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1. INTRODUCTION

The time evolution of the size distribution of a system of clusters can
be modeled by an infinite system of ordinary differential equations, each
equation describing the rate of change of the concentration ¢;(t) of a cluster
of size j (j-cluster), forj = 1, 2, ....

Assuming only binary reactions between clusters (i.e., a given cluster
can fragment only to give two smaller ones, and, reciprocally, can only
be formed by coagulation of two smaller clusters) the coagulation-
Sfragmentation equations describing the evolution of cluster sizes are

Jj-1 a3
&0 = %kzl W, ic(0) — ,; W), j=123,.., (1)

where W, (c(#)) = a; c()c,(t) — b;,c;.(1). The coagulation and the frag-
mentation coefficients a;, and b,,, respectively, are time independent
parameters satisfying the basic assumptions of being non-negative and
symmetric with respect to permutation of the subscripts.

Since cf1) is physically interpreted as the concentration of j-clusters it
is of special relevance to consider solutions to the initial value problem
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for (1) which are non-negative, c{f) = 0, and have finite density, p(t) =
2 1 jeft) < . This motivates the study of the Cauchy problem for (1)
in the Banach space of finite density sequences,

X, = {c—(c) el = EJIc ! <w} @)

Due to the physical assumptions underlying the model one expects density
to be a constant of motion. When this is, indeed, what happens, the
solution is called density conserving.

Although an easy formal computation of p (1) gives p.(r) = 0, and hence
pLt) = const, for all # = 0, it is well known that, for some rate coefficients,
density can vary along solutions (1, 6, 7, 11]. When it decreases, the
solution is called a geling solution and the breakdown of density conserva-
tion at a time 7, = 0 is physically interpreted as corresponding to the
occurrence of a phase transition in the system (gelation): the formation
of a “*macroscopic’’ gel phase with mass, at time ¢ > 7,, proportional to
p(0) — p(1). In terms of the size distribution of clusters, this finite time
phase transition implies a very rapid formation of large size clusters and
the transport of part of the mass of the system to a cluster of infinite size
(i.e., j — =) in finite time.

In this paper we are only concerned with existence and uniqueness of
density conserving solutions.

Proofs of existence of solutions to (1) have been obtained for a variety
of rate coefficients. The method of proof consists in taking the finite n-
dimensional truncations of (1), for which solutions ¢" are density conserv-
ing. Standard methods in the theory of ordinary differential equations give
existence and uniqueness of non-negative globally defined solutions to
the truncated system. To prove that (1) has a solution, one proves the
existence of a subsequence (¢") of solutions to the truncated systems,
converging to some function ¢, and then that ¢ satisfies (1) in some conve-
nient sense (usually the integral version of the system). Following Carr
[3], we say that a solution to (1) is an admissible solution if it is obtained
as the limit as n — « of solutions to the n-dimensional density conserving
truncations of (1). This method of proof was first used by McLeod [9, 10]
in the study of the special case of (1) with b;, = 0 and has been used ever
since in almost all studies of existence for this type of equations (for an
exception see [12]).

The first study of (1) for which all coefficients a;, and &;, could be
non-zero seems to have been [13]. In it, Spouge assumed coagulation
coefficients satisfying a;, < r;r,, where (r;) is a non-negative sequence
such that r; ~ o(j) as j — = and with fragmentation coefficients satisfying
a condition that, for binary fragmentation, is equivalent to boundedness.



894 F. P. DA COSTA

With these assumptions, existence of non-negative global solutions to (1)
was established. Questions of uniqueness and density conservation were
not discussed in [13].

In a more recent paper, Ball and Carr [1] dropped the assumptions on the
b;,’s (except the basic ones) and considered a slightly stronger condition on
the coagulation, namely a;, < K, (j + k), where K, = 0 is a constant.
Under these conditions they proved the existence of non-negative, globally
defined, density conserving admissible solutions. To get density conserva-
tion of all solutions, or to prove uniqueness, further assumptions were
needed, in particular, some restrictions on the growth rate of the fragmen-
tation coefficients.

Comparing the assumptions on the rate coefficients in these two studies
we conclude that [1] gives a definitive improvement on [13] when r; ~
0(j), as j — o, for a € [0, 4]. However, for & > § the proofs in [1] are
no longer valid and the only existence result for this case seems to have
been that of [13], where the (binary) fragmentation coefficients b;, need
to be bounded.

