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Abstract: We investigate spectral features of the Dirac operator with infinite mass
boundary conditions in a smooth bounded domain of R?. Motivated by spectral geometric
inequalities, we prove a non-linear variational formulation to characterize its principal
eigenvalue. This characterization turns out to be very robust and allows for a simple
proof of a Szegd type inequality as well as a new reformulation of a Faber—Krahn type
inequality for this operator. The paper is complemented with strong numerical evidences
supporting the existence of a Faber—Krahn type inequality.
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1. Introduction

1.1. Motivations and state of the art. In the past few years there has been a growing
interest in the study of Dirac operators among the mathematical physics community; the
main reason being that low-energy electrons in a single-layered sheet of graphene are
driven by an effective Hamiltonian being a two-dimensional massless Dirac operator.
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Various mathematical studies have been undertaken, starting with a rigorous math-
ematical derivation of such Hamiltonians, see e.g. [19] for the effective Hamiltonian
derivation or [3,8,30,38] for the justification of the so-called infinite mass boundary con-
ditions. Many properties of such operators have been investigated as their self-adjointness
in bounded domains with specified boundary conditions or coupled with the so-called
d-interactions, see [9,11]. Let us also mention recent works on spectral properties and
asymptotics of Dirac-type operators in specific asymptotic regimes (see [4,23]).

In this work, we are interested in finding geometrical bounds on the eigenvalues of
one of the simplest Dirac operator relevant in physics: the two-dimensional massless
Dirac operator with infinite mass boundary conditions.

To set the stage, let 2 C R? be a C™ simply connected and bounded domain and
letn = (n1,n2) " be the outward pointing normal field on 9£2. The Dirac operator with
infinite mass boundary conditions in L2(£2, C?) is defined as

o [ 0 -2,
D= (—2iaz 0o )

dom(D*) = {u = (u1,u2)" € H'(£2,C?) : up = inu; on 982},

where we have set n := n1 + iny and with the Wirtinger operators defined as usual by
1 . 1 .
0; = 5(31 —idy), 0z = 5(31 +102).

The Dirac operator with infinite mass boundary conditions D*? is known to be self-
adjoint (see [11, Thm. 1.1.]), moreover its spectrum is symmetric with respect to the
origin and constituted of eigenvalues of finite multiplicity satisfying

S-E2) < = -Ei(2) <0< EN(2) < S E($2) < -

In the recent paper [12], the following geometrical lower bound is obtained

Ei(2) > /%, (1)

where |£2| denotes the area of the domain §2. However, this lower bound is never attained
among Euclidean domains and by analogy with the famous Faber—Krahn inequality [18,
26], a natural conjecture for the optimal lower-bound is the following.

T
E(£2) = w/ﬁEl(DL

where D is the unit disk. There is equality in the above inequality if and only if 2 is a
disk.

Remark 2. As explained in [12, Remark 2] (see also [28, Appendix]), the eigenstructure
of the unit disk is explicit. Indeed, E1 (D) >~ 1.435... is the first non-negative root of
the equation Jo(E) = J1(E) where Jy and J; are the Bessel functions of the first kind
of order 0 and of order 1, respectively. Moreover, an associated eigenfunction is given
for (x1, x2) € D by

Conjecture 1. There holds

( Jo(E1(D)|x[) )

P12 1y (B, (D) Jx])
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A Variational Formulation for Dirac Operators

Conjecture 1 motivated part of this paper and is still an open question. However, in
Sect. 8 we provide strong numerical evidences supporting it and in Sect. 7 we show how
Conjecture 1 is intimately connected to the famous Bossel-Daners inequality for the
Robin Laplacian (see [13,15]).

The quest for a geometrical upper-bound has also attracted attention recently as for
instance in [28]. In this work, the given geometrical upper-bound is sharp in the sense
that it is an equality if and only if the considered domain is a disk. Nevertheless, this
upper-bound depends in a complicated fashion on different geometrical parameters and
may be hard to compute in practice.

Let us also mention that similar questions are dealt with within the differential geom-
etry literature for lower bounds and upper bounds for Dirac operators on spin-manifolds
(see for instance [1,6,7,33]).

One of the main results of this paper is the following theorem which gives a geometri-
cal upper-bound in terms of simple geometric quantities: |§2|—the area of §2, |0 §2|—the
perimeter of £2 as well as r;—the inradius of £2.

Theorem 3. Let 2 C R? be a C™ simply connected and bounded domain. There holds

1982

E (£ —
1( )S(”’i2+|9|)

E1(D),

with equality if and only if §2 is a disk.

