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Abstract

Let Rbe an o-minimal expanion of an ordered group (R, 0,1, 4+, <)
with distinguished positive element 1. We first prove that the follow-
ing are equivalent:(1)R is semi-bounded, (2)R has no poles, (3) R
cannot define a real closed field with domain R and order <, (4) R
is eventually linear and (5) every R-definable set is a finite union of
cones. As a corollary we get that Th(R) has quantifier elimination
and universal axiomatization in the language with symbols for the or-
dered group operations, bounded R-definable sets and a symbol for
each definable endomorphism of the group (R,0,+).
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1 Introduction

Let R= (R,0,1,+,<,...) be an o-minimal expansion of an ordered group
(R,0,+, <) (where 1 > 0). The structure R will be fixed throughout, defin-
able will mean definable in R with parameters.

For the rest of the paper we assume the readers familiarity with the
basic results of o-minimality, namily those that can be found in the first few
chapiters of [vdd] or, in [kps] and [ps].

The structure of the paper is as follows: below we introduce the main
concepts to be used, we state our results and ilustrate these by presenting
some examples. In section 2 we prove part of the theorem stated in the
abstract, namily (1) => (2) and (2) <=> (3) ((3) => (4) and (5) => (1) are
imediate). In section 3 we introduce the important notion of linear dimension,
which we use in section 4 where we prove the structure theorem for eventually
linear R (in particular (4) => (5)).

Associated to R we have the division ring of all definable endomorphisms
A = A(R), which is a subring of the division ring A, . := A,(R), of all
(germs at 0 of) definable partial endomorphisms; below AD, = A) (R),
denotes the subdivision ring of A,. = A, (R), of all (germs at 0 of) 0-
definable partial endomorphisms.

Note that the map A — R, A — A(1) is an embedding of ordered
groups. We will often identify A € A with A(1) € Rand v = (vy,...,v,) € A"
with v(1) := (v1(1),...,v,(1)) € R™

We will use the following notation throughout:

Notation: Let X C R" and f,g: X — RU {—00,+00} be definable,
with f < g. Then I'(f) denotes the graph of f and (f,g)x = {(x,y) €
XX R: f(x)<y<g(z)}

Also, 7 : R* — R™ ! always denotes the projection onto the first n — 1
coordinates. And | | denotes the “sup-norm” on the ordered group (R, 0, +, <

).

Definition 1.1 [Cones] A k-cone C' C R" is a definable set of the form

k
{b—i-ZUZ(tZ) b e B, tl,---7tk € R>O}
=1



where B C R" is a bounded definable set and vy,...,v, € A" are linearly
independent i.e.Vtq, ..., t, € R, Ele vi(t;)) =0iff t; =--- =1t =0.

We say that C' is normalised if for each x € C' there are unique b €
B, ti,...,ty € R7° such that = = b+ Zle v;(t;). We use the notation

k
i=1

for this.

Poston’s result [Po2] (fact 1.2 for expansions of (R, 0,1, +, <), the additive
group of the reals) led to Miller-Starchenko Growth Dichotomy for o-minimal
expansions of ordered groups

Fact 1.2 [ms| /[Growth Dichotomy] For R exactly one of the following holds:
(1) there is a O-definable binary operation - such that (R, 0,1, +,-, <) is
a real closed field or;
(2) for every definable function f : R — R there is A € A such that

lim, . oo[f(z) — A(z)] € R.
Here we study o-minimal structures R satisfying condition (2).

Definition 1.3 R is called linearly bounded if for every definable function
f : R — R there exists A € A such that for all x large enough we have

|[f(2)] < A(z).
According to [ms] we have the following

Fact 1.4 [ms| For an o-minimal expansion R of an ordered abelian group
the following are equivalent:

(1) There is no 0-definable binary operation - such that (R,0,1,+,-, <) is
a real closed field;

(2) For every definable function f : R — R there is A € A such that
lim, . oo[f(z) — A(z)] € R.

(3) R is linearly bounded.



(4) For any definable f : Ax R — R, with A C R™ there exist Ay, ..., A\ €
A such that for every a € A, there is an i € {1,...,[} (depending on
a) with lim, ., [f(a,z) — \(z)] € R.

(5) For any definable f: Ax R — R, with A C R™ theset {b€ R:3Ja €
A, lim, oo Af(a,z) = b} is finite, where Af(a,z) := f(a,x + 1) —
fla,z).

(6) Every A € A is O-definable, and A(R’) is canonically isomorphic to A
(as an ordered division ring) for every R' = R.

Definition 1.5 We say that R is semi-bounded if every definable set is al-
ready definable in the reduct (R,0,1,+, <, (B;)icr, (A)ren), where (B;)er is
the collection of all bounded definable sets.

We say that R is eventually linear if for every definable function f : R —
R there is A € A and ¢ € R such that ultimately f(z) = A(x) + c.

Finally we say that R has no poles if there is no definable bijection be-
tween a bounded and an unbounded definable set.

Fact 1.6 below, our main result (see theorem 4.2), is a general version
of a theorem proved by Y.Peterzil in [Pel]|, for o-minimal expansions of
(R,0,1,+, <), the additive group of the reals.

Fact 1.6 For an o-minimal expansion R of an ordered abelian group the
following are equivalent:

(1) R is semi-bounded.
(2) R has no poles.

(3) InR we cannot define a real closed field whose universe is an unbounded
subinterval of R and whose ordering agrees with < .

(4) R is eventually linear.

(5) [Structure theorem for semi-bounded R]: Any definable set X C R™
can be partitioned into finitely many definable normalised cones.

And if X C R" is definable and F is a finite collection of definable
functions from X into R, then there is a partition C of X into finitely



many definable normalised cones such that for each cone C' € C, each
f € F respects C' ie., if C € C, is a k-cone and C := B + Zle v;i(t;),
there are puq,..., ur € A such that forallbe B, ty,...,t, € R>0

f(b+z ( f|B +Z,uz i

Moreover, this result combined with the following fact from [Ip] gives us
fact 1.8 below.