In this paper we prove the existence and uniqueness of admissible
solutions for coagulation coefficients satisfying

(H1) aq;, = K (jk)*witha € (3, 1],

and for fragmentation coefficients satisfying the following strong fragmen-
tation condition, first introduced by Carr in (3]:

There exists a constant y > 0 such that, for all & = 1, there exists
Ky(p) > 0 such that

hir)
(H2) Y j*b;, ;= K (u)rv+e
Jj=1

for all r = 3, where H(r) is the integer part of (r — 1)/2. Furthermore,
we prove that admissible solutions are density conserving. This result is
somewhat interesting since for the case a;, satisfying (H1) and b;, = 0
solutions do not conserve density, in general [6, 7, 11]. Heuristically, the
effect of fragmentation is to reduce the rate of formation of large clusters
and, taking into account the interpretation of the geling behaviour given
above, we expect that increasing fragmentation strength can prevent gela-
tion. This is proved to occur for admissible solutions if (H2) holds and
Y > a.

Fragmentation coefficients satisfying (H2) include, for example, b;; =
(j + k)P and b;; = (jk) for B > —1, which have been used in studies of
degradation of polymers {8]. Other examples are given in [3].
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The paper is organized as follows. In Section 2 basic definitions and
some preliminary results needed afterwards are stated.

In Section 3 we prove a regularity result analogous to the one preseated
in [3] for the case a;, < K,(j + k), namely that (H1)-(H2) and y > 2a -
1 imply the u-moment of a solution ¢” to the n-dimensional truncated
system, defined by |lc"(0)fl, = =i, j*/c}(®)], is finite and bounded above
by a function independent of n, for all t > 0 and u = 1. Since the bound
is independent of n this property is valid for all functions ¢”: R* — X,
obtained as pointwise limits of subsequences of (c"); i.e., ¢/« — ¢} as
n, — o, for some sequence (n,) and all j.

This gives an a priori bound on [c*(¢)|, for £ > 0 and g = 1 that allow
us to prove, in Section 4, that [c*, is integrable in [0, ¢) for all ¢ = 0 and
w <1+ v. In particular, this holds for admissible solutions. Still in Section
4 this integrability property is shown to hold for all solutions to (1).

In Section 5 we prove the existence of admissible solutions. The starting
point of the proof is as in [1]: considering the solutions (¢*) to the n-
dimensional density conserving truncation of (1) we prove, by Helly’s
theorem, the existence of a subsequence (¢™) and a function ¢ such that
ci{t)— cft) as n, — =, for all j and ¢. To prove that c is an admissible
solution of (1) we use the integrability property of Section 4, the Fa-
tou—-Lebesgue theorem, and the dominated convergence theorem to pass
to the limit n, — = in the truncated system and to conclude that ¢ satisfies
the integral version of (1). Density conservation of admissible solutions
is an easy consequence of the integrability of ||c], .

Finally, in Section 6, we use the integrability of c[|,, for all solutions
¢ of (1), to get the uniqueness of density conserving solutions.

2. PRELIMINARIES

2.1. Definitions

We study the existence of solutions to the Cauchy problem for (1) in
the Banach space X, defined by (2). In fact, we are only interested in non-
negative solutions, i.e., solutions c(¢) that, for all # = 0, are in

X*={c€X,:¢;=0forall j}.

As pointed out in the Introduction, we need to consider pu-moments of
solutions, with u = 1, and so we define the following subspaces of X :

def — |
X, = {c = (¢;) llell, éj;jﬂcjl < oo}, p=1. ?3)
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The subspaces X, are themselves Banach spaces with the norm ||-||,. In
X, we need to use the following notion of convergence

DEFINITION 1 (Weak* convergence in X,). Let {¢") be a sequence in
X,. We say that ¢" converges weak* to ¢ in X, as n — x, and we write
"=, if

1. sup ||c"|, < =, and
n

2. ¢f—casn—xforallj€N.

Following Ball and Carr [1], we use the definition of the solution.

DEFINITION 2 (Solution to (1)). Let T € (0, »] and ¢, = (¢g;) € X"
A solution ¢ = (c;) of Eq. (1) on [0, T), with initial data ¢(0) = ¢, is a
function ¢: {0, T) — X * such that

1. Forallj&N,¢;:[0, T)— Ris continuous, and sup |c(), < =.
t€(0,7)
2. ForalljeEN,te[0,T),

x

Z m,}) . 4Ciox € LYO, 1).

3. ForalljeN,te€[0,7),

(0 = e + j [‘ 2 W icls)) — EI mk(c(s))] ds.

We say that a solution c is density conserving on [0, 7} if ||c(2)||;, = ||c(0)[,
for all r € [0, 7.