The proof is by combining a new variational characterization of E;(£2), inspired
by min-max techniques for operators with gaps introduced in [16,22] and the classical
proof of Szegd about the eigenvalues of membranes of fixed area [39] (see also the recent
work [36] on operators with gaps).

It turns out that this new variational characterization is of interest by itself because it
also allows for numerical simulations and we believe that it could be an adequate starting
point to prove Conjecture 1 as discussed further on in Sect. 7. To introduce it, consider
the quadratic form

g2 ) = 4] |0zu|*dx — Ezf u|>dx +E/ lu|’ds,
’ Q Q 0
dom(gf o) := C®(2,C). 2)

For E > 0, qg o is bounded below with dense domain and we consider qg the closure
in LZ(Q) of g g,()' Then, we define the first min-max level

2 2 2 2
42(E) m o 4 [ |0zul*dx — E* [ |ul*dx + E [, |ul ds-
uedom(g2)\ (0} [ lul?dx

3)

The second main result of this paper is the following non-linear variational characteri-
zation of E(£2).

Theorem 4. E > 0 is the first non-negative eigenvalue of D** if and only if u** (E) = 0.

The advantage of the quadratic form g g is two-fold. First, functions in the considered
variational space are now scalar valued and, second, the infinite mass boundary condi-
tions does not appear in the variational formulation. However, the first drawback is that
dom (g g ) contains the Hardy space H}ZI(Q), constituted of holomorphic functions with
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traces in L2(3£2). In particular, dom (qg ) is not a usual Sobolev space and a special
care is needed in order to prove Theorem 4. In particular, it requires a precise description
of the domain dom (qg ) as well as the domain of the associated self-adjoint operator
via Kato’s first representation theorem (see [25, Chap. VI, Thm. 2.1]). It is done using
convolution operators reminiscent of what is done in [5,31], elliptic regularity properties
of the maximal Wirtinger operators as well as using Cauchy singular integral operators
on 952, seen as periodic pseudo-differential operators.

Theorem 4 is reminiscent of [16, 17], where a similar strategy is used to deal with the
Dirac-Coulomb operator. To our knowledge, this is the first time this idea is extended to
boundary value problems and now, we describe its heuristic.

Let (u, v) " € dom (D*) be an eigenfunction associated with the eigenvalue E > 0.
In £2, the eigenvalue equation reads

—2id.v = Eu, —2idsu = Ev. 4)

If we assume that this identity is true up to the boundary d£2, we obtain the following
boundary condition for u:

E
ﬁazu+5u =0onds2. (5)
Now, Eq. (4) gives

—49,0:u = E*u'in 2. (6)

Hence, a weak formulation is obtained taking the scalar product by u, integrating by
parts and taking into account the boundary condition (5). This formally gives qg (u)=0
and this is the reason for introducing the quadratic form ¢ g in (2).

Let us add two remarks. The first one explains that (5)—(6) can be recast into a non-
linear eigenvalue problem for a Laplace operator with oblique boundary conditions.
The second remark, explains how Theorem 4 could be extended to handle the next
eigenvalues.

Remark 5. Note that (6) is an eigenvalue equation for the Laplace operator and reads
—Au = E?u. The boundary condition (5) is a relation between the normal derivative,
the tangential derivative and the value of the function on 92. If we let t be the tangent
field on 9£2 such that (m, t) is a direct frame, the problem can be re-interpreted as an
oblique problem

—Au = E%u in £, %
Opyu +i0;u + Eu =0 on 052,

where 0, and 9, are the normal and tangential derivatives, respectively.
Note that Problem (7) is non-linear because the parameter E > 0 appears both in the
eigenvalue equation and in the boundary condition.

Remark 6. For j > 1, one can consider the jth min-max level of qg defined as

4 [ |0:ul*dx — E* [ lul*dx + E [, lu|?ds

2 .
wi(E) = inf
! F C dom (qi) ueF\{0) Jo lul?dx
dimF =

As in [16], Theorem 4 could be extended as follows: E > 0 is the jth non-negative
eigenvalue of D% if and only if ,u}(.z (E) = 0. We do not discuss it here because we are
concerned only with the principal eigenvalue E;(£2).
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A Variational Formulation for Dirac Operators

Finally, let us comment the hypothesis on §2. First, one would like to lower the
smoothness hypothesis to be able to handle, for instance, Lipschitz domains. This is a
natural question but there is no reason for the Dirac operator with infinite mass boundary
to be self-adjoint on such a domain dom (D%) (see the case of polygonal domains
in [27]). Moreover, as part of the proof relies on pseudo-differential techniques, we
prefer to keep the C°° smoothness assumption on 92 because it allows for a more
efficient treatment of singular integral operators on the boundary. Second, the simply
connectedness assumption may be an unnecessary hypothesis for Theorem 4 to hold.
Nevertheless, we are not able to drop it in Theorem 3 because the proof relies on the
Riemann mapping theorem to build an admissible test function for g g

1.2. Structure of the paper. In Sect. 2, we gather several results on Sobolev spaces on
a£2, periodic pseudo-differential operators on 9£2 and deduce various mapping proper-
ties of the Cauchy singular integral operators.

