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Abstract. The method of fundamental solutions (MFS) is a numer-
ical method for solving boundary value problems involving linear par-
tial differential equations. It is well-known that it can be very effec-
tive assuming regularity of the domain and boundary conditions. The
main drawback of the MFS is that the matrices involved are typically
ill-conditioned and this may prevent the method from achieving high
accuracy.

In this work, we propose a new algorithm to remove the ill-conditioning
of the classical MFS in the context of the Laplace equation defined in
planar domains. The main idea is to expand the MFS basis functions in
terms of harmonic polynomials. Then, using the singular value decom-
position and Arnoldi orthogonalization we define well conditioned basis
functions spanning the same functional space as the MFS’s. Several nu-
merical examples show that when possible to be applied, this approach
is much superior to previous approaches, such as the classical MFS or
the MFS-QR.

1. Introduction

The method of fundamental solutions (MFS) is a well known numerical
method for the solution of boundary value problems for linear partial differ-
ential equations (PDEs) ([23, 25, 32, 35]). It was introduced by Kupradze
and Aleksidze [32] and has been applied in the context of problems arising in
acoustics ([3, 8, 13]), elasticity ([12, 14, 34]), fluid dynamics ([6, 28, 36, 40])
or electromagnetism ([20, 41]).

It is a meshfree method for which the solution is approximated by a linear
combination of shifts of the fundamental solution of the PDE to a set of
points placed on an admissible source set. Since, by construction, the MFS
approximation satisfies the PDE, we can focus just on the approximation
of the boundary data, which is justified by density results ([1, 15]). The
method may present a very fast convergence rate, under some regularity
assumptions and its simplicity and effectiveness make it a very appealing
numerical method.

In the original formulation the application of the MFS was restricted
to the numerical solution of homogeneous linear PDEs defined in smooth
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domains. Recent studies have extended the range of applications of the
MFS, which includes the application to non-homogeneous PDEs ([7, 18]), to
non smooth boundaries ([4, 11]) and non smooth boundary conditions ([5]).
There are two major issues in the MFS yet to be resolved: the choice of the
source points and the ill-conditioning. The optimal location of the source
points has been widely addressed in the literature ([1, 2, 3, 13, 19, 23, 24,
26, 27, 33]) and several choices have been advocated to be effective. Some
works have proposed techniques to alleviate the ill-conditioning of the MFS
[9, 10, 17, 37], but none of these approaches seem to completely solve the
problem.

In this work we propose a new technique to remove the ill-conditioning
in the MFS. The main idea is to consider an expansion of the MFS basis
functions in terms of harmonic polynomials. Then, using the singular value
decomposition and Arnoldi orthogonalization we define well conditioned ba-
sis functions spanning the same functional space as the original MFS basis
functions. To the best of our knowledge, this is the first approach able to
remove the ill-conditioning of the classical MFS in the context of general
planar domains.

2. The classical MFS

Let Ω be a bounded and smooth planar domain. We will consider the
numerical solution of the Dirichlet boundary value problem involving the
Laplace equation, {

∆u = 0 in Ω,
u = g on ∂Ω,

(2.1)

for a given function g defined on ∂Ω.
As in [9], we will use the terminology Direct-MFS to refer to the classical

MFS approach that we briefly describe in this section.
Let Φ be a fundamental solution of the operator −∆,

Φ(x) = − 1

2π
log |x| .

This fundamental solution is analytic, except at the origin, where it has a
singularity. The Direct-MFS approximation is a linear combination

uDirect
N (x) =

N∑
n=1

cDirect
n Φ(x− yn), (2.2)

where each base function is a translation of the fundamental solution to
some source point yn placed on some admissible source set Γ̂ that does not
intersect Ω̄.

The approximation can be mathematically justified by density results
stating that

span
{

Φ(• − y)|Ω: y ∈ Γ̂
}
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is dense in L2(∂Ω) [1, 15]. This Direct-MFS linear combination can be
augmented with some extra basis functions. For example for ensuring com-
pleteness it is necessary to add the constant function [1, 21] and to improve
the MFS accuracy in the context of non smooth problems, some singular
particular solutions may be added [4, 5].

By construction, the MFS approximation (2.2) satisfies the Laplace equa-
tion in Ω and the coefficients can be calculated by forcing the boundary
conditions at some boundary points. We consider M (with M ≥ N) collo-
cation points xi, i = 1, 2, ...,M , and solve

ADirect · cDirect = G, (2.3)

where
ADirect = [Φ(xi − yj)]M×N , G = [g(xi)]M×1

and cDirect is a vector containing all the coefficients of the Direct-MFS lin-
ear combination (2.2). In all computations in this work we shall consider
oversampling and (2.3) will be solved in the least-squares sense. We will fix
M = 2N but the method is not much sensitive to other choices of M > N .