Throughout this paper we make use of the following n-dimensional
density conserving truncation of (1),

GO =15 W e - Swen,  1=i=n @

where for j = | (j = n) the first (last) sum is defined to be zero. Defining

¢} = 0 for j > k, solutions ¢" to the n-dimensional system (4) can be
considered to be in X, for any .

DEFINITION 3 (Admissible solution}. A solution ¢ = (c;) to (1) on
[0, T) is an admissible solution if there exists a sequence n, — = such
that solutions ¢™ to the n,-dimensional truncations (4) converge weak* to
o) in X, forall r € [0, T).
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2.2. Basic Results

We now state without proofs some preliminary results needed after-
wards. The first two propositions deal with properties of the spaces X,,.

ProposITION 2.1 [4, Lemma 1.2.1]). For all B > a, X, is densely and
compactly embedded in X, and |c|, =< |lc|z for all ¢ € X,.

ProposITION 2.2 [4, Lemma 1.2.2]. Foralla < 8 <wv, and all ¢ €
X,, the following inequality holds:

el = Nellzlclly .

For integers m, n such that 1 < m = n define the following subsets of
N x N:

T, ={G. k) :j k=m,j+k=n)
T2, ={Ukm=<j+k=njk=m-1}
T3 ={(j,k):l£j$m—],kzm’j+ksn}

m,n

T ={j,km=j=nj+k=n+1}

m.n

The next two results are basic tools for the manipulation of solutions.

PropPosITION 2.3 [I, Lemma 2.1]. Let (g;) be a sequence and let m,
n be integers satisfying 1 = m =< n. Let (c;) be a solution of (4). Then

O 1
Z 8iC; = 2 2 (&+i — & — 8IWul0) + 5 E g+ W, (0
= - 2

J=m T

+ Z (g;+x — 8 W, ul0),
Toun
where the sums are defined to be zero if the associated region is empty.

Setting g; = j and m = 1, Proposition 2.3 implies that solutions to (4)
are density conserving.

ProprosiTION 2.4[1, Lemma3.1]. Let(g;),m and n be as in Proposition
2.3. Let ¢ be a solution of (1) on {0, T) for some T > 0. Then, for all t,,
t, such that 0 = t, = t, < T we have
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2 glefn) — cfn) = f 2 B 2 (&= &~ &)
s n Thn

Jj=m

+3 Z g+t Z (8j+k— &) — 2 g,] W, (c(s)) ds,
where the sums are defined to be zero if the associated region is empty.

Using this proposition it is easy to see that a solution to (1) is density
conserving on [0, 7] if and only if

lim j Z S W) ds =0, )

k=n—j+1

for all ¢+ € [0, 7].
Two further technical results are presented here.

PROPOSITION 2.5 [3, Lemmas 2.3 and 3.3]. Leto=1and0=A=1
be arbitrary. Then
forr=3and 1 =j< H(r), r"—j"— (r —j)° = (27 - 2)j°.

2. there exists a C, > 0 such that, (i + HIG + j) — i —j°] =
Ci% + §j%), forall i, j = 1.

3. foralli,j=1,0=<i*+j*— (i +j)* = GG+ )™

PROPOSITION 2.6 [1, Lemma 2.3]. Assume (H1) and let ¢" be a solution
of Eq. (4) on [0, ®). Define

gr(fy=e"! { > ek + 2mK(,Hc"(0)|ﬁ] .
j=m

Then é;(t) =0,forallm=n,t=0.

3. A REGULARITY PROPERTY

The main result of this section is that, under (H1), (H2), and an additional
relation between y and «, a finite moment property is valid; namely, for
all u, n = 1,1> 0, |c"(®], < = can be bounded above by a function
independent of n.

LEMMA 3.1.  Assume (H1), (H2). Let ¢y = (co)) € X, ||coll; = po > 0,
and let ¢" be the solution of (4) with initial data ¢™(0) = (cpy, --» Cop)-
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Then, for every p = 1 + a, there exists constants €y, 6, €,, depending
only on a, y, 1, and py, such that

d
Ller, =6+ €l = ez, ©)

where a; = 1 + Qa — D/(nw — Dand oy = 1 + y/(n — 1).

Proof. The proof is similar to that of Lemma 2.4 in [3]. By Proposition
2.3 we have
!

d . .
Zlch=5 > [+ k¥ — j* — kFTW, (c™). 0
J+k=n

We are going to analyse separately the contributions of the coagulation
and fragmentation terms to the right-hand side of Eq. (7):

(a) Coagulation terms. Using (H1), Proposition 2.5.2, and the sym-
metry of the summation region, we obtain

1 . .
3 2 LG+ ke =k = k¥lagcfel
Jjtk=n
1 jp.+aka+1 +ja+lku+a 0o
SZC“K"”;S,, Tk clek

_C K 2 jy.+a lka+| n ;‘l

jtk=n

= CpKa“C “aﬂucnu;ﬁ-avl s

and applying Proposition 2.2 we get, foru = 1 + ¢,
C;/.Kancnna+lncnnp.+a-l = (gl”c"nmI ’

where €, = € (a, &, py) and a; = 1 + Qa — 1)/(n — 1) are constants.