Section 3 contains a description of the domain of the maximal Wirtinger operators. In
particular, we discuss the existence of a trace operator for functions belonging to these
domains and state a fundamental elliptic regularity result.

Section 4 deals with the description of the Bergman and Hardy spaces on 2 thanks
to integral operators. This is done by introducing the Szeg6 projectors on the Sobolev
spaces on the boundary H*(9£2) (s € {—%, 0, %}). As a byproduct of this analysis we
are able to describe explicitly the domains of the maximal Wirtinger operators.

Theorem 4 is proved in Sect. 5. We start by describing the domain of the quadratic
form q;? in terms of the first-order Sobolev space H!(£2) and the Hardy space on £2.
Then, the analysis is pushed forward to study the domain of the self-adjoint operator
associated with q;? via Kato’s first representation theorem (see [25, Chap. VI, Thm.
2.1]). Combining these tools, we prove Theorem 4.

Then, we apply Theorem 4 in Sect. 6 to prove Theorem 3. The proof is by adapting
the well-known proof of Szeg6 [39] to our setting, constructing an adequate test function
for the new variational formulation.

In Sect. 7, we show that Conjecture 1 can be reformulated and that it is related to the
famous Bossel-Daners inequality.

We conclude in Sect. 8 illustrating by numerical experiments the validity of Conjec-
ture 1 and several theoretical results discussed all along the paper.

2. Preliminaries

2.1. Sobolev spaces on 982. In the following, T is the torus T := R/Z, D(T) = C°°(T)
is the space periodic smooth functions on the torus T and D(T)’ the space of periodic
distributions on the torus T. Let f € D(T)’ we define its Fourier coefficients using the
duality pairing by

f(n) = (f, e_,,)D(T)/’D(T), e, =1E¢€ T — eZiJTnt‘

For s € R, the Sobolev space of order s on T is defined as

+00

H*(T) := {f eDM) : Y (L+nh*|fm)* <+oot.

n=—oo
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Set £ := |0§2| and let y : R / [0, £] — 082 be a smooth arc-length parametrization of
0£2. Consider the map

U*:D(T) —» DOR), U*e)(x) ="t 'y~ (x)), x € 822,
where we have set D(3£2) := C*(9£2). We define the map U : D(32)" — D(T) as

(Uf, &ypery,pemy = (f, U g)Das2y, D2)- (8)
The Sobolev space of order s € R on 92 is defined as
H*(0R2) :={f € DOR) :Uf € H'(T)}.

2.2. Periodic pseudo-differential operators. Let us start by defining periodic pseudo-
differential operators on T.

Definition 7. A linear operator H on C°°(T) is a periodic pseudo-differential operator
on T if there exists 4 : T x Z — C such that:

1. foralln € Z, h(-,n) € C>(T),_

2.Hactsas Hf =), ., h(-,n) f(n)ey,
3. there exists « € R such that for all p, g € Ny there exists ¢, ;, > 0 such that there

holds

dP
(G5 @)t m)| < ey (14 In)* 1,

where the operator w is defined for all (¢, n) € T x Z by (wh)(t,n) := h(t,n+1) —
h(t,n).

« is called the order of the pseudo-differential operator H. The set of pseudo-differential
operators of order « on T is denoted ¥ and we define

Y= m v,
aeR

Example 8. For further use, we introduce the example of multiplication operators. Con-
sider H : C°°(T) — C®°(T) defined as

(Hf)(@®) :==h@®) f@), heCP(D).
Decomposing in Fourier series, one immediately obtains

(Hf) =) hfn)e,.
nez
There holds w?h = 0 for all ¢ > 1 and, as h € C*°(T), for all # € T we obtain
dPh
‘(W)(t)‘ <c¢p, forsomec, > 0.
We get H € w0,

Using the map U defined in (8), we define periodic pseudo-differential operators on
052 as follows.
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A Variational Formulation for Dirac Operators

Definition 9. A linear operator H on C*°(952) is a periodic pseudo-differential operator
on 32 of order « € R if the operator Hy := UHU™' € W%, The set of pseudo
differential operators on 052 of order « is denoted ¥y, and we set

Vg = ﬂ ¥ig-

aeR

We will need the following properties of pseudo-differential operators on d£2. They can
be found in [34, §5.8 & 5.9].