The Direct-MFS may provide highly accurate approximations, even con-
sidering just a few source points. For instance, assume that Ω is the unitary
disk and g is the trace of an entire function. If we define M = N collocation
points uniformly distributed on ∂Ω and the source points are placed on a
circle of radius equal to R, we have exponential convergence (cf. [29, 30])
and there exists a constant C > 0 that does not depend on N , such that

‖g − uN‖L2(∂Ω) ≤ CR
−N . (2.4)

Moreover, this bound might suggest that the convergence is faster for large
values of R, that is, choosing the artificial boundary, where we place the
source points, far from the boundary. However, under similar assumptions
we know that the condition number also increases exponentially ([31, 39]),

cond2

(
ADirect

)
∼ 1

2
log(R)R

N
2 . (2.5)

Therefore, for large values of R, the Direct-MFS is highly ill-conditioned,
which affects the accuracy and prevents the exponential convergence to be
achieved.

In the following section we will describe a different approach that reduces
the problem of ill-conditioning of the Direct-MFS.

3. The MFS-QR

The MFS-QR was introduced in [9] as a technique to reduce the ill-
conditioning of the Direct-MFS. The source points are assumed to be placed
on a circle of radius 1

ε ,

yj =
1

ε
(cos(αj), sin(αj)) , j = 1, ..., N, αj =

2πj

N
, (3.1)

where ε is chosen such that 1
ε > RΩ := maxx∈∂Ω ‖x‖ .
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Each source point can be written as 1
ε (cos(α), sin(α)), for some α ∈ [0, 2π[

and dropping the constant −1/(2π), we have the following expansion of the
corresponding MFS base function in polar coordinates ([9, 22]),

ψ(r, θ) = log

√(r cos(θ)− 1

ε
cos(α)

)2

+

(
r sin(θ)− 1

ε
sin(α)

)2


= log

(√
r2 +

1

ε2
− 2r

ε
cos(θ − α)

)

= log

(
1

ε

√
ε2r2 + 1− 2rε cos(θ − α)

)
= − log(ε) + log

(√
ε2r2 + 1− 2rε cos(θ − α)

)
= − log(ε) +

1

2
log
(
ε2r2 + 1− 2rε cos(θ − α)

)
= − log(ε) +

1

2
log
(
ε2r2 + 1− rε

(
ei(θ−α) + e−i(θ−α)

))
= − log(ε) +

1

2
log
[(

1− εrei(θ−α)
)(

1− εre−i(θ−α)
)]

= − log(ε) +
1

2

[
log
(

1− εrei(θ−α)
)

+ log
(

1− εre−i(θ−α)
)]

= − log(ε) +
1

2

[ ∞∑
m=1

−1

m

(
εrei(θ−α)

)m
+
∞∑
m=1

−1

m

(
εre−i(θ−α)

)m]

= − log(ε)−
∞∑
m=1

rmεm

m

eim(θ−α) + e−im(θ−α)

2
(3.2)

= − log(ε)−
∞∑
m=1

rmεm

m
cos(m(θ − α))

= − log(ε)−
∞∑
m=1

rmεm

m
(cos(mθ) cos(mα) + sin(mθ) sin(mα)) .

(3.3)

Therefore, the MFS basis functions ψj(r, θ) associated to N source points
are given by


ψ1(r, θ)
ψ2(r, θ)

...
ψN (r, θ)

 =


−1 − cos(α1) − sin(α1) − cos(2α1) − sin(2α1) − cos(3α1) − sin(3α1) . . .
−1 − cos(α2) − sin(α2) − cos(2α2) − sin(2α2) − cos(3α2) − sin(3α2) . . .
...

...
...

...
...

...
...

. . .

−1 − cos(αN ) − sin(αN ) − cos(2αN ) − sin(2αN ) − cos(3αN ) − sin(3αN ) . . .


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log(ε)
ε

ε
ε2

2
ε2

2
ε3

3
ε3

3
. . .





1
r cos(θ)
r sin(θ)
r2 cos(2θ)
r2 sin(2θ)
r3 cos(3θ)
r3 sin(3θ)

...


(3.4)

and after truncating this expansion, considering the sum in (3.3) just up to
m = p (such that 2p+ 1 > N) we obtain a factorization

Θ(r, θ) = B ·D · F(r, θ). (3.5)

The MFS-QR involves the calculation of a QR factorization of the matrix
B,

B = Q ·R,
and we define a new set of functions spanning the same functional space as
Direct-MFS basis functions given by

Ψ(r, θ) = R̃ · F(r, θ),

defining
R̃ = T̃ ◦R,

where

T̃ =



1 ε/log(ε) ε/log(ε) ε2/(2 log(ε)) ε2/(2 log(ε)) . . . εp/(p log(ε)) εp/(log(ε)p)
1 1 ε/2 ε/2 . . . εp−1/p εp−1/p

1 ε/2 ε/2 . . . εp−1/p εp−1/p
1 1 . . . εp−2/p εp−2/p

1 . . . εp−2/p εp−2/p
. . .

. . .


N×(2p+1)

and ◦ denotes the Hadamard product of matrices,

(A ◦B)i,j = (A)i,j .(B)i,j .