(b) Fragmentation terms.

| . .
N (W 3 e il 43 | S

2j+k§n

%ZZ [re = j* = (r = 1,7

n H(r)

> (2¢7 = Dby, cd + 2247 = D 3 X j#b;, ]

r=3j=1
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= (24 = Dby cd + 20247 = DK () D, r#trer
r=3

= k(o P sy — . et
= x(p, 7)||C"“;L+y = €k, v, Po)

where x(u, y) £ min{2Q2*~' — DK (), 27*72*"' — 1)b,,} and €, =
€o(it, ¥, Po) = k(u, y)py. Using Proposition 2.2 and defining 6, = €,(u,

v, Po) &f k@, ¥)pg Y™V, we conclude that the contribution of the frag-
mentation terms can be bounded below by %,|c"[|22 — €, with a, =
I + y/(n — 1). This concludes the proof. |

LEMMA 3.2. Suppose that the assumptions in Lemma 3.1 still hold
and, furthermore, y > 2a — 1. Then ||c"(1)||, < = for every t >0, n = 1,
and n = 1,2, .... If (c") has a subsequence (c"x) weak* convergent to
some ¢ € X* on [0, T), then also [c(t)], < = for0 <t <T.

Proof. Assume y = 1 + a. To simplify notation let x(¢) = |lc"(?)]|, for
t = 0, and x, = [[¢"(0)],,. Consider the differential inequality (6) in Lemma
3.1. Since y > 2a — | we have o, > a; > 1. Let 8 > 0 be the unique
positive solution of €, + €, x® — €,x* = 0. If x, = B8 then x(¢) = S for
all + > 0. Suppose now that x, > B. Then, for all v € (1, a,), we can
choose A > 0 and a maximal 8 > 0 such that, for all x > x; — §,

By + 6, x4 — BGx2 < —Ax”. (8)
By a maximal 8 we mean the unique 8 such that x; = x, — & satisfies

o+ €x5 — Gxr = —Axy}. 9)
Let z(1) = L(t, x,) be the solution of 7 = —Az* with z(0) = x,. A solution
x(1) of the differential inequality (6) with x(0) = x, satisfies x(¢) = z(1),

provided ¢ > 0 is such that (8) holds. Thus,

I 1
7+ 0 = DAY D= [(o — DATED”

x() =Lt xy) =

and so x(f) < oo for all initial data x, > g8 and for ¢ > 0 such that (8) holds.
Suppose there exists a7 > 0 such that x(7) = x;. Then, by (9), we conclude
that x(¢) < x5 for all 1 > 7. Hence, for all w = 1 + a, all positive integers
n, and all # > 0 we have [c"(#)]|, < « and, furthermore, for r > 0 suffi-
ciently small,
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"l = = 10)

v — I)At]l/(v—l)

independently of the initial data, provided A and v are appropriately cho-
sen. Since the bound in the right-hand side of (10) is independent of n, if
c" 2 ¢* for some c* € X, then lc*], < ~forallt>0and p = 1 + a,
and [|c *[|, is bounded above by the right-hand side of (10) for sufficiently
small + > 0. The result for x € [1, 1 + «) follows by Proposition 2.1. |

4. INTEGRABILITY OF HIGHER MOMENTS

Let () o fol lc(s)],. ds. Inthis section we prove two integrability results
that are of crucial importance for the rest of the paper. The first one
establishes, for u < 1 + v, the integrability of the w-moments of functions
that are weak* limits of subsequences of ¢”. This result is used in the
proof of the existence of admissible solutions (Theorem 5.1). In the second
we prove that the same integrability property is valid for all solutions of
(1), which is needed for the uniqueness result.

THEOREM 4.1. Assume (H1), (H2), and vy > a. Let ¢ € X* be the
weak™* limit of a subsequence (¢™) of solutions to the n,-truncated system
@ on [0, T), T > 0, with initial data cy € X*. Then, for every t € {0, T)
and every € > 0, I}, (1) < .