Proposition 10. Let s, o, f e Rand H e ¥, G € lI/fQ.

1. H extends uniquely to a bounded linear operator, also denoted H, from H* (352) to
H~*(082).
2. There holds

H+Gew> P nGew [H Glew ™.

2.3. Cauchy singular integral operators. For f € C*°(952), the Cauchy singular inte-
gral operator is defined as a principal value by

1
@ = oo | Ef(%d’g, e

We define its anti-holomorphic counterpart as

— 1 _
Sn(F)(2) 1= Su( @) = —Ep.v./ IO 5 o

2 &—12

It turns out Sy and Sy, are periodic pseudo-differential operators on 9£2. This is the
purpose of the following proposition.

Proposition 11. The linear maps Sy, and Sa, are periodic pseudo-differential operators
of order 0. In particular, they are bounded linear operators from H*(082) onto itself for
alls € R.

Proof. This is proved in [9, Prop. 2.9.] where the operators Sy and Sy, are denoted Cx
and —C';. respectively (with X :=9£2). O

We will also need the following property.

Proposition 12. Let Hy, be the multiplication operator by the normal n in C*(352).
There holds:

1. Hy, is a periodic pseudo-differential operator of order 0.
2. Let t € {h, ah} we have [Hy, S:] € ¥, .
3. There holds San + Sh € Wy g5 -
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Proof. Point (1) is proved remarking that the operator U HoU ™' is a multiplication
operator in T. Thanks to Example 8, we know that U H,U ~! € w0 hence by definition
we get Hy € lI/g)Q.

Let us deal with Point (2). Let § € {h, ah}, by Proposition 11, S; € 11/5)9 and by Point
(1) Hy € llfg)g. Hence, by (2) Proposition 10, we obtain Point (2).

Finally, we prove Point (3). By [9, Proposition 2.9.] there exists L € lI/z?Q and
Ri, Ry € ¥, 3° such that

Sh=L+R;, Sih=—-L+Ry.

Hence, S + San = Ri + Ry € ¥, 5° by (2) Proposition 10. O

3. Maximal Wirtinger Operators

In this section we describe elementary properties of the maximal Wirtinger operators
defined as

O = d:u, dom(dy) := {u € L>(2) : 0:u € L*(2)},
danut = 0;u, dom(dan) = {u € L*(R2) : d,u € L*(2)}.

For f € {h, ah}, consider the operator norms || - || defined as
el = 19zl 72 g, + Iull2 gy u € dom(@p).
In particular, dom(9y) endowed with the scalar product defined for u, v € dom(d;) by

(u, U)u = (3;14, aﬁv)LZ(Q) + <M, U)LZ(Q),

is a Hilbert space.
The first lemma is obtained by a simple integration by parts.

Lemma 13. The following identities hold.

H'R?) ={f e L*(R*) :8,f € L*(R})} = {f € L*(R?) : 8; f € L*(R?)).

Proof. Let f € C§° (R?). Integrating by parts several times we obtain:

IV £ 2geic2) = (s —AF) 2@y = 4, —0:0: 2wy = 4102 £ 172 o)
= 4(f, =020 ) 22y = 410 f 172 o)
As C° (R?) is dense in H'(R?), we obtain the expected result. O
The next lemma is a density result.
Lemma 14. Let 1 € {h, ah}. The space C®(2) := C®(2, C) is dense in dom(dy).
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Proof. Letu € dom(d,) and assume that for all ¢ € C %0 (§2) there holds
0= (u, )n = (zu, 3z9) 122y + (U, ¥) 12(2)-

In particular, if ¢ € CgO(SZ), we obtain —Au = —4u first in D(§2)’ then in Lz(.Q).
Define v = d;u and denote by vy its extension to the whole R? by 0. For ¢ € CSO(RZ)
there holds

(0:v0. ) @2) DE®2) = —(V0: 020) D (R2) DR)
= —(v, 3z¢) 12(2)
= —(0zu, %9) 2(0)
= (U, 9)12(0)
= (10, ¥) 12(R2)
= (4o, @) ®r2), DR?)>
where u( denotes the extension by zero of u to the whole RZ. 1t gives d,v9 = ug €