The MFS-QR approximation is a linear combination

uQRN (r, θ) =
N∑
n=1

cQRn Ψn(r, θ) (3.6)

and the solution of the boundary value problem (2.1) is obtained through
the solution of the linear system

AQR.cQR = G, (3.7)

where AQR = [Ψ(xi)]
T or equivalently

[F(xi)]
T .R̃T .cQR = G.

As was reported in [9], the MFS-QR removes completely the ill-conditioning
when ∂Ω and the artificial boundary are concentric circles. However, if the
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domain is not a disk, though at a lower rate than the Direct-MFS, the con-
dition number also grows exponentially as the number of basis functions
increase and this can be prohibitive for large values of N . The main reason
for this growth is the increasing powers of r in the harmonic polynomials in
F(r, θ) that are highly ill-conditioned.

Moreover, by construction, the MFS-QR assumes the artificial boundary
to be a circle and this may be too restrictive when applying the MFS to some
geometries, such as domains that are elongated in one direction or domains
with re-entrant corners for which, in general, placing the source points on a
circle may not be a suitable choice.

Next, we will introduce a new technique to remove the ill-conditioning of
the MFS in the context of general planar domains and artificial boundaries,
provided the latter satisfy a geometric constraint defined in next section.

4. A new technique to remove the ill-conditioning of the
Direct-MFS

In this section, we will describe a new technique to remove the ill-conditioning
of the Direct-MFS. We assume that Ω is a smooth star shaped planar do-
main and for simplicity, we assume that it contains the origin. We will
denote by Ω̂ an open set for which Ω̄ ⊂ Ω̂ and will take the boundary of Ω̂
as an artificial curve for the MFS. We assume that Ω̂ is chosen in such a way
that there exists a ball BΩ for which we have Ω ⊂ BΩ ⊂ Ω̂, as illustrated
in Figure 1. We will denote by (r, θ) the polar coordinates of an arbitrary

Ω

B
Ω

Ω


Figure 1. The setting for the numerical approach. We as-
sume that there exists a ball BΩ such that Ω ⊂ BΩ ⊂ Ω̂.

point x ∈ R2, that is

x = r(cos(θ), sin(θ))

and given a sample of N source points placed outside Ω we calculate their

polar coordinates, which we assume to be of the form
(

1
εj
, αj

)
where αj ∈
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[0, 2π[, for j = 1, ..., N . Thus, using the fact that for any z ∈ C, we have

cos(z) =
eiz + e−iz

2
,

the MFS basis functions corresponding to a source point yj have the follow-
ing expansion, directly obtained from (3.2),

ψj(r, θ) = − log(εj)−
∞∑
m=1

rmεmj
m

eim(θ−α) + e−im(θ−α)

2

= − log(εj)−
∞∑
m=1

rmεmj
m

eimθe−imα + e−imθeimα

2

= − log(εj)−
∞∑
m=1

(
r

RΩ

)m
(εjRΩ)m

eimθe−imα + e−imθeimα

2m
(4.1)

where for convenience we multiplied and divided each term in the sum by
RmΩ . Note that, by the definition of RΩ, for all points in Ω̄ we have r

RΩ
≤ 1

and the assumption that there exists a ball BΩ for which we have Ω ⊂ BΩ ⊂
Ω̂ ensures that

max
j=1,...,N

(εjRΩ) < 1

which implies convergence of the series. Formally, we can expand all the
MFS basis functions defined for (r, θ) ∈ Ω̄ in terms of harmonic polynomials
as follows

ψ(r, θ) = M∞ · F∞(r, θ)

where

ψ(r, θ) =
[
ψ1(r, θ) ψ2(r, θ) . . . ψN (r, θ)

]T
,

M∞ =


− log(ε1) − (ε1RΩ)e−iα1

2 − (ε1RΩ)2e−2iα1

4 . . . − (ε1RΩ)eiα1

2 − (ε1RΩ)2e2iα1

4 . . .

− log(ε2) − (ε2RΩ)e−iα2

2 − (ε2RΩ)2e−2iα2

4 . . . − (ε2RΩ)eiα2

2 − (ε2RΩ)2e2iα2

4 . . .
...

...
...

. . .
...

...
. . .

− log(εN ) − (εNRΩ)e−iαN
2 − (εNRΩ)2e−2iαN

4 . . . (εNRΩ)eiαN

2
(εNRΩ)2e2iαN

4 . . .


and

F∞(r, θ) =
[
1 r

RΩ
eiθ

(
r
RΩ

)2
e2iθ . . . r

RΩ
e−iθ

(
r
RΩ

)2
e−2iθ . . .

]T
.