Fact 1.7 [lp] Let V:= (V,+, <, a, (d)gep, (P)pep) be an expansion of an or-
dered vector space (V, +, <, (d)gep) over an ordered division ring D by pred-
icates P € P on a bounded subset [—a,a]™, such that P contains predicates
for all subsets of [—a, a]™ which are a-definable in the vector space structure.
Then Th(V) has quantifier elimination in its language.

Fact 1.8 [Relative quantifier elimination for semi-bounded R ] Suppose that
R is semi-bounded. Then Th(R) has quantifier elimination and a universal
axiomatisation in the language L4,(R) consisting of 0,1, +, —, <, a symbol
for each element of A, a symbol for each bounded definable set of R.

Proof. To prove quantifier elimination, by the structure theorem (fact 1.6
its enough to show that m-cones are quantifier free definable, but this follows
from fact 1.7. The universal axiomatisation follows from: (1) the quantifier
elimination, which implies model completeness and so a V3-axiomatisation;
(2) existence of definable Skolem functions in R, and (3) the fact that, by the
structure theorem every definable function is given piecewise by an Lg(R)-
term. O

In fact 1.6, the proof of (5) => (1) is immediate from the definitions, that
of (1) => (2) works in general and was given in [pss]. Here we present for
completeness, an obvious modification of the proof in [Pel], a short version
of that in [pss]. (2) => (3) is easy; The proof of (3) => (4) given in [Pel]
for the case R = R uses the following two facts:

e [Pel] An o-minimal expansion of (R,0, 1,4+, <) is eventually linear iff
it has no poles.



e [mpp| An o-minimal expansion of (R, 0,1, +, <) which is not linear (i.e
there is a definable function f : R — R which is not piecewise linear)
defines a field in some subinterval (it may be bounded), whose ordering
agrees with <.

Here a proof of the general version of the first fact is given using Peterzil’s
proof for the reals and ideas from [ms|. The general case of the second fact
follows from the Peterzil-Starchenko Dichotomy [PeS].

(4) => (5) is the dificult part. [Pel] gives a proof of it for the reals using
the so called ”partition condition:”

e Let N be an o-minimal structure over the reals.We say that N sast-
isfies the partition condition if, for all A/-definable open set U C R"
and N-definable functions f : U — R, there are open connected sets
Vi,...,Vi € U( not necessarily definable in A) such that dim /(U \
(V1U...UV))) < n and such that f is analytic on each of the V}’s.

R.Poston (in [Pol]) gives the proof for the reals without this partition
condition. But his proof doesn’t work in general since he assumes the follow-
ing:

In any o-minimal structure Nover the reals:

e any N -definable partial endomorphism of (R, 0, +) is the left multipli-
cation by some r € R.

An essential tool developed in section 3 for the proof of (4) => (5) is the
following notion (which also appears in [Pol] and [Pel] for the reals).

Definition 1.9 Let Z C R"™ be a definable set. The linear dimension of Z
is defined by

ldimZ := max{k : Zcontains a k — cone}.

Fact 1.10 [Linear dimension] We have the following properties (for all de-
finable XY, Z C R" with Y C X and all normalised k-cones C):

(1) ldimC = k;
(2) ldimY <IldimX < n;



(3) ldimX U Z = max{ldimX,ldimZ};

Moreover, if R is eventually linear, it follows from the structure theorem that
if f: X — R" is a definable injective function then ldimX = ldimf(X).

Inside the class of semi-bounded o-minimal expansions of (R,0,1, +, <)
lives the class of linear o-minimal expansions of (R,0, 1,4+, <).

Definition 1.11 A definable function F': U C R™ — R is piecewise linear,
if we can partition U into finitely many definable sets Uy, . .., Uy such that F
is linear on each of them i.e., given x,y € U; and t € R", if x +t,y+t € U;,
then F(z+1t) — F(x) = F(y+t) — F(y).

R is linear if every definable function f : (a,b) — R is piecewise linear,
and for every ¢-definable partial endomorphism f : (—a,a) — R there is a
O-definable partial endomorphism g : (—b,b) — R with (—b, b) a ¢-definable
interval contained in (—a, a) such that f|(—b,0) = g|sp)-

These structures were extensively studied in [Ip], where the following was
established:

Fact 1.12 [Ip] For an o-minimal expansion R of an ordered abelian group
the following are equivalent:

(1) Every definable function F': U C R" — R is piecewise linear.
(2) R is linear.

(3) There exist no definable binary operations ¢, ® : I? — [ on an inter-
val I = (—a,a), and a positive element 1 € I such that (1, <;,0,1,®, ®)
is an ordered real closed field. (Where <; denotes < restricted to I).

(4) Let X0, := X0 (R) be the set of all 0-definable partial endomor-
phisms of (R,0,+,<). Then every definable set is already definable
in (R,0,1,+, <, (0)062245)'

(5) There is an elementary extension of R which is a reduct of an ordered
vector space over AJ .

In [Ip] the following result is also established
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Fact 1.13 [Relative quantifier elimination for linear R] Suppose that R is
linear. Then Th(R) has quantifier elimination and a universal axiomatisation
in the language £;(R) consisting of 0,1, +, —, <, a symbol for each element
of Ag_e and a symbol for each algebraic point of R.

We now include some examples: in example 1.14 we have a linear R, in
example 1.16 a semi-bounded not linear R and in example 1.17 a linearly
bounded not semi-bounded R.

Example 1.14 Let D be an ordered division ring, and let R:= (R, 0,1, +, <
,(d)gep) be an ordered vector space over D, where d is represents scalar

multiplication by d. Then Th(R) has quantifier elimination, R is linear and
A(R)=D.

Remark 1.15 [PeS] (1) If D is a non commutative ordered division ring
considered as an ordered vector space over itself, then D is maximally o-
minimal, i.e., if X C D™ is not linear then (D, X) is not o-minimal.

(2) If R is not linear then A is a field (and by the example below it can
be any ordered field).

Question:(Posed by Steinhorn) Is (the “smallest” non trivial ordered
divisible abelian group) (Q, 0, 1, 4+, <) maximally o-minimal?