L?*(R?). By Lemma 13, vy is in H'(R?) and by [14, Prop. IX.18.] we get v € H] (£2).
Remark that in D’(£2), there holds 9:9,v = v. Indeed, we have

3531U = 35328514 = 8214 = .
In particular this identity also holds true in L?(£2). Now, pick a sequence v, € C3o(£2)
converging to v in the H'(£2)-norm. There holds

(v, Un>L2(_rz) = (9;0zv, Un)LZ(_Q) = —(0zv, 32Un)D’(.Q),D(Q)

= _<8ZU, BZUH)LZ(Q)'
iz(m = —||32“||iz(m which implies v = 0. In D’(£2)
we have d,v = 9,0;u = u. As v = 0, u = 0 which concludes the proof for § = h. The
case § = ah is handled similarly. O

Letting n — +00 one obtains ||v||

In order to describe precisely the domains dom(dy) (§ € {h, ah}) we need to prove
the existence of traces on 052 for functions in dom(9;). To this aim, define the following
Dirichlet trace operators

r*H Q) > H2(082), I':H. (R\Q) —> HI()), 9)

where Hlloc (R?\£2) is the Fréchet space of locally H'-functions in R?\ 2. These linear
operators are known to be continuous (see [29, Thm. 3.37]). Moreover, there exists

continuous extension operators such that for f € H 5 (052) there holds
E*fe H\(R), E fe H'®R\2) and I'*E*f=f.

Actually, the operator I"* can be extended to functions in dom(d;) ( € {h, ah}). This is
the purpose of the following proposition.

Lemma 15. Let f € {h, ah}. The operator I'* defined in (9) extends into a linear bounded
operator between dom(9;) and H_% (0£2).
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Proof. Let (vy)nen € C®(£2)N be a sequence that converges to v in the || - ||,-norm

when n — +oo. Let us prove that (I"*v,,),en has a limit in H -3 (082). First recall the
integration by part formula

1 _
§(F+M, nF+w)Lz(3Q) = (azu, w)LZ(Q) + (M, Z)Zw)Lz(Q),

valid for any u, w € H'(£2). Second, pick f € H%(EJ.Q) and consider w = E*(nf) €
H'(£2). There holds

(I (vy = vm), f)LZ(a_Q) = 2(3z (v — vm), w>L2(Q) +2(vp — U, 8zw>L2(Q)-

In particular, we have

‘(F+(Un = Um), f>L2(a_Q)| < 2|0z (va — Um)”LZ(_Q) ||w||L2(_Q)
+2[lvn — vl 22y 10z wll 222y
< 4wl gi(e)llvn = vmln
<4c U, — U for some c > 0),
<dcoll fll, 1 o v = vnlln ( 2>0
where we have used that E* is a continuous linear map and that the multiplication

operator by n is bounded from H %(B.Q) onto itself. When n,m — +0o we ob-

tain |t (v, — vm)lle%(m) — 0. In particular (I"*v,),en is a Cauchy sequence

in H’%(E).Q) thus converges to an element g € H’%(B.Q) and we define I'v := g.
Remark that the definition of I"*v does not depend on the chosen sequence (vy,), <N and
that we have

I'iv 1 <dcgollv
” + n”H77(89) = .Q” n”h

which implies, when n — +o0, that I'* is bounded from dom(dy) to H™? (082). The
proof for dom(d,y) is handled similarly. O

Remark 16. If one picks R > Osuchthat 2 C B(0, R) := {x € R? : |x|| < R}, one can
prove that for » € {z,z}, I~ extends into a linear bounded operator between the space

{u e L2(B(0, R\S2) : 0yu € L?(B(0, R)\$2)} and H_%(B.Q). The proof goes along
the same lines as the one of Lemma 15, using an extension operator £~ : H? (082) —
H'(B(0, R)\$2) constructed such that for all f € H% (082), E=(f)laBo,r) = 0.

Remark 17. Pick u € dom(d,,) and w € H'(£2). Note that by definition, the following
Green’s Formula holds

(10)

1 _ + +
(0,u, w)Lz(_Q) = —(u, BEw)Lz(Q) + E(nl" u, I’ w>H’%(aQ),H%(39)’

The following elliptic regularity result is rather well known (see the analogous state-
ment [11, Lemma 2.4.]).