Note that since RΩ is just a constant, the (infinite) matrix M depends just
on the source points while F (r, θ) depends just on Ω̄. The expansions can be
truncated in such a way that the residual is smaller than machine precision,
for instance considering the expansion (4.1) just up to m = p0, provided
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2p0 + 1 ≥ N . Actually, we can determine p0 taking into account that

ψj(r, θ) = − log(εj)−
∞∑
m=1

(
r

RΩ

)m
(εjRΩ)m

eimθe−imα + e−imθeimα

2m

= − log(εj)−
p0∑
m=1

(
r

RΩ

)m
(εjRΩ)m

eimθe−imα + e−imθeimα

2m
−

∞∑
m=p0+1

(
r

RΩ

)m
(εjRΩ)m

eimθe−imα + e−imθeimα

2m

and we can estimate the residual by∣∣∣∣∣∣
∞∑

m=p0+1

(
r

RΩ

)m
(εjRΩ)m

eimθe−imα + e−imθeimα

2m

∣∣∣∣∣∣ ≤
∞∑

m=p0+1

∣∣∣∣( r

RΩ

)m
(εjRΩ)m

eimθe−imα + e−imθeimα

2m

∣∣∣∣ ≤
∞∑

m=p0+1

∣∣∣∣(maxj εj RΩ)m

m

∣∣∣∣ =

(
max
j
εj RΩ

)p0+1

ΦHL(max
j
εj RΩ, 1, p0 + 1),

where ΦHL is the Hurwitz-Lerch transcendent function. Thus, we define p0

to be the smallest integer such that(
max
j
εj RΩ

)p0+1

ΦHL(max
j
εj RΩ, 1, p0 + 1) ≤ ε.

After determining p := max(p0, dN−1
2 e) we truncate the expansion and ob-

tain

ψ(r, θ) = M · F (r, θ), (4.2)

where M is a N × (2p+1) matrix and F (r, θ), a vector-valued function with
2p + 1 components that are the truncated versions of M∞ and F∞(r, θ),
respectively. Note that there is a slight abuse of notation in (4.2) in the sense
that the equality shall be understood as an approximation with accuracy at
machine precision level.

We will propose a new technique to remove the ill-conditioning in the
Direct-MFS by performing a suitable change of basis. For this purpose,
an important remark is that in (4.2) we can multiply from the left by any
non singular matrix. This corresponds to applying a change of the basis
functions without modifying the functional space spanned by them. Thus,
an interesting question is to identify a suitable matrix to be applied from
the left in (4.2).

Given a set of collocation points and their polar coordinates

xj = (rj , θj), j = 1, ..., P,
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the (transpose of the) matrix of the Direct-MFS system (2.3), ADirect, is
obtained directly from evaluating (4.2) at the collocation points. At this
point we can identify two possible sources for the ill-conditioning of the
Direct-MFS:

• The matrix M is ill-conditioned
• the increasing powers of r

RΩ
in F(r, θ) also generate ill-conditioning.

We will propose a technique to tackle these two sources of ill-conditioning
respectively in next two sections.

4.1. Reducing the effect of the ill-conditioning of matrix M. For
now, we will assume that we can write the functions in F(r, θ) in terms of a
well conditioned basis,

F(r, θ) = K · J(r, θ), (4.3)

where K is an invertible matrix and J(r, θ) is a vector-valued function built
by a set of well conditioned basis functions that are particular solutions of
the Laplace equation. Note that from (4.2) we can write

ψ(r, θ) = M ·K︸ ︷︷ ︸
:=M1

·J(r, θ) := M1 · J(r, θ). (4.4)

We start by calculating the singular value decomposition of matrix M1.
This allows us to obtain the factorization

M1 = U · S ·V∗,
where U and V are unitary and S is diagonal with non negative entries.
Thus, multiplying by the matrix U∗ from the left we obtain

U∗ ·M1 = U∗ ·U︸ ︷︷ ︸
I

·S ·V∗ = S ·V∗. (4.5)

We know that S has the same dimensions as M1 and since we took 2p+1 ≥ N
we can write

S =
[

S1 0
]
,

where S1 is a diagonal square matrix and 0 denotes a block matrix with all
entries equal to zero and we have

S ·V∗ =
[

S1 0
] [ V∗1

V∗2

]
= S1 ·V∗1 + 0 ·V∗2 = S1 ·V∗1,

where V∗1 is the matrix composed by the first N rows of V∗. Now, multi-

plying from the left by the matrix S−1
1 in (4.5) we obtain

S−1
1 ·U

∗ ·M1 = S−1
1 · S ·V

∗ = S−1
1 · S1︸ ︷︷ ︸
I

·V∗1 = V∗1.

Thus, we obtain a new set of basis functions directly from (4.2) (formally)
multiplying from the left by the matrix

(
S−1

1 ·U∗
)
,

φ(r, θ) =
[
φ1(r, θ) φ2(r, θ) . . . φN (r, θ)

]T



A WELL-CONDITIONED MFS FOR LAPLACE EQUATION 10

defined by

φ(r, θ) =
(
S−1

1 ·U
∗)ψ(r, θ) = V∗1 · J(r, θ). (4.6)

Note that from (4.6) instead of the multiplication by the matrix
(
S−1

1 ·U∗
)

to perform the change of basis, for practical purposes we simply calculate
the product V∗1 · J(r, θ) in order to have the new set of basis functions.