Proof. Generally ¢, € X" is not necessarily an element of X, for
p > 1, in which case [[c(0)[|, = = and [c(s)f, can be non-integrable in a
neighbourhood of the origin. Assume that ||c(0)||, = %. The proof of Lemma
3.1, and in particular (10), can be used to estimate the behaviour of ||c(2)],
for t near zero. From (10) we get, for t > 0 small enough,

el = 5=, (an

v — 1)At]1/(u—l);

thus, for integrability of ||c|l, near the origin it is sufficient to have v > 2
and, since we can take any v € (1, 1 + y/(u — 1)), this implies that we
must have 1 + y/(u — 1) > 2, i.e., u < 1 + v, in order to choose v > 2.
Thus, for any g < 1 + y we have integrability of ||c(1)|, for ¢t € [0, T),
which proves the result. |

Remark 4.1. In particular, Theorem 4.1 is valid if ¢ is an admissible
solution of (1). Moreover, Theorem 4.1 still holds with /,(z) changed to
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1w = fol lc"(s)l, ds, and we conclude that, under the above assump-
tions, there exists a function g,(-) € L\, .([0, T)) such that I = fo
gus)ds < xforall0 ==z <Tandn € N.

THEOREM 4.2. Assume (H1), (H2), and v > a. Let ¢ be any solution
of Eq. 1) on |0, T), T > 0. Then, for every t € [0, T) and every € > 0,
1|+y—e(t) < o,

This theorem was proved in [3] for coagulation rates of the type a;, =
K, (j* + k%) and the present proof follows the one in that paper closely.
The proof consists in a repeated application of the following lemma

LEMMA 4.1. Assume (H1), (H2), and y > a. Let ¢ be any solution of
Eq. (Yon{0,T), T >0, and assume 1 (t) < = for all t € [0, T) and some
o= 1.Then, forallt €[0,T), 1, ,(1) <>, where\ =0 —aifc —a<
1, and A = 1 — g for any € > 0 otherwise.

Proof. Let A < 1 be as defined above. Due to the type of bound
provided by the strong fragmentation hypothesis (H2) it is natural to
consider the equation for the partial A-moment in order to obtain informa-
tion on the nature of /,,,(s). Using Proposition 2.4 we have

Zﬂ@m—qw

t

+ fo [% Z P+ =-G+H0NH+ Zj}‘] a;c{s)c,(s) ds
Tin 14,

— ! l TA A ; k A PA .
—j Ez(] + k _(J+ ))+EJ bj,k(j-H\'(s)ds-

0 T}Jl T4].Il
The strategy of the proof is to establish the convergence of the left-hand
side as n — o« and, with this information and the strong fragmentation
hypothesis, to get the convergence of I . ,(¢).

Since A < | and ¢ € X" the first term in the left-hand side is bounded

independently of n and is convergent as n — o«. For the coagulation
contribution to the left-hand side we have

f z Jtajefs)els)ds = KaJ lle(sHi,lleCs)ll, ds
0 ;521 0

= K, 1,(t) max [|c(s)]; <o
s€l0,1]
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and, using Proposition 2.5,
t n
fo 3G+ k= G+ RN cls)es) ds

Jk=1
f ;: (, )(Jk)“C(S)Ck(s) ds

0,
% J é (Jk)““(l )C(s)ck(s)ds
% fo Z ok +jk*)cfs)cyls) ds

= Kaf Zj"cj(s) E kec,(s)ds
0 /21 =1

< K, | el llets) ds
< K, 1,() max |jc(s)||, < .
s€E[0,¢]

Hence, the left-hand side converges as n — = and so does the right-hand
side. Since all the terms in it are positive this implies that

fo S KA = G+ Kby ls) ds <0, (12)

Jk=1

Now the proof follows as in [3]:

3 GA R = G k)b = (13)

Sk=1

140
=~}
[p]

where

r—1
B, = _}; G+ (r =P — rb,_,;

H(n
=2 Z Gr+ =N =rb,_,
j=1

H(n )
=2C; Eﬁb,_”
F=

= 2C, KApw)r'™

with C| is a positive constant such that j* + (r — j)* = r* = C, j* (Whose
existence can be asserted by a proof similar to that of Proposition 2.5).
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Thus, substituting this estimate for B, into (13) and (12), we obtain
1) <o |

Proof of Theorem 4.2.  Let s be the smallest positive integer satisfying
sy —a) = a.

(a) Suppose s > 1. Then s — | is a positive integer and
0<(s—-DNy—aw)<a.

def
Defining o; = | + (j — D(y — a), we have

l=0 <o, < - <o, <o,<1+a.

Applying Lemma 4.1 s times, starting with o = o, = 1, gives [, < =,
and one further application of Lemma 4.1 with ¢ = o,,;, = | +
s(y — a) > 1 gives the result.