Lemma 18. Let & € {h, ah} and u € dom(dy). If ' *u € H%(B.Q) thenu € H'(£2).
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A Variational Formulation for Dirac Operators

Proof. Let u € dom(dy) be such that I'u € H%(E).Q) and set v = u — E*(I""u).
Then, '*v =0andifv € Hg (£2) the result is proved. If v, € C*>(£2) is a sequence

converging to v in the || - ||p-norm there holds I"fv, — 0 in H? (0£2) by Lemma 15.
In particular, it gives for any w € H'(£2)

(v, G w) 20y = nLIToo ( — (Ozun, w) 20y + %(rwn, ﬁF+w)Lz(m)>
= —(0zv, W) 2()-
Let vg (resp. ko) be the extension of v (resp. h := 9;v) by zero to the whole R2. If
@ € CS°(R?), there holds
—(ho, ©)p w2y DR2) = —(h, @) 122y = (V. 0:0)12(0)
= (v0, 3z0) D' (R2), D(R2)
= —(0zv0, @)D/ (R2), DR?)-

Thus d:v9 = ho € L*(R?) and by Lemma 13, vy € H'(R?) and v € H{} (£2). The proof
for u € dom(d,) is handled similarly. O

4. Bergman and Hardy Spaces on 2

We introduce Aﬁ(.Q) and Aih(.Q) the holomorphic and anti-holomorphic Bergman
spaces on £2, respectively. They are defined as

A2(R2) :={u e Hol(2) N L*(2)}, A% (2) :={u:7ec A(Q)},

where Hol(§2) denotes the space of holomorphic functions in £2. The holomorphic and
anti-holomorphic Hardy spaces, denoted Hﬁ(Q) and Hﬁh(ﬂ), respectively, are defined
as

HE(R2) :={ue AL(Q): TTu e L*(02)}, HZ(2):={u:u e H}(2)). (1)

This section aims to describe explicitely the Bergman and Hardy spaces on §2 in terms
of Cauchy integrals and Szegd projectors that we define now.
For f € C*°(042) consider the Cauchy integrals defined for z € C\942 by

Pn(f)(2) = ZL &dé, Pan(f)(2) := —.L —f@)_dé-
ir Joe §—z 2 Joo £ -7
It is well known (see [34, §4.1.2.]) that @n(f) (resp. @an(f)) defines a holomorphic
function (resp. anti-holomorphic function) in R?\ 2.
The well-known Plemelj-Sokhotski formula (see [34, Thm. 4.1.1]) states that for
f € C*(052) the functions @y, ( f) and @, () have an interior and an exterior Dirichlet
trace, denoted respectively y; and y,,, such that:

1 1 1 1
W Pn() =25 L+ 5SS V5 Pan(f) =+ [+ 5mf. (12)
Let § € {h, ah}, note that by [10, Theorem 3.1.], for f € C°°(3£2) we know that

D:(f)lg € C®(£2) as well as D( Nlg2g € C>®(R*\£2). In particular, the traces

yoi @y (f) coincide with I" + D:(f), where I + are the trace operators defined in Lemma 15
and Remark 16.
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Definition 19. We define the Szegs projectors in C*°(3£2) by

IF = £y, 15 = £y, (13)
Proposition 20. Let s € R and 1 € {h, ah}. The Szegd projectors HttjE extend uniquely
into bounded linear operators from H*(952) onto itself. Moreover, 17]:i are projectors
and I + 11, = 1.
Proof. Remark that for § € {h, ah} and f € C*°(952), there holds

4 1 1
11, f:zfizSuf.

By Proposition 11, I'IﬁjE extends into a bounded linear operator from H*(952) onto itself
forall s € R.

Let s € Rand f € H®(952). A fundamental fact is that Sﬁf = f (see [34,
Eq. (4.10)]), in particular it implies that S,fh f = f. Hence, we obtain

T = (h+ lS;)(l + lS;)
1 272 272

11, 1
— -2+
474 2

L
272
_ +
= 1.

Thus Hﬁi are projectors and one easily checks that H; +II; =1. O

The main goal of this section is to prove the following description of the Bergman
and Hardy spaces. As we will see further on in Proposition 22, this description relies on
an extension of the operators @; to Sobolev spaces on the boundary 952 (i € {h, ah}).

Theorem 21. Let fi € {h, ah}. The Bergman spaces satisfy
AUR) = (@:(f): f € H2(392), T f = 0).
The Hardy spaces are given by
H;(R2) = {@,(f) : [ € L*(082), 11 f =0}.