We will call MFS-SVD to the approximation made by a linear combination
of the new basis functions of φ(r, θ),

uSVD
N (r, θ) =

N∑
n=1

cSVD
n φn(r, θ) (4.7)

and the coefficients can be determined by solving

[φ(xi)]
T . CSVD = G. (4.8)

Each component of the vector valued function J(r, θ) satisfies the Laplace
equation. Thus, each component of φ(r, θ), which is a linear combination
of the components of J(r, θ) is also a particular solution of the Laplace
equation. Thus, since u and uSV DN are both harmonic functions, by the
maximum principle we have∥∥u− uSV DN

∥∥
L∞(Ω)

≤
∥∥u− uSV DN

∥∥
L∞(∂Ω)

=
∥∥g − uSV DN

∥∥
L∞(∂Ω)

. (4.9)

In all the numerical simulations we will measure the error by evaluating the
error

∥∥g − uSV DN

∥∥
L∞(∂Ω)

at 10001 boundary points.

To illustrate the numerical technique to remove the ill-conditioning of
matrix M developed in this section we consider the unit disk. In the first
numerical simulation we choose the artificial boundary to be the circle of
radius equal to 1+ρ, for a positive parameter ρ and take the boundary data
given by g(x, y) = x2y3. Previous studies (eg. [19]) indicate that the source
points should be chosen close to the boundary for achieving an optimal
rate of convergence of the MFS for boundary value problems with non-
harmonic boundary conditions. Figure 2-left shows the plot of L∞ norm
of the error of the approximations obtained with Direct-MFS and MFS-
SVD, for ρ = 0.005 and ρ = 0.1. The right plot of the same figure shows
the condition number of the system matrices. We can observe that when
ρ = 0.005 with obtain similar errors for Direct-MFS and MFS-SVD. The
condition number of Direct-MFS grows exponentially, while the condition
number of the MFS-SVD is always of order O(1), independently of the value
of N . Taking ρ = 0.1, the convergence is faster. The Direct-MFS and MFS-
SVD have similar accuracy for N < N0 ≈ 600. For N > N0, the condition
number of the Direct-MFS blows up and the two approaches present slightly
different results.

Note that the components of F(r, θ) are orthogonal functions in the unit
disk, which means that in this case we can assume that the matrix K in (4.3)
is simply the identity matrix. Thus, we can apply the technique developed
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Figure 2. Plot of the L∞ norm of the error of the approxi-
mations obtained with Direct-MFS and MFS-SVD, as a func-
tion of N (left plot) and plot of the condition number of the
system matrices of the two methods (right plot).

in section 4.1 for arbitrary artificial boundary. To illustrate this fact, we
consider the case where Ω̂ is the domain with boundary defined by

Γ =
{

(4γ(t) cos(t)− 1, 4γ(t) sin(t)− 1) ∈ R2 : t ∈ [0, 2π[
}
,

where γ(t) = esin(t) sin2(2t) + ecos(t) cos2(2t).
Figure 3 shows the collocation points on the boundary of the unit disk,

marked with · and the source points on Γ marked with ◦. Figure 4-left shows
the L∞ norm of the error on the boundary of the numerical approximations
given by the Direct-MFS and MFS-SVD, as a function of the number of basis
functions, N . Again, we took the boundary data given by g(x, y) = x2y3.
The right plot of the same figure shows the condition number of the matrix
of the linear system. We can observe that for N ≤ N0 ≈ 30 we obtain
similar errors with the Direct-MFS and the MFS-SVD because the basis
functions of both approaches span the same functional space. For N > N0

the convergence of the Direct-MFS breaks down due to ill-conditioning, while
the errors of the MFS-SVD decrease until we reach values close to machine
precision, keeping the condition number to order 1, independently of N .

4.2. An Arnoldi-SVD Method of Fundamental Solutions. In this
section we introduce a technique to avoid the increasing powers of r

RΩ
in

F(r, θ), through expansion (4.3), for suitable matrices K and vector valued
functions J(r, θ). The coefficients of the MFS-SVD are calculated by solving
the linear system (4.8) involving the matrix

[φ(ri, θi)]
T = [H(ri, θi)]

T . (V∗1)T .

Taking into account (4.3) we have

[F(ri, θi)]
T = [H(ri, θi)]

T ·KT
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Figure 3. Collocation points on the boundary of the unit
disk, marked with · and source points on Γ marked with ◦.
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Figure 4. Plot of the L∞ norm of the error on the boundary
of the numerical approximations given by the Direct-MFS
and MFS-SVD, as a function of N (left plot) and plot of the
condition number of the matrix of the linear systems (right
plot).

and defining

zi :=
ri
RΩ

eiθi and wi :=
ri
RΩ

e−iθi

we have

[F(ri, θi)]
T =


1 z1 z2

1 · · · zp1 w1 w2
1 · · · wp1

1 z2 z2
2 · · · zp2 w2 w2

2 · · · wp2
...

...
...

. . .
...

...
...

. . .
...