(b) Suppose s = 1. Then two applications of Lemma 4.1, starting
with o = |, gives the result. |

S. EXISTENCE AND DENSITY CONSERVATION OF
ADMISSIBLE SOLUTIONS

We start by proving existence of admissible solutions,

THEOREM 5.1.  Assume (H1), (H2), and y > a. Let ¢y = (cy;) € X .
Then there exists a solution ¢ of Eq. (1) on [0, ©) with ¢c(0) = ¢;.

Proof. Let ¢"(0) = (¢oy, Cpz» ---» Cop), @and ¢” be the unique solution of
Eq. (4) on [0, =) with initial data ¢*(0). ¢ is nonnegative and conserves
density, Ej":,jc;'(t) = E;':,jcj'-‘(()) for every ¢t = 0 [1]. Regard ¢"(¢) as an
element of X * by setting ¢/(r) = 0 for j > n. We have ||c"(0)||; = ||c,ll; and
0 = /(1) = j Y|eylly . Using Proposition 2.6 and the density conservation
of ¢*, the functions 8, n = m, are of uniform bounded variation on
[0, =) for each fixed m. Applying Helly’s theorem [5, p. 370-374], there
exists a subsequence, still denoted 87, , and a function of bounded variation

8, such that 82(1) — 6,,(¢) as n — o, for each ¢t = 0. Writing

) =107 (0) — 87, () + 27 K, [lc"O)5
it follows that there exist a subsequence, still denoted ¢”, and functions
of bounded variation on compact subsets of [0, =), ¢;: Ry — R, such that,
c/(t) = ¢;(t) as n — = for all 1 = 0 and positive integers j, and c;(f) = 0,
le@ll, = nc(,lll. The proof is complete once we establish that ¢ = (¢;) is a
solution of the coagulation—fragmentation equations. l.e., starting with
the integral version of (4), namely
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( [yi-l n—j
() — cj(0) =j [1 D A i ClilS)ei(s) = a,-,kC}'(s)CZ(S)] ds
0 2k:l k=1 (14)
13

' - nej
_L [Ekzl bj—k.kcj-’(s) - ‘2:‘ bj‘kC}Lk(S):l ds,

we should be able to pass to the limit n — « and obtain the integral version
of (1) as the equation satisfied by the limit function c.

(a) Convergence of the left-hand side of Eq. (14). It is clear from
the definition of ¢}(0) and the results above that the left-hand side of (14)
converges to ¢{f) — ¢y as n—> o,

(b) Convergence of the right-hand side of Eq. (14); coagulation
terms. The limit of the first sum is easily obtained; since the sum has a
fixed and finite number of terms and (1) — ¢,(t) as n — =« for all ¢ and
k, we get

it j-1
AZI ajrk,kcf—k(s)cz(s)_"k};] a;_; € (s)c(s).
As the function in the left-hand side is uniformly bounded in n and s,
-} =1
; @ k] Ch) < K, I; (J = R ef il 9k*ci(s) = Kolleoll}

and the result follows by the dominated convergence theorem.
For the second sum we have

-7 o
nan _
I\El‘ajvkcj-ck A}:‘ aj.ijCk

£

n-j
AZI a; 4Ci ~ kZ a; 1 Cy

=]

nj
= lCJ" - le I; aj‘kcj(‘ + Cj

n—j x
=K, jNeolllef = ¢l + ¢ /; a; ;Cf — /;—:1 a; 4 Cy

Consequently, it suffices to prove that

[

ds— 0 asn— x, (15)

n—j x
; a; ,cx(s) — an a; 14 (s)
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Let m be a fixed positive integer and let n be taken sufficiently large
so that n — j > m. Then

)

ds

n—j x
i a; () — kZl a; k€i(s)

t = ¢ m-l
=K, j* j > k%cils) ds + K, j° f > ke|ci(s) = cls)] ds
0 k=n—j+1 0 k=1 (16)

¢ nj

+ K, j® fo 2 Klel(s) = o)l ds.

For the first integral in the right-hand side of (16) observe that 2:=,,_j+,
kec,(s) = [l = llcoll, and the integrand converges pointwise to zero as
n — o, for all s and j. Hence, the integral converges to zero as n — .

For the second integral, again note that the integrand is uniformly
bounded above by 2||c,ll,, for all s and m. Since the sum has only a finite
number of terms, independently of n, each converging to zero as n — o,
we again conclude the convergence to zero of the integral as n — oo,

Finally, for the last integral the integrand is bounded above by 2c,l, ,
and, by the Fatou-Lebesgue theorem, we have

IS O o
lim lim | D, k%|ci(s) — e ls)] ds
m-ax p—ox Y0 k=m

<[ Tmfm S ka(ci(s)] + e (s)) ds = 0.
0 mo>x nox fk=m

Hence, for all £ > 0 we can choose p(g) such that for all m > p(g)
fo k—i k*|cR(s) — ¢, (s) ds < e

for all n sufficiently large. This concludes the proof of (15).