4.1. Potential theory of the Wirtinger derivatives. In this paragraph we prove the fol-
lowing proposition.
Proposition 22. Ler § € {h, ah} and s € {—%, 0, %}. The operator @y extends uniquely
into a bounded operator from H*(052) to H”% (£2) also denoted ®s.
In order to prove Proposition 22, we will need a few lemmas. Let us start by defining
fundamental solutions of the Wirtinger operators d and d,p:

1

@Yan(x) = —JT(xl i)

on(x) = m,
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A Variational Formulation for Dirac Operators

Lemma 23. Let § € {h, ah}. The linear map
Ny :ue LZ(Q) = @z % UQ

is bounded from L?>(2)to H! (K) forall compact K C R2. Here ug denotes the extension
of u by zero to the whole R2.

Proof. Let us prove it for § = h the proof for § = ah being similar. In the space of
distributions D’ (R?), there holds

dz¢n = o, (14)

where § is the Dirac delta-distribution.
Now, for u in the Schwartz space S (R?) recall that the Fourier transform of u is
defined as

k) == / u(x)e TR gy forall k € R?
RZ

and @ € S(R?). The Fourier transform extends to the space of tempered distribution
S’(R?) and as 8y € S'(R?), the Fourier transform of (14) yields

@h(k) = k= (ki, k2) € R*\{(0, 0)}.

witky +ik2)’

Let K be a compact subset of R? and take u € L*(£2). We extend u by zero to R? and
denote this extension ug € L?(R?).

llgn s woll 31 g < lon # uoll7a ¢ + / (K2 1(gn o w0) () Pk
R
= 2 k|| g (k)i (k) |2 dk
lon x uoll2 i, + [ K180 GE ()
gm0l + — [ 1K) Pk
gﬁh 0 LZ(K) 7_[2 RZ 0
1
_ 2 2
— ||<Ph * MO”L2(K) + F”u“LZ(Q)

Now, let R > O be such that K C {x € R? : |x| < R} and 2 C {x € R? : |x| < R}.
Consider a cut-off function x € C(‘)’O([O, +00)), 0 < x < 1, such that

x(p) = 1 whenever 0 < p < 2R, x(p) =0 whenever p > 3R.

Define the function u, as

w0 i= [ x = Dot = yyuotdy.
As defined, u, |k = (¢n * uo)| . Hence, we get

llen * uoll g2y = luy 2y < luyllr2me)
< Ix( - Denllpr@ylull Loy
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where we have used Young’s inequality because x (|-|)¢n € L' (R?). Indeed, there holds
1
(- Denll g2y < — Lax = 6r.
B(0,3R) x|

In particular, there exists cx > 0, such that
llon * uoll g1 (xy = cxllullzz()-

Hence, for any compact K C R2, N, # 1s a bounded linear operator from L2(2)to HY(K)
and the proposition is proved. O

Next, we recall that the Dirichlet trace on 02 of a function in Hllo 4 (R?) can be defined
as

r:H (R > HI(382)

and is a continuous linear operator from IOC(Rz) to H 3 (082) (see [29, Thm. 3.37]).
Moreover, for s € [0, £], we introduce t(s) := y; () + 1)/2(5) the expression of the
tangent vector in the complex plane at the point y (s) +iy2(s).

Lemma 24. The dual adjoints of (tI" Ny) and (tI" Nyp,), denoted (tI' Ny)' and (¢ Ny, )’

respectively, are bounded linear maps from H_%(B.Q) to L*(2). Moreover if f €
C®(982), in L2(§2) there holds:

D (f) = %(trzvh)%f), Di(f) = —%(irzvahy(f).

Proof. Thanks to Lemma 23 and the mapping properties of I" we know that I" Ny is

a bounded linear map from L?(£2) to H%(B.Q) (for g € {h, ah}). As §2 is smooth,
t € C®@02) and t € C*°(3£2). In particular the multiplication operators by t and t

are bounded and invertible in H2 (£2). Hence, their dual adjoints satisfy the expected
mapping property.
Now, pick f € C*(082) and v € L%(2). Denoting by vg the extension of v by zero
to the whole R? and using Fubini’s theorem, there holds
! —
<(tFNh) fs U)LZ(_Q) - <f9 tFNhU>H7%(BQ) H%(BQ)

f tFth>L2(aQ)

/ / fORO®D
vean2 Jyer? m((x) —ixz) — (y1 —iy2))
CF D) —ivis) )—
= d d
fyewn </s:0 ) =20 — 01 =iy ) OO

! & N——

= - — 2  d d

/ye]R2 <7T /Eeaﬂ E— (1 —in) f)vo(y) y
= <_2l¢dh(f), v)Lz(Q).