1 zM z2
M · · · zpM wM w2

M · · · wpM

 :=
[

Z W
]
,

where the block Z is a Vandermonde matrix. The matrix W can also be
obtained from a Vandermonde matrix W̃ after excluding the first column.
As pointed out in [16], the columns of a Vandermonde matrix, such as Z,
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can be regarded as vectors q0, XZq0, X2
Zq0, ..., where q0 = [1 · · · 1]T and

XZ = diag(z1, · · · , zM ). The Arnoldi process allows us to orthogonalize at
each step leading to a sequence of orthogonal vectors q0, q1, q2, ... spanning
the same space as the columns of Z. After n steps, we obtain n+1 orthogonal
vectors q0, ..., qn and an (n+ 1)× n Hessenberg matrix HZ that verifies

XZ ·Q−,Z = QZ ·HZ,

where QZ is a matrix whose columns are the orthogonal vectors q0, ..., qn
and Q−,Z is obtained from QZ after removing the last column. The matrices
Z and QZ are related through an upper triangular matrix RZ, by

Z = QZ ·RZ.

In a similar fashion, for the matrix W̃, we obtain

W̃ = QW · R̃W

and
W = QW ·RW,

where RW is obtained from R̃W after excluding the first column.
Therefore,

[F(ri, θi)]
T =

[
Z W

]
=
[

QZ ·RZ QW ·RW

]
=
[

QZ QW

]
·
[

RZ 0
0 RW

]
and this last equality can be regarded as the evaluation of (4.3) at the
boundary points (ri, θi),

F(ri, θi) =

[
RZ 0
0 RW

]T
︸ ︷︷ ︸

=K

·
[

QT
Z

QT
W

]
︸ ︷︷ ︸
=J(ri,θi)

.

The evaluation of J(r, θ) at a general point (r, θ) can be performed using the
Hessenberg matrices HZ and HW, as in the routine polyvalA of reference
[16] and the MFS-SVD solution is evaluated using (4.6).

The whole numerical technique that we developed in this work is summa-
rized in Algorithm 1.

5. Numerical results

In this section we present some numerical results to illustrate the perfor-
mance of the MFS-SVD.

In the first numerical example we take the domain with boundary parame-
trized by

r(t) =

(
cos(4t) +

√
18

5
− sin2(4t)

) 1
3

, t ∈ [0, 2π[

also considered in [33] and the same boundary condition defined through
the function g(x, y) = x2y3. In order to allow for a comparison with the
MFS-QR we will consider the artificial boundary to be the boundary of
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Algorithm 1 MFS-SVD

1: Choose N ∈ N, the number of basis functions.
2: Place M(= 2N) collocation points on ∂Ω.
3: Choose N source points, satisfying the geometric constraint described

in section 4.
4: Build the matrices M, Z and W.
5: Calculate QZ, QW, HZ and HW using Arnoldi iteration.
6: Calculate RZ and RW.
7: Define K.
8: Calculate M1.
9: Calculate the SVD factorization of M1 to obtain V∗1.

10: Calculate the system matrix of the MFS-SVD.
11: Solve the linear system to calculate the MFS-SVD coefficients.
12: Evaluate the solution at an arbitrary point (r, θ).

a disk centered at the origin and radius equal to 2. Figure 5 shows the
collocation points on the boundary and the source points. Figure 6 shows
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Figure 5. Plot of collocation and source points in example 1.

results obtained with the Direct-MFS, the MFS-QR and the MFS-SVD. The
left plot shows the L∞ norm of the error, measured at 10001 points on the
boundary, as a function of N, while the right plot of the same figure shows
the condition number of the matrices of the linear systems. We can observe
that the numerical results obtained with the three approaches are similar
for N ≤ N0 ≈ 120 because the functional spaces are the same although de-
fined through different basis functions. For N > N0, the convergence of the
Direct-MFS breaks down due to ill-conditioning. Note that the condition
numbers corresponding to the Direct-MFS grow exponentially. The condi-
tion numbers corresponding to the MFS-QR also grow exponentially, but
at a lower rate than the Direct-MFS. This growth is due to the increasing
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powers of the harmonic polynomials in the MFS-QR expansion. The numer-
ical results of the MFS-QR and MFS-SVD are similar for N ≤ N1 ≈ 290.
For N > N1 the convergence of the MFS-QR also breaks down due to ill-
conditioning, while the MFS-SVD converges until we reach accuracy close
to machine precision, keeping the condition number approximately equal to
1.65, independently of N .
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Figure 6. Plot of the L∞ norm of the error of the ap-
proximations obtained with Direct-MFS, MFS-QR and MFS-
SVD, as a function of N (left plot) and plot of the condition
number of the system matrices of the three methods.

The ill-conditioning of the Direct-MFS is related to the fact that all the
basis functions become almost linearly dependent on ∂Ω. This effect is even
more evident if we take the artificial boundary far from ∂Ω. Figure 7 shows
the plots of N = 8 Direct-MFS basis functions, normalized to have unit L∞

norm, for source points equally spaced on the boundary of the disk with
radius equal to 10. All the basis functions become almost undistinguishable
at this scale. Figure 8 shows the real part (left plot) and imaginary part
(right plot) of the (well conditioned) basis functions corresponding to MFS-
SVD spanning the same functional space as the Direct-MFS basis functions.