Example 1.16 Let R := (R,0,1,+,-,<,(\)ses) be a real closed field,
where S is a subfield of R and A, is left multiplication by s. Let R:=
(R,0,1,4+, <, (As)ses, (Bi)icr) where (B;);es is the collection of all bounded
0-definable sets of R, and R := (R, 0,1, +, <, (A\s)ses). Then

(1) R is semi-bounded and is interdefinable with (R, 0,1, 4+, <, (As)ses, *)
where * is the restriction of - to [—1, 1] x [-1, 1]. Also A(R)= (S,0,1,+, -, <).

(2) R is the unique strong reduct properly between R and R, i.e.,every
0-definable set of R (resp. of R) is 0-definable in R (resp. in R), and there
is a O-definable set of R (resp. of R)which is not O-definable in R (resp.
in R) and moreover any other structure satisfying the above has the same
O-definable sets as R. This is proved in [pss| using model theory and also in
[Pe2] using the version R = R of the structure theorem and then ”eliminating
parameters”.

(3) In [pss] it is proved that if M is a model of Th(R) then M = G & M’
as an abelian group, where M’ is the equivalence class of 0 for the equivalence
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relation z ~ y <= dn € N(|z — y| < n), and is a real closed ring (i.e.,
an ordered integral domain which obeys the intermediate value theorem for
polynomials) with a-b :=n*(%£%2) if a,b < n. And G is a maximal subgroup
of M for which 7| : G — M/ ~ is injective. This characterization of the
models of Th(R) is then used to prove quantifier elimination for Th(R).

Example 1.17 [Pe2] Let M = (R, <,0,1,+, (z — In(e” + 1))). M is o-
minimal since it is a reduct of (R, <,0,1,+,,¢e") which is o-minimal (see
[w]). M is clearly not eventually linear, in [Pe2] its shown that M is linearly
bounded.

Remark 1.18 [Po2] Consider g¢(
Therefore, on (0,1], g *(z) = —In

|

8

) = e "|j0400) and h(zx) = e
x). Define f : R — R by

flitoo) (@) = g(z = 1),

flop(x) :=hog ' (z),
Jl(=oo,0(x) := 0.

It is clear that f is linearly bounded and Im(f) is bounded, and that
(R, <,0,1,+, f) which is (in terms of definable sets) the same as (R, 0, 1, 4+, <
, g, h), which is o-minimal as (R, <,0,1,+, -, ") is o-minimal (see [w]). But
in (R, <,0,1,+, f) one can define on [0, 400), ¢g~' o h(z) = —In(e~*") = 22,
so the above structure is not linearly bounded.

[0,4+00) -

~— D —~

2 No poles

2.1 Semi-bounded implies no poles

Proposition 2.1 If R is semi-bounded then R has no poles.

Proof. Suppose that R is semi-bounded, and that there is an R- de-
finable bijection o : (a,b) — (¢,d) where a,b € R and either ¢ = —o0 or
d = +00. Then ¢ is definable in a reduct of R of the form

RO’ = (R7 07 17 +7 < (A))\Glh (Bz)zel)

for some finite collection (B;);c; of bounded definable subsets B; C R™ (for
some positive integers m;).



Let R’ be an |R|"- saturated elementary extension of R, (hence, R’
contains “infinity” elements). Then R’ = (R',0,+, (A\)xeca) is a vector space
over A(R,). Define a subspace of R' by S = {s € R' : |s| < r for some
r € R} Let T be the complement of S in R (as a vector space). The order
in R’ is the lexicographical order in the vector-space direct sum of S and T,
and the interpretation of any B; in R’ is contained in S. On the other hand,
any automorphism 7 of the ordered vector space (7,0, 4+, (A)xea) induces in
a natural way an automorphism of the ordered vector space (R’,0,+, (A)xea)
which fixes all the elements of S. But the interpretation of ¢ in R’ must be
a bijection between (a,b) C S and (¢,d) € S. Therefore T cannot respect o.
Hence, o cannot be definable. O

We now need some definitions and lemmas from [ms].

2.2 The group of definable germs at +oo

Here R is an expansion of an o-minimal ordered group (not necessarily even-
tually linear).

Definition 2.2 Let f,g : R — R be R- definable functions. We say that
they have the same germ (at +o0) if ultimately f = g. This is an equiva-
lence relation, and we will identify f with its germ.The set G of all germs
is an ordered group with the obvious addition and order defined using the
monotonicity theorem.

Consider the equivalence relation on G* := G\{0} given by E(f,g) iff
either: there exist r,s € A with r,s > 1 such that | f [< r | ¢ | and
g |< s | f];or, lim, .o f(z) € R* and lim, , . g(x) € R* (where
R*:= R\ {0}).

Let v : G* — v(G") denote the quotient map. For f € G we set v(f) :=0
if im, . f(x) € R".

v(G") can be totally ordered by v(f) < v(g) if v(f) #v(g) and | f |> s |
g | for all s € A”° Then v(f) < 0 if lim, ., | f(z) |= +o0, and v(f) >0
if lim, o f(x) = 0. We extend v to G by putting v(0) = +o0.

Notation: Given f: R — R definable and z,y € R, we put A, f(x) =
f(z +y) — f(x). For y = 1, the subscript will be suppressed. Given f :
AXx R — R definable with A C R™, and z,y € R,a € Awe put A, f(a,z) =

fla,x+y) = fla,z).
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The following lemma is easy to prove.
Lemma 2.3 Let f,g € G.
(L) IfF[ f 1=l g, then v(f) < v(g).

(2)

3) v(Af) =v(A|f])=v(Af]).

(4) v(rf)=v(f) for allr € A* (where A* = A\ {0}).

(5) v(f +g) = min{v(f),v(g)}, with equality if v(f) # v(g).

Proposition 2.4 Let f: R — R be definable.

(1) The set {y € R : lim, ;oo A, f(z) € R} is a definable subgroup of
(R,0,+).

(2) The function y — Lf(y) = lim,_, 100 A, f(2) is a definable homomor-
phism from the above subgroup into (R,0,+).

