo := || @' 1+ y 124y, < . Writing
d(x) = J§ @'(A)dA using Fubini’s theorem, Cauchy-Schwarz inequality an®f13
we concluded that

/Tt </O°°X/\/2cp(x)c(s,x)dx>2ds§ 2CHMy(1).

Taking limits ast — c and consideringp(x) := (xX4/2— (R/2)14/2)"  where
R > 0 is an arbitrary constant, we conclude that

./T‘m (l/:xc(&x)dx)zdsg CRAM(1). (140)
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Finally, (137) is obtained by usinlg;(t)? < Z(fORxc(t,x)dx)er 2(J8 xc(t,x)dx)z,
and(jbRxc(t,x)dx)2 < RP"*M, /2(1)?, applying (140) and (138) with the test func-
tiong =1, and takingR = My (1)/Mo(T). |

Reference [81] also contains an extensive study of sevespkpties of the den-
sity of weak solutions of (5)-(6), including the behavioditie solutions at geling
time Tg.

The same method was used in [80, 81] for the continuous systéniragmen-
tation, establishing the following result:

Theorem 22 [80, 81] Letax,y) = 3 (x?yP +xPy?) ,withO< a < B < landA :=
a+B. Letbx,y) = (14+x+Yy)Y, with y € R. Then, the following hold:

(i) if A <1lorif y>A —2, there exists a density conserving weak solution (17)

(i) if A >21andy< A —2, there exists a critical densify* > 0 such that, when
Co € Y1 satisfies|Co|[ 1+ yay > P*, €very weak solution of (17) with initial con-
dition ¢y exhibits gelation.

Note that when the condition gnis (i) the behaviour of solutions is the same that
occurred for the discrete system in the strong fragmemtai#se (cf. page 33), that
is: even with conditions on the coagulation coefficientsvinich solutions to the
purely coagulating dynamics have break down of densityewmagion, a sufficiently
strong fragmentation forces density to remain constaotidin time evolution.

Case (ii) leaves unanswered what happens for sufficient#y stensities. Formal
arguments presented in [80] lead to the conjecture thatgif( (A — 3)/2,A — 2),
there are weak solutions, with low density initial conditso for which density is
conserved, whereasyf< (A — 3)/2, all non zero solutions have gelation.

As stated above, Theorems 21 and 22 are fundamental cdigribuo the prob-
lem of density conservation in coagulation-fragmentaggsatems, although, as
stated in [80, 81], several relevant problems still waitdgroof.
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