(c} Convergence of the right-hand side of Eq. (14); fragmentation
terms. The convergence of the first sum in the fragmentation terms is easy
to obtain since ¢j(s) — c¢;(s) as n — = for all j and s, and the sum has a
fixed and finite number of terms and is uniformly bounded independently
of n, s:

j-1

l n . A M
3 I;l b xC](s) = jBic}(s) = B,”C N = Bj”C()“l
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def 1 .
where B; == 2 .k« Thus, the dominated convergence theorem

gives
IIij,‘kc(s)ds%f Zb —xkC;(8) ds

The last part of the proof consists in establishing that, for each fixed j,
the following limit holds:

t 1=
[ 3 bucius) ds— [ 3 bucus) ds,  asn—w= (17)
¢ k=1 0 k=1

It is clear from (14) and from results in (a) and (b) that there exists a
function fj(1) such that, for each j and 1,

tnj

f(t) = hm f E b; el i (s) ds.
We need to prove that
t x
-](J‘(t) = j() ; ijk('j-+k(s) ds-

The basic strategy is the following: if we could prove that, given £ >
0 arbitrary, there exists a positive integer p such that for any integer
m = p is valid,

I "_J
f b ¢l (s) ds < e, for all n sufficiently large, (18)
then we could write
t n=j ' m 1
f >b ; kClii(s) ds —j b cli(s) ds| <e
0 k=1

and, since the second sum has a finite number of terms, m — I indepen-

dently of n, and is bounded above by B, llcoll,, where B,, ; = Ek 1 by
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we can pass to the limit n — « and obtain, for all fixed m sufficiently
large and all j and ¢,

o 1m l
I1mf 21 b; ki (s) ds —f b i) ds| <e

and, hence, (17) holds.
In order to obtain (18) we use the equation for the first moment of ¢”.
By Proposition 2.3 with g; = j and n > 2m we have

Ej& [ Z(_]+k)+z_]] a;,cicq — [ Z(J"‘k)‘*’zJ] ) kCiek

J=m

and, since

[22(1+k)+ 2]] jkC}+k—2J Kok

2
T Tmn Tm "

Z iiClhi,  forallj=m~—1,

k=m

we can write

n

2 "(t)+f Z 4 Ces(s) ds (19)

j=m

n

E C(0)+f [ z (_]+k)+z_]:| a; el (s)ci(s) ds. (20)

m n

For the first term in (20) we clearly have that, for all £ > 0, there exists
a p, such that the sum is less the &/3 for all m > p, and all n > 2m.

For the term with the sum over T3, , observe that, by (10), Theorem
4.1, and Remark 4.1, there exists a function g,, ,(-) € L} ({0, T)) indepen-
dent of m and #, such that

D > it s)kacis) = leolli g14ols). @1

Jj=1 k=m

Thus, by the Fatou-Lebesgue theorem,
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fim | t > 3 jrrekel(s) ds

9 =m

22

f (2!”“6 (S)) Z lim k*c}(s) ds.
0

k=m n—>x

Eand

i Jlta n(s)ka (S) dS

IA

IlMS

By (21) we can apply the Fatou-Lebesgue theorem once more to obtain

fim hmJ’ ﬁ i j1*ecn(syk*ci(s) ds

m—x p—ox S0 j=1 k=m

<f e +p im fim Z k*ct(s) ds =

mrx p—x k=g

since 2,_,,k%cf(s) = |lcoll; for all m, n and s.
Thus, for all £ > 0 there is a p, € N such that, for all m > p,,

t
[ 3 jauciocis) ds <5
0T,

for all n > 2m sufficiently large.
Finally, for the term with the sum over T}, , in (20) we have

-1

)

J=1 k%

=1

2, Jrecfskeci(s) = leol g1+als),

-J

and, since the sum has a finite number of terms, for all n, we conclude that

s m—1 m-1 g m—1 m—1
im | > > j'"ecis)koci(s) ds —J' 2 > JMes)kc,ls) ds.
nox 20 j=1 k=m-j j=tk=m-j

Moreover, by the Fatou-Lebesgue theorem and the non-negativity of solu-
tions,

 prm=ol om—d
im | > X j'"ec(9)kcls) ds=0
m=x 20 =1 k=m-j

and so, also in this case we can, given ¢ > 0, choose p; such that the
integral is less then &/3 for all m > p; and all n > 2m sufficiently large.
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Hence, if m > p = max{p,, p,, p;} we conclude that (19) is less then &,
proving (18).