(3) If limy 0o Af(z) =17 € R then v € A and Lf(y) = r(y) for all

y € R.
Proof. (1) and (2) follows from the fact that if y,2,a,b € R are such
that
i [fle+y) = fl@)] =a
and
i [f(a+2) ~ f(@)] = b
then
im [fz+y+2) = fl@)]=a+b
r—>+00
and
lim [f(z —y) — /(@) = —a.
T—>r+00
(3) follows from (2). O
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Remark 2.5 Suppose that f : R — R is definable. it follows from the
above proposition that: If lim, . |Af(z)| > r for all » € A(R), then
lim, .o |Af(z)| = 4+00; moreover, lim, . |A, f(z)| = +oo for all y €
R*. And if lim, o0 [Af(z)] < 7 for all r € A%, then lim, 100 A, f(z) =0
for all y € R.

Lemma 2.6 Let f,g € G with g (ultimately) increasing and f > g. Then

lim Af(z) > lim Ag(z)>0.

Tr—>400 Tr—>400

Proof. The right hand inequality holds because g is increasing.We are
done if v(Af) < 0, so assume that v(Af) > 0. If f — g is increasing then
the left hand inequality holds.If f — ¢ is not increasing, then it is strictly
decreasing to some ¢ € R, and thus lim, ,,[A(f — g)(x)] = 0. O

Proposition 2.7 Let x denote the germ of idg. Let f € G. Then:
(1) o(f) <v(x) iff v(Af) <0.
2) v(f) > v(x) iff v(AS) > 0.
(3) v(f) = v(x) iff v(Af) =0 iff f =r(x)+u for somer € A* and u € G
with v(u) > v(x).

(4) If g€ G and v(f) = v(g) <0, then f =r(g) + u, for some r € A* and
some u € G with v(u) > v(g).

Proof. (1) and (2) follows immediately from the remark and lemma
2.6.For (3), note that by lemma 2.6 7 := lim,_,, Af(x) exists; put u(z) :=

f(x) —r(z). For (4) use v(fog™t) = v(x). O
We are now ready to prove:

Proposition 2.8 R has no poles iff R is eventually linear.

Proof. The direction <= is immediate. For =>, suppose not and let f :
R — R be definable eventually nonlinear. We may assume f is eventually
nonlinear and positive as x approaches +oo. If v(f) > v(x) then v(Af) > 0
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and Af defines a pole; if v(f) < v(x) then v(f™!) > v(x) for the definable
(for large enough x) inverse of f, and we conclude as above;if v(f) = v(x)
then by the proposition 2.7 we have some definable function u which is not
the zero function (otherwise f would be eventually linear) with v(u) > v(x).
]

3 Subcones and linear dimension

3.1 Lemma on subcones
Proposition 3.1 Suppose that R is eventually linear.

(1) Let f : (a,+00) — B be a definable function where B C R" is a
bounded definable set. Then f is eventually constant.

(2) Let X C R™ be a definable set. Then X doesn’t contain an m-cone with
m > 0 off X is bounded.

(3) If f : B— R™ is a definable function, where B C R"™ is bounded then
f(B) is bounded.

Proof. (1) The coordinate function of f are eventually linear functions
whose image is bounded, therefore they must be eventually constant.

(2) One way of the equivalence is obvious. For the other, by existence of
definable Skolem functions, if X is unbounded there is a definable function
from R>Y into X which picks an element of norm at least ¢ for each ¢t € R>°.
By eventual linearity this defines a 1-cone contained in X.

Its clear that (3) follows from (2). O

Notation: For A\y,..., A, € A"\ {0}, we set:

m

<My An > =D N(ti) € R" | b, b € R},

< )\1, .. ~7>\m >ZOI: {Z )\z(tz) i, .t € RZO},



and
m

<A A, >70= ) DNi(t) st € RO

=1

Lemma 3.2 (1) Forall A\, \y,..., A\, € A"\ {0}, we have that <X >N <
Ay ooy A >F {0} if and only if <A >C< Ap,..., A >

(2) Suppose that X\ € A™ and Ay,..., A\, € A" are linearly independent,
and there exist s > 0 such that A(s) €< Ap,..., A, >2° . Let IJ°0 :=
{i € {1,....m} : s; > 0} where A(s) = > ", Ni(s;) and let k =
i70 :=number of elements in I7°. Then < X >7°C< {\;};c50 >7°

(3) Forall\,\i,..., Ay € A" with Ay, ..., Ay, linearly independent,we have:
< A>Z0C< AL A >0 = < A >0 <A, L A, >34 {0)

Proof. (1) Theset {t € R| 3t1,...,tu[A(t) = im; Ni(t;)]} is a definable
subgroup of (R, 0, +, <).

(2) Is by induction on k : Suppose, that for some s > 0i7° = 0. Then
A(s) = 0 implies that A = 0 and < A >=< () >:= {0}.

Suppose that the result holds for all A\, Ay, ..., \,, € A™ for which there is
s > 0 satisfying i7% = [ for all [ < k.

Consider A\, A1, ..., A\, € A" for which there is s > 0 with i;° = k. Then
< A >C< {Ai}ierz0 >, by (1) above, and there is a definable continuous
map R™0 — RF, t = (t1,..., 1) where A(t) = Y. >0 Ai(t;). If the result
doesn’t hold, then there must exist ¢ > 0 such that i;° < i2°. But then by
the inductive hypothesis i7% < k.

(3) Follows from (2). O

Notation: Let C' =: B+ > A\;i(t;) be a m-cone. We will write

<O >=< A,..., A\ >,
< C>2=< )\, N\, >0,
and
<C>V=< )\, .\, >0
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Remark 3.3 In lemma 3.4 below, we do not assume anything about R, we
only need to work in the reduct (R,0,1,<,+,C,C") of R. This reduct is
eventually linear by proposition 2.1 and proposition 2.8.

Lemma 3.4 [Lemma on sub cones] If C" = B’ + Ezm:/1 w;(t;) and C = B +
Yo vi(t;) are definable normalised cones such that C" C C C R™ then

(1) Each w; €< C >=° (as an element of R™),
(2) < C">C< C > (and hence m’ < m).