In the previous example we took the artificial boundary to be a circle, in
order to compare with the results obtained with the MFS-QR. However, the
numerical results obtained suggest that placing the source points on a circle
might be not a convenient choice. An interesting question would be to find
the optimal location for placing the source points which should depend on
the geometry of the domain and on the boundary data. One possibility is to
use an adaptive technique that for fixed domain and boundary data optimize
the location of the source points, such as the LOOCV algorithm proposed
by Rippa in [38] and used in [19] in the context of the application of the
MFS. Figure 9 shows the convergence curve obtained with MFS-SVD and
LOOCV techniques. We can observe that the convergence of the LOOCV is
faster than the MFS-SVD. Moreover, the results obtained suggest that when
the number of collocation points become large, the sources should be getting
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Figure 7. Plot of the basis functions of the Direct-MFS,
when N = 8 and R = 10.
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Figure 8. Plots of the real part (left plot) and imaginary
part (right plot) of the (well conditioned) basis functions cor-
responding to MFS-SVD spanning the same functional space
as the Direct-MFS basis functions plotted in Figure 7.

closer to the boundary. For instance, in Figure 10 we show the collocation
and source points obtained with LOOCV technique, when N = 100 (left
plot) and N = 800 (right plot).

In the second numerical example we take the domain with boundary de-
fined by

{r1(t)(cos(t), sin(t)), t ∈ [0, 2π[} ,
where

r1(t) =
6

5
+

cos(6t)

5
+

cos(3t)

10
,

the artificial boundary parametrized by

r(t) = 2 +
cos(6t)

5
+

cos(3t)

10
, t ∈ [0, 2π[
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Figure 9. Plot of the L∞ norm of the error of the approx-
imations obtained with the MFS-SVD and LOOCV, as a
function of N .
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Figure 10. Collocation and source points obtained with
LOOCV technique, when N = 100 (left plot) and N = 800
(right plot).

and the same boundary condition defined by the function g(x, y) = x2y3.
Figure 11 shows the collocation and source points in this second numerical
example.

Figure 12 shows the plots of the L∞ norms of the error and condition num-
bers, both as a function of N. Again, we can observe that the Direct-MFS
converges, as we increase N until some N0 ≈ 150. Then, the convergence
breaks down due to ill-conditioning, while the MFS-SVD converges until an
accuracy close to machine precision. The condition number is approximately
equal to 1.89, independently of N.

Next, we change the boundary condition to a more oscillatory function

g(x, y) = cos(10x) sin(10y).

In Figure 13 we plot the boundary data g(r1(t) cos(t), r1(t) sin(t)), t ∈
[0, 2π[. Figure 14 shows the plots of the L∞ norm of the error of the ap-
proximations obtained with Direct-MFS and MFS-SVD, as a function of N
(left plot). Figure 15 shows the plot of the solution of the boundary value
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Figure 11. Collocation points on the boundary of the unit
disk, marked with · and source points marked with ◦.
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Figure 12. Plot of the L∞ norm of the error of the ap-
proximations obtained with Direct-MFS and MFS-SVD, as
a function of N in the second numerical example (left plot)
and plot of the condition number of the matrices of these
two approaches. The boundary condition is defined by the
function g(x, y) = x2y3.

problem of the second numerical example.
As reported in literature, eg. [19], when solving Laplace equation with

non-harmonic boundary conditions, the source points in the Direct-MFS
shall be placed close to the physical boundary. However, this optimality
may be related with the fact that placing the source-points close to the
boundary decreases significantly the condition number of the system matri-
ces and this may justify the high accuracy obtained in that case. Placing
the source-points far from the physical boundary will always lead to highly
ill-conditioned matrices which may prevent the method from achieving high
accuracy. On the other hand, the MFS-SVD, as introduced in this work
assumes the geometric constraint defined in section 4 and, in general, this
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Figure 13. Plot of the boundary data
g(r1(t) cos(t), r1(t) sin(t)), t ∈ [0, 2π[.
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Figure 14. Plot of the L∞ norm of the error of the approxi-
mations obtained with Direct-MFS and MFS-SVD, as a func-
tion of N in the second numerical example for g(x, y) =
cos(10x) sin(10y).

constraint excludes the possibility of the choosing the artificial boundary
very close to the physical boundary. The last two numerical examples show
performance of the Direct-MFS and the MFS-SVD, but with different ar-
tificial boundaries in the two cases. Next, we consider the domains with
boundaries defined by

η1(t) =

{(
1 +

1

5
cos(3t)

)
(cos(t), sin(t)), t ∈ [0, 2π[

}
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Figure 15. Plot of the solution of the boundary value prob-
lem of the second numerical example with boundary condi-
tion defined by the function g(x, y) = cos(10x) sin(10y).

and

η2(t) =

{
(cos(t)− cos(t) sin(2t)

2
, sin(t) +

cos(4t)