Hence, we conclude that ¢ satisfies the integral version of (1) and so each
¢; is an absolutely continuous function on [0, ¢] for all + < T, and so ¢ is
a solution of (1). |

THEOREM 5.2.  With the assumptions of Theorem 5.1, admissible solu-
tions conserve density.

Proof. From the proof of Theorem 5.1 we already know that
le(ll; < llcgll; for all £ = 0. Since, by Theorem 4.1, we have

llm z ' j,k(c(s)) ds = —lim J-[ Z E J JA(jH((s) ds < 0,

0 j=1 k= n—j+| n—>x Y0 j=1 k=n—j+1
we conclude that

1

Z > W lcls) ds = el

0 j=1 k=n—j+1

letoll = oy~ lim |

proving the result. |

6. UNIQUENESS OF DENSITY CONSERVING SOLUTIONS

THEOREM 6.1. Assume (H1), (H2), and vy > a. Then, for any initial
data cy € X7, there exists only one density conserving solution of Eq. (1).

Remark 6.1. By Theorem 5.2 we already know that there is at least
one density conserving solution, the admissible solution, so Theorem 6.1
implies the uniqueness of admissible solutions and so the sequence (c¢”)
of approximating solutions, and not only a subsequence, converge to c,
the admissible solution of Eq. (1) (see {2]).

Proof of Theorem 6.1. The proof is similar to the correspondent
uniqueness proofs in (1, 3]. Let ¢ = (¢;) and d = (d;) be two density
conservmg solutions with initial data ¢, # 0. Letx = (x) ¢ — dand
W(0) = Z;_, jlx(n)]. Then, by Proposition 2.4,

> x| = J (U(s) + V()] ds, 22)
=1 0
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where
U,(s) = Z (8 — &~ 8)44(9)
TI n
Vi) = = 2 A 4(9)
i,
with
g; = Jj sgn(x))
A; i (s) = W, (c(s) — Wj,k(d(s))
= a; 1 (c(8) x,(5) + d(5) x;(5)) — b; 1 (5) x4 1 (5)
and T},, T}, as in Proposition 2.4.

We are gomg to estimate the right-hand side of (22) as n — =, Using
the inequalities

=&k~ 8~ 8% =0, (8isx — & — 8% = 2j| x4,
we have
t
f U,(s) ds
0

=K, j 2 Jkeci(s) x(s)| ds + K, f 2 J ek di(s)| x,(s)| ds

Tl n Tl K
and

K, j 2 1 ekec;(s)| x,(5)| ds

Tln

=K [ S rweq@ne] ds= Kf Il 3 k0] ds

0 jk=1

<K, fo ey oti(s) ds = fo CSI(s) ds,

where (pc(s) YK e+ . Similarly, defining <pd(s) = a||d(s)|]1+a, we get
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K[| 37k doln )] ds = [ ossois) ds.

T{,n D
Thus

f U, (s) ds < j o(s)W(s) ds,
(1] 1]

where ¢(s) = ¢.(s) + @4(s) is integrable by Theorem 4.2.
For the V, term in (22) we have

“I V,(s) ds| = “t > giha(s) ds
0 0 7

= [ 3 lgaulc e ~ d syl ds

4
Tl.n

+f0 Z lgjbj.k‘xj+k(s)| ds.

4
Tl.n

Now the first term in the right-hand side is bounded above by

K, f' > ")kt eyls) ds + K, j' > e d(s)ke dy(s) ds

0 4 0 44
Tl,n Tl.n

which converges to zero as n — * since the (1 + a)-moments of all
solutions are integrable by Theorem 4.2. Since ¢ and d are density conserv-
ing solutions we have, by (5),

lim [ S jW(c(s) ds = 0 = lim | " W, (d(s)) ds.
= o 7

This implies

t !
lim [ 3 jaucs) ds =lim [ 3 jb;1cjruls) ds
= i, o i,

and it follows from what was previously done that the limit in the left-
hand side is zero and analogously for the corresponding limit for the
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solution d. Thus, observing that

‘f Z ;b i x;.1(5) ds
01,

Sf > bl Xk (5)] ds
0 74

Tl.n

t !
<[ 3 it ds+ [ 3 jbudys) ds,
0 0 7,

we obtain

t
f V,(s)ds—0 as n— w,
0

Passing to the limit in (22) we get
WO = | e(s)bis) ds
0

and then, by Gronwall’s inequality, y(7) = 0, which implies uniqueness. |
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