Proof. (1) Fix ¢ € C' then Yu > 0,c+ w;(u) € C" C C, so there exist
a unique b € B and unique ty,...,t, € R7? such that ¢ + w;(u) = b+
S vit;). This gives the following definable functions R7° — B, u — b(u)
and for each i € {1,...,m}, 7% — (R>")™ wu — t;(u).

We have the following: (1) By proposition 3.1 b(u) is eventually constant,
and equal say b. (2) By eventual linearity and the fact that each for ¢ €
{1,...,m} ti(u) > 0 for all u > 0, we see that for each i € {1,...,m} ¢;(u)
is ultimately linear and non decreasing(otherwise it would be zero).

Let U > 0 be large enough such that both 1 and 2 holds for all v > U.
Fix u; > U and take uy > u; large enough so that for each ¢ € {1,... ,m}
tl(UQ) Z tz(ul) Then

U)j(UQ — ul) = Z’Uz(tZ(ng) - tl(ul)) ce<V,...,Unp >20,
=1

and by lemma 3.2 < w; >2°C< vy, ..., v, >=° and in particular
Wi ES VY, ..., Uy >20=< O >0

(2) This follows from (1).

3.2 Linear dimension

Note that in proposition 3.5 we do not assume anything about R unlike in
[Pol] where R is a linearly bounded expansion of the additive group of real
numbers.
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Proposition 3.5 (1) If X C Y C R" are definable sets then ldim(X) <
ldim(Y) < n.

(2) If C is a definable m-cone then ldim(C) = m.
(3) For all definable X,,..., X, C R™,
ldim(X, U...UXy) = max{ldimXy, ..., ldimX}.

Proof. (1) is trivial, (2) follows from the lemma on sub cones 3.4 and
(3) follows from the next lemma. O

Lemma 3.6 (1), For all k and all definable X1, ..., X C (R”°)" such that
ldim(X; U ... UXy) =n there exists i € {1,...,k} such that ldim(X;) = n.

(2), For all definable sets X C (R™%)™ with dimX < n — 1 we have
Idim((R7%)"\ X) =n.

Proof. We will use induction on n. (1), (2); follow by o-minimality.

(1)p—1 => (2),, : Assume (1),_1, and (2), for all I < n. We will prove (2),,
by induction on dim X : If dim X = 0 the result is clear. So suppose the
result holds for all definable Y C (R>%)" with dimY =1 <n — 1.

Let X C (R”")" be definable with dim X =1+ 1. If [+ 1 < n — 1, then
dim7(X) < n — 2 and by (2),_1 ldim((R>%)"'\ 7(X)) = n — 1, which
implies that (dim((R>)"\ X) =n.

So we may assume that dimX = n — 1. By cell decomposition, the
induction hyphotesis and the above argument, we may also assume that X
is a finite union of cells X, ..., X} each of which of dimension n — 1, and for
each i € {1,...,k}, X; =T'(f;) for some definable f; : 7(X;) — R.

The proof now proceeds by sub induction on k: Suppose k = 1. Then
by (1),—1 we have either Idim[(R7°)"~! \ 7(X;)] = n — 1, which implies
Idim[(R>%)"\ X1] = n, or we have Idim[r(X)] = n—1. Then by considering
the restriction of f; to the n — 1-cone contained in 7(X;) and by considering

a suitable linear transformation we may assume without loss of generality
that 7(X;) = (R”°)"!. Let

n—1
H={(z1,..., 2, h+ Y Ni(@)) 121, 20y € (R7O)")
=1
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be an hyper plane in (R>°)" such that (R>°)™\ H has two definable connected
components each of which of linear dimension n, and such that 7(H) has
linear dimension n — 1.

Let
n—1

Xi = {(21,..,xn1) €m(X1) s iz, wst) <h+ Y Ni(@)},
=1

Xi— i ={(21,... . 2n1) €m(X)) : fi(z1, . Tn) = h+ in(xi)}

and

n—1

Xis = {(x1,...,201) €7(X1) : fi(me, ... T0e1) > h+ Z)\i(xi)}.

Then by (1),—1 we have three sub cases:
(1) ldim(X; <) =n—1:1f C C X . is an n — 1-cone, then

n—1

{(x1,.. . xp1,2) : (x1,...,2p 1) €EC,x > h+ Z)\Z(xl)}
i=1

is contained in (R>%)"\ X, and contains an n-cone.
(2) ldim(X,-)=n—1:1f C C X;_ is an n — 1-cone then

n—1

{(@, . tponz+ 1) (2, 2a) €Cor > h+ Y i)}

i=1
is contained in (R~°)" \ X; and contains an n-cone.

(3) ldim(X;>)=n—1:1f C C X+ is an n — 1-cone then

n—1

{(x1, . w1, 2) : (21, 0) € CLR+ Y Ni(w) > 2> 0}

i=1

is contained in (R~°)" \ X; and contains an n-cone.
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Assume that the result is proved for all X which is union of less than &
cells of dimension n—1. And let X be as above a union of k cells of dimension
n — 1.By the sub induction hypothesis there is an n-cone D contained in
(R7%)™\ X; U...U X;_;. Now the same argument as above works if one
substitutes every where (R>°)" by D, fi by fx and X; by Xj. This completes
the sub induction.

(2),, => (1),, : Without loss of generality we may assume that £ = 2 and
X; and X are disjoint. Since ldim(X; U X3) = n we may also assume that
X1 U Xy = (RO

Let X be the boundary of Xjand X5, then dim X < n — 1; By (2),, we
conclude that X; or X5 contains an n-cone. O

4 The structure theorem

4.1 The structure theorem

Notation: Let D = B+ )" v;(t;) C R" be a normalised m-cone, and let
f D — R be a definable function. By

m

Vb€ BVt ..ty >0, f(0+ ) wi(ts) = fla(b) + > Ai(t:)

i=1
(for some Aq1,..., A\, € A) we mean that f has a (unique since D is nor-
malised) extension f to {b+ > ;" vi(t;) :b € B,t1,...,t, >0} and

Wb € BV, ...ty > 0, f(b+ D vi(t:) = fla(b) + Y Ni(t:)
=1 i

(for some Aq,..., Ay, € A).
The following fact will be readily assumed in the proof of the structure
theorem.