6
), t ∈ [0, 2π[

}
and placing the source-points on the artificial boundary defined by

η̃i(t) = ηi(t) + ρni(t), i = 1, 2 (5.1)

where ρ is a small positive parameter and n(t) is the unitary outward vector
normal to the boundary at the point ηi(t), i = 1, 2. Figures 16 and 18-
left illustrate the choice of the collocation points on the boundary (marked
in red) and the source points obtained with ρ = 0.05 (marked in blue)
used in the Direct-MFS. We will apply the MFS-SVD placing source points,
respectively, on a circle centered at the origin with radius equal to 1.5 and
on the artificial boundary

{(2 cos(t), 1.5 sin(t)) : t ∈ [0, 2π[} ,

as in figure 18-right. Figure 17 shows convergence results obtained with
three different approaches:

(1) Direct-MFS with the choice of source points plotted in Figure 16,
(2) MFS-SVD with source points placed on a circle centered at the origin

with radius equal to 1.5 and
(3) LOOCV algorithm.

The right plot of the same Figure shows the condition number of the matrix
involved in each technique. Note that for the Direct-MFS and MFS-SVD
this is the matrix of the linear system, while for LOOCV this is a matrix
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to be inverted in order to calculated the coefficients of the MFS linear com-
bination. We can observe that, in this case, the convergence of MFS-SVD
is faster than the Direct-MFS with small condition numbers, independently
of N , while the condition number of the Direct-MFS grows exponentially.
The convergence of the LOOCV is even faster, but the condition number of
the matrix to be inverted increases exponentially. Figure 19 shows results
obtained for η2 with the Direct-MFS, MFS-SVD and Direct-MFS with the
same source points of the MFS-SVD, plotted in figure 18-right. In this case,
the Direct-MFS with source points defined by (5.1) with ρ = 0.05 allows to
obtain better results than the MFS-SVD.
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Figure 16. The location of the collocation points on the
boundary (marked in red) and the source points obtained
with ρ = 0.05 (marked in blue).
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Figure 17. Plot of the L∞ norm of the error of the approxi-
mations obtained with Direct-MFS, MFS-SVD and LOOCV,
as a function of N (left plot) and plot of the condition num-
ber (right plot). The boundary condition is defined by the
function g(x, y) = x2y3.



A WELL-CONDITIONED MFS FOR LAPLACE EQUATION 22

-2 -1 0 1 2

-1.5

-1

-0.5

0

0.5

1

1.5

-2 -1 0 1 2

-1.5

-1

-0.5

0

0.5

1

1.5

Figure 18. The location of the collocation points on the
boundary (marked in red) and the source points obtained
with ρ = 0.05 (marked in blue).
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Figure 19. Plot of the L∞ norm of the error of the ap-
proximations obtained with Direct-MFS and MFS-SVD, as
a function of N in the second numerical example (left plot)
and plot of the condition number of the matrices of these
two approaches. The boundary condition is defined by the
function g(x, y) = x2y3.

6. Conclusions and future work

We proposed a new algorithm for generating a set of functions spanning
the same functional space as the Direct-MFS basis functions, but which
are much better conditioned. This approach allows us to remove the ill-
conditioning of the Direct-MFS for general star shaped domains. The ar-
tificial boundary for the MFS was assumed to satisfy a certain geometric
constraint, defined in section 4 for ensuring convergence of the series expan-
sions considered. In general, this constraint implies that for the source points
cannot be chosen too close to the physical boundary. This is a drawback
of the MFS-SVD compared with the Direct-MFS. We hope to address the
extension to the general case, where we drop the constraint in the MFS-SVD
in a future work. The computational cost of the MFS-SVD is dominated
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by the calculation of a singular value decomposition and Arnoldi algorithm.
Clearly, this computational cost is higher than the Direct-MFS. On the
other hand, the MFS-SVD allows obtain well-conditioned system matrices,
independently of the choice of artificial boundaries, provided they satisfy
the geometric constrain defined in section 4 and this is a clear advantage
when compared with the Direct-MFS, for instance, when solving inverse
problems, where the boundary data is affected by noise. Another approach
is to consider the LOOCV technique that allows an adaptive technique for
determining the source points. Typically, this approach may be even more
accurate than the MFS-SVD, but implies the explicit calculation of the in-
verse of an ill conditioned matrix.

As was mentioned in the Introduction, in our opinion there are two major
issued in the MFS to be resolved: a clear criteria for placing the source points
and the ill-conditioning. Actually both issues are related in the sense that
the optimal locations for the source points advocated in the literature were
proposed in the context of the application of the Direct-MFS, where the ill-
conditioning limits the accuracy that can be achieved and imposes a trade-off
between accuracy and conditioning. It is our belief that the MFS-SVD or
any other technique to perform a change of basis will allow to explore other
choices for artificial boundaries without the constraints imposed by the ill-
conditioning. In particular, we believe that it would be interesting to revisit
the problem of the location of the source points in the context of a better
conditioned basis for the MFS for which the ill-conditioning is not an issue.
The three-dimensional case and the extensions to other PDEs are under
current research.
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