Lemma 4.1 Let D =B+ ", v;(t;) € R" be a normalised m — cone, and
let f: D — R be a definable function such that

m m

Vb€ BVt ...ty >0, f(b+ Y wi(ts) = fla(d) + > Ai(t:)

i=1 i=1
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(for some A1, ..., A € A). Then for any cone D' = B’ + Zzl vi(t;) € D,

/

Vb € BVt > 0, f Y vit) = fle () + > ()
i=1 i=1
(for some py, ..., pm € A).

Furthermore, if \y = ... = \,, =0 then u; = ... = p,, = 0.

Proof. By the lemma on sub cones each v;- E< V1,...,U, > and f is
linear in the direction of each v;, so f is linear in the direction of each v7.
Furthermore, each fi; is simply the relevant linear combination of A,..., A,
so if \; = ... =\, = 0 then each p; = 0. a

Theorem 4.2 ( The structure theorem ) Let R be an o-minimal eventually
linear structure. Then

e (1), Any definable set X C R™ can be partitioned into finitely many
definable normalised cones.

e (2), If X C R" is definable and f1,..., fr : X — R is a finite collec-
tion of definable functions then X can be partitioned into finitely many
definable normalised cones such that for each cone, B + > ", v;(t;),
there exist A\ij,. .., Amj € A(R) such that

m m

Filb+> vilt) = fi 1 (0) + > Nij(th),

i=1 =1
jed{l,..., k}.

Let X C R" be definable. We prove the result by parallel induction on n.
(1)o, (2)0, (1)1 and (2); are trivial.

4.2 (21, (1), => (2), (n>1)

First note that it is enough to prove (2), for just one function, f, since the
statement will then follow by induction on £ using lemma 4.1.
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We proceed by sub induction on ldim(X). If ldim(X) = 0 then X is
bounded and the result is immediate.

Assume that ldim(X) = m + 1 and that the result holds for all lowers
values of ldim(X).

By (1)n, and the sub induction hypothesis we reduce to the case that X is
a normalised m+ 1-cone say B'+th1 vi(t;). Let {v1, ... Umat, Uma2, -+, Un b
be a definable (i.e each v; € A™) basis of R™ containing {vi,..., Ums1}-
Consider the linear isomorphism L of R™ defined by L(v;) := e,_; for i €
{1,...,n— 1}, where ¢;’s are the standard basis vectors. Clearly if we prove
the result for the m+1-cone L(X) we get the result for X. So we may assume

that X is of the form B+ >""  e;(t;).

Take (z1,...,z,) to be the coordinates in X, and let 7 : R* — R""! be
the projection onto the first n — 1 coordinates.
Let

Xo:=A{(F,x) € X :30 >0y € (—0,0)Vz € (x — b,z + )

A f(T,2) = A, f(T,2)}
be the definable set on which f is locally linear in the last variable, x,; let

K, K" : m(X) — R be the (well defined by eventual linearity ) definable
functions given by K(Z) :=inf{z > 0:Vz >z, (7,2) € Xo} and K'(%) := 0.

4.3 Proof on (K, +00)(x)

For each T € 7(X) we have f(Z,z) = ¢z + Az(x) for some definable function
c:m(X) — RT+ cz and some Az € A, for all z > K(7). But then for each
T € m(X) limy 100 Af(T,t) = Az, and by fact 1.4 we can partition 7(X)
into finitely many definable sets on which Az is constant.
Let A C 7(X) be one such definable set on which A; equals, say A.
Apply (2),-1 with A in place of X, £ = 1, and ¢ in place of fi. Then
we will have finitely many normalised [-cones A=B+ ZZ Lvi(t;) (with {

depending on A) and corresponding )\1, . )\l € A such that

Flb+ Zvi(ti),:c) — ¢|5(b) + ZXZ@) + Az
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on each (K|z,+00) 7. By (2)n_1 one can partition A into normalised cones
such that if A := B 4+ S_F_ w;(t;) is one such cone then

k k
K+ Zwi(ti)) = K5(b) + Zm(tz)

for some pq, ..., ux € A. By lemma 4.1 we have

fo+ Zw@-(ti), ) = clg(b) + Z Gi(t:) + Az

on (K4, +00)4 for some (i, ..., ¢ € A

But (K7, +00)z is the k + 1-cone I'(K5) + St ug(t;) where for i =
ok u; = (w;, ;) and ugyq = e,. But then we have

F(b, K 5(b) +Zu, )

p(0) + A(K (b)) + Z(Cz + Apa) (t) + Mtrr1)-

So the result holds on (K, +00)(x)-.
Remark: Note that the above proof also shows the following weak form
of (2),:
e (2) - If X C R and f : X’ — R are definable and Idim(X') =
k, then X' contains a normalised k-cone, B’ + ZZ L Vi(t;), such that

f(+ ZZ L viti) = flp (D) + Zi:l pi(t:) for some py, ..., py € A

This weak form of (2),, will be the key fact which will allow us to proceed
with the proof. In fact R.Poston uses this to avoid the use of the “partition
condition” in the next step.

4.4 Proof on X \ Xj

In fact (dim(X \ Xo) < m. Suppose not, apply the above remark to X \ X,
and get an m + 1-cone C' C X \ Xy C X. By the lemma on sub cones we will
have < C >C< X > . But these vector spaces have the dimension m + 1,
therefore they are equal.Since e, €< X >, f is linear in x,, inside some cone
contained in X \ Xy, a contradiction.
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4.5 Proof on XyN (K’ K)W(X)

Lemma 4.3 [On projection of normalised cones] If C' is a normalised m-
cone in R" such that e, €< C' > . Then C = (L', L)y for some definable
functions L', L : m(C') — R U {—o00, +o00}, with L' < L.

Proof. Assume C'= B+ > ", \i(t:).
Claim (1): b)) € Band b—b €< C > then b=V,

Proof of Claim (1): Let sq,...,s, € R be such that b—b" = >"" A(s;).
Now take ¢ = b+ >, Ni(t;) € C with ¢; > 0 such that ¢; + s; > 0 for all
ie{l,...;m}. Then c = b+ > N(t;) =V + >0" Ni(ti + ;). Since C'is
normalised b = b'.

Claim (2): Let z,2’ € C with corresponding b,V € B. If n(x) = n(z’)
then b=1'.

Proof of Claim (2): We can write z = (n(z),y) = (7(x),0) + en(y)
b S () and o = ((), ) = (n(2"),0) -+ enly) = ¥ + 27 M),

Then b=V =>"" N(t; —t;) +en(y —y) €< C > (since e, €< C >).
Therefore by (1) b=10'. O

Claim (3): For each x € C the definable set Cr(,y := {y € R: (7(x),y) €

C'} is an open interval.

Proof of Claim (3): First notice the following: If v, vy, ..., v, € A", with
vy, ..., Uy linearly independent and v €< vy, ..., v, > then for all b,c € R",
b+ < v >Net < vy,...,0, >0 is open and connected in b+ < v >:To see
this consider a linear isomorphism L of R™ that sends each v; to e;.

Let z € C. Then by (2) Crzy = mu((b+ < C > N ((7(x),0)+ < e, >))
for some b € B and where 7, : R® — R is the projection onto the last
coordinate. Its now clear that Cr(, is an open interval. O

To finish the proof consider the definable functions L(w(x)) := sup{y €
R: (m(x),y) € C} and L'(w(z)) :=inf{y € R: (n(z),y) € C}. O

We can now proceed. By (1), and the sub induction hypothesis it is
sufficient to prove the result on a normalised m + 1-cone contained in Xy N
(K',K)rx). Let D =B + S 0i(t;) be one such. By the lemma on sub
cones 3.4 < X >=< D > so e, €< D > . By the lemma on projection
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of normalised cones D = (L', L),y for some definable functions L', L :
(D) — R. (Note that K’ < L' < L < K).

Since for each T € w(D) f(z,—) : (L'(Z), L(T)) — R, is linear, we can
write f(Z,x) = ¢(T) + g(T,y) for some definable function ¢ : 7(D) — R
and a definable partial endomorphism ¢(z, —) : (=M (Z), M(T)) — R with

9(7,0) = 0, where M(z) = “E-LE and where y = ¢ — LE-L@

Lemma 4.4 [Main Lemma] There is a partition of D into finitely many
normalised cones such that for each m+ 1-cone D"in this partition there is a

A € A such that for allT € w(D"), g(T,y) = My) for ally € (—M(Z), M(T)).

Notice that this enough to finish the proof of (2), on Xy N (K’, K)(x):
on each D" we have

1(7.2) = ofF) + (7,2 — (KD LDy,
L(z) - L(7)
2
Now let h(Z) := ¢(T) + )\(w) By (2),,—1 there is a decomposition

of m(D") into normalised cones such that if A := B+ Zle v;(t;) is one such,
then we have

=c(T) + A( )+ Ax).

k

b+ZvH = hyp(b) + ) Ai(ty)

i=1
on A, for some Al,...,AkEA. B

Let A := {(z,z) € D" : T € A}. By (1), we can decompose A into
normalised cones. Let C':= E + 3_\_ w;(t;) be one such cone. Then 7(C) =
m(E) 4+ YL, mwi(t;) is a normalised sub cone of A. Therefore by lemma 4.1

we have 1
6) + Z ﬂ-wz(tz - h\ﬂ(E) + Z gz z
=1

on w(C), for some (1,...,(; € A. But from this it follows that
l !
fle+ Y wilti)) = by (w(e) + M) + D (G + Awi) (t:)
i=1 i=1
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where e := (m(e),€’) and for each i = 1,..., [ w; = (Tw;, w; ).
The proof of the Main Lemma follows from the following lemmas:
lemma A: Let C = B+ S5 wi(t;) € R" be a normalised k-cone. If
v €< C > then there is an k-cone C' = B' + ¢ vi(t;) C C such that

ldim(C'\ C") < k and for all z € C" we have z +v € C.

Proof. Since v €< C > we have v = Z?Zl vj(s;) for some s1, ..., s, € R.

Let J-={j:s; <0} and J* ={j:s; > 0}. We want a normalised k-cone
C" C C of the form C' := B' + 3¢ v(t;) for some bounded definable set
B’, such that if z € " then z +v € C. Take

B :={b+ Z vj(—s;) : b € B}.

JjeEJ~
Ifz=V0+ Zle v;(t;) € C' then
k
o=+ > vils) + (O vils) + Y vilts).

jeJ~ jEJT =1

k
= b+ (Z 'Uj(sj) + sz(tz)) eC.

jeJ+ i=1

Now we must show that idim(C'\ C") < k. Let z=b+ S_F_ wi(t;) € C then
2¢C — FjeJ ;< —s; <= z€(}

where Cj is the normalised k — 1 — cone C; = Bj + >, ,;vi(t;) with
B;:={b+v(t):be B,0 <t < —s,}, foreach j € J. O

We now proceed with the proof of the Main Lemma: Since e, €< D >
we can apply the lemma A to get an m + 1 — cone D’ C D such that
ldim(D\ D') < m+1, and for all z € D',z + e, € D. Therefore in D’ the
following function

Ag(z) == (9(z +v1) — g(2), .-, g(z + 1) — 9(2), 9(2 + €2) — 9(2))
is well defined. Let
D" :={zeD:36> 0V € B(z,8)N D, Ag(z) = Ag(z)},
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where B(z,0) :={2" € R": |2 — 2| < d}.
Lemma B: ldim(D'\ D") <m + 1.

Proof. Suppose not, then by (2)! there is an m + l-cone C = E +
Z’Zw{l u;(t;) € D'\ D", on which we have g(e + 7 u;(t;)) = glule) +
2221 w;i(t;) for some pq, ..., my1 € A. By the lemma on sub cones

< Uty ooy Uyl >=< V1, vvy, Ung1 > -

1
And so e, = th u;(s;) for som? S1y-..,8my1 € R and for each k €
{1,...,m + 1} we have v, = ZZ”J{ wi(s;x) for some syp,...,Smi1x € R.

Apply the lemma A m + 1 times to get an m + 1-cone C’ C C such that for
all j € {1,...,m} if z € C' then 2z +v; € C and z + e, € C. But then a
simple computation shows that for all z € C’

m+1 m+1 m+1
Z,uz 521 Z,uz Szm Z,uz Sz
This contradicts the fact that C" C D'\ D”". O

Proof of the Main Lemma: By sub induction (2), holds in D\ D”".
Now, ﬁngu is continuous and locally constant, so D”is by o-minimality
a finite union of definable cells on each of which ﬁg is constant. By sub
induction we may assume that D" is one such cell.

Apply (2),, to D”. And let C' = E+ 37" u;(t;) € D" be an m+1-cone on
which g(e + thl ui(t;)) = gle(e) + Zzntl i (t;) for some piq, ..., pmi1 € A.
Let C" C C be an m + 1-cone obtained as above by applying the lemma A
m + 1 times. Then

m+1 m+1 m+1

Z,uzszl Zﬂzslm Z,uz Sz

(where for each k € {1,...,m 4+ 1} S14,...Smi1x € R are such that v, =
Z:”ng wi(Sik), and s1,...,8m41 € R are such that e, = Z:”ng u;(s;)), since
that equality holds in C" C D”.

Note that, if v € A™ and vq,...,v; € A" are linearly independent and
there are t1,...,t; € R such that v = Zﬁ 1 Vi(t;), then there are 7,...7, € A
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such that for each i = 1,...,] we have 7;(1) = ¢; : consider the mappings
l

ti
t — 7;(t) where we write v(t) := > ._,vi(7:(t)) , these are well defined
definable endomorphisms.

Since, we have e, = Z:’:{l u;(8;)), let o1,...0ms1 € A be such that for
each i = 1,...,m + 1 we have o;(1) = s; and let A = 37"+ y;(03). To
finish the proof of the Main Lemma we only need to show that for each
Z € n(D") we have ¢(7,y) = Ay) for all y € (—M (Z), M(Z)). Now since for
each T € m(D") g(%,1) = g(T,0+ 1) — g(Z,0) = A we will be finished by the
next lemma.

Lemma C: Let € > 0, and let u, A : (—€,€) — R be partial definable
endomorphisms.

(1) If there are a and b such that 0 < a < b < € and p(a) = pu(b) =0 then
for all x € [a,b] p(x) = 0.

(2) If there is 0 < a < € such that p(a) = A(a), then p = .

Proof. (1): Let Z := {z € [a,b] : u(x) = 0}. Then Z is infinite since for
each ¢ € QN[0, 1] we have

p((1 = g)(a) +q(b)) = (1 = g)p(a) + qu(b) = 0.
Therefore by o-minimality it contains an interval (a, §). Let
L:={ae€(a,b):Ja<y<WWa<t<wy, ut)=0

and¥é > 03Ja —d < s < apu(s) # 0}.

Then
Lis finite <= L=0 < a=a.

But by o-minimality L must be finite. So a = «, similarly § = b.
(2) : Let a :=sup{z € (0,¢) : (u—MN)(y) = 0¥y € [0, 2]} (by (1) the above
set is nonempty). If @ < e then there is 5 € («, €) such that § — a < «, and

(1 =M(B) = (= (B - a) +a) =0,

a contradiction. O
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4.6 (2)n=> (1)nn

By cell decomposition we may assume that X is a cell,for example of the
form X = (f, g)r(x), where f,g : 7(X) — R are definable functions; (for
the other cases the proof is similar).

Apply (2), to f,g: (X)) — R.Let D = B+ ", v;(t;) be a normalised
cone in the resulting decomposition of 7(X), and let

E:={zx e X :n(x) € D}.

It is sufficient to prove the result for this set.
For some Ay, ..., A, fl1, - - -, by € A we have that Vb € BVty, ... t,, >0,

f <b+ ivxm) = fls®) + YA
and

g (b + Zw(h)) =gls(b) + Zm(ti)-

Since f < g, it is easy to verify that f|g(b) < g|p(b) and so each A\; < ;.
And

E={0+) (v(t:),u) : b€ Bt1,... ty >0,
=1
Fl0) + ) Ni(t) <u < glpd) + > milt:)}
i=1 =1
=FEyUFE; UE,
where: .
Eo:={(b+> vi(t:),u) : b€ Bt1,... ty >0,
=1
Fla0) + Y Nilt) <u < glpd) + > Nilt:)}
i=1 i=1

27



which is the normalised m-cone

(flB,9lB)B + Z(Ui, Ai) (t);
and,
Ey={(b+> v(t;),u) :b€ B t1,... ty >0,

u = g|p(b +Z)\

which is the normalised m-cone I'(g|g) + > (v;, Ai)(t;) and

By:={(b+> vi(t:),u) : b€ B tr,... ty >0,
i=1
gla®) + Y Ni(ts) <u < glsb) + Y p(t:)},
i=1 =1
Z'Uz tla atm > 07
=1
SOnt) <u< Y ut)}
i=1 i=1
which is the disjoint union of the sets
Ef :=T(glp) + {O_vit:),u) :b € B,ty,... >0,
=1
k—1 m k m
D pt) Y Nilt) <u <> plt) + Y Nilt)}
i=1 i=k i=1 i=k+1
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with k € {1,...,m}, which (except when \; = p4, in which case E} is
empty) is the normalised m + 2-cone

T(gla) + 30 )0 + (00 M)+ vt ) + 3 (s A0

(since Ag(tr) < u < pg(ty) for all ¢, > 0, there are unique ¢, > 0 such that
t+t' =t (and so v (t) + v (t') = vi(tr)) and uw = A\ (t) + px(t')).
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