The proof for (tI"Na,)' goes along the same lines, which concludes the proof of this
lemma. O
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A Variational Formulation for Dirac Operators

For further use, we still denote @, and @y, the operators %(tf Np)’ and —%(EF Nan)'.
Now, for f € {h, ah}, when considering the operators

@y (C(082), 1| - ) — (dom(dy), | - llg)

H 2 (00)

they are bounded operators because for any f € C°°(92), @p(f) and @, ( f) are holo-

morphic and anti-holomorphic in §2, respectively. The density of C°°(9£2) in H -2 (0£2)

yields for each operator a unique extension to H -3 (0£2) which coincides with the pre-

vious one. In particular, for any f € H> (082), P4(f) € dom(dy) and 3;@4(f) = 0.
Now, we have collected all the tools to prove Proposition 22.

Proof of Proposition 22. For s = —%, Proposition 22 holds true, because of Lemma 24
and the density of C*°(9£2) in H_%(G.Q). Let us prove it for s = % Remark that
@ (f) € dom(dy) soif f € H%(BQ) we also have I'* @, (f) = Hgf € H%(BQ) by
Proposition 20. Hence, by Lemma 18, @ (f) € H' ().

Let us use the closed graph theorem and take a sequence of functions f,, € H 2 (0£2)
such that f;, — f in the H%(B.Q)—norm. Assume also that @;(f,) — u € H'(£2)
where the convergence holds in the H 1(§£2)-norm.

Because of the continuous embedding of H% (042) into H_% (082), fn — f alsoin
the H’%(E).Q)—norm. In particular, by Proposition 22 for s = —%, Dy (fu) — D:(f)

in L?(£2). Consequently, the equality u = &®.(f) holds not only in L?(£2) but also
in H'(£2) and by the closed graph theorem, @; is a continuous linear map between
H?(3$2) and H'(£2).

The result for s = 0 holds by (real) interpolation theory (see [35, Prop. 2.1.62. &
Prop. 2.3.11. & Prop. 2.4.3.]). O

4.2. Explicit description of the Bergman and Hardy spaces. Let us prove Theorem 21,
starting with the following proposition concerning the Bergman spaces.

Proposition 25. Let § € {h, ah}. There holds:
A?(.Q) ={D:(f): f € H_%(G).Q) such that Hti_f =0}, gef{h,ah}. (15)
|
Moreover, for all f € H™2(052) there holds

:(f) = @:(IT7 f).
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ss  Proof. Denote &; the set on the right-hand side of (15). We prove it for § = h, the proof
46 for § = ah being similar.

a7 Inclusion &, C Aﬁ(.Q)Letu = ®p(f) € &y, with f € H_%(B.Q) suchthat I7,” f = 0.

G
o
@l «s By Proposition 22, & maps H_% (082)to L?(£2) thus u € L?(82). Moreover, there holds
=l s Jzu = 0 which implies that u € .A}ZI(.Q).
—
]
':‘45 a0 Inclusion Aﬁ(.Q) C & Foru € C®(R), x € 2 and ¢ > 0 sufficiently small there
Sl 1 holds
0= ) ( ! ) (y)d
492 = — z - - ulyyay
T Jo\Bae N1 +ix) — (y1 +iy2)
1 / dzu(y)
493 = —— ; - y
T Jo\B(x,e) (X1 +1x2) — (y1 +1y2)
1 u(y)
494 + — - —n(y)ds(y)
21 Jye (x1+ix2) — (y1 +iy2)
1 +ix0) — +i
s L . u(y) . (x1 +ix2) — (1 lyz)ds(y)
27 Jopx,e) (X1 +1x2) — (y1 +iy2) ly — x|
496 =—A+B+C.

47  However, we have

2

498 =5- u(x +e(cost,sint))dt — u(x), whene — 0.
7 Jo

499 By definition, if y : [0, £] — 052 is a smooth arc-length parametrization of 952 there
so0  holds

Lt

t
501 B = —L - u(y ) p (Vl/(t) +iV2/(t))dt
2 Jo (x1+ix2) = (y1 (1) +iy2(1))

1

2 = _ 8 e - ey (M),

2im Jyg £ = (1 +ix2)

so3 In particular, we obtain

2
504 Ol u)(x) = %/ u(x + e(cos(t), sin(t)))dt
0
1 dzu(y)
505 T Jo\B(x,e) (X1 +ix2) — (y1 +iy2)
2
506 = — u(x + e(cos(t), sin(t)))dt
2 0
1 1 & ( - )
—— BABODT T u(y)gndy.  (16)

T Jr2 (x1 +ix2) — (y1 +1iy2)

sos  Note that the linear form on C§° (R?) defined by

1 1o ()
509 p.v.( , ) =g € CP(R?) > lim AT U R
X1 +1x2 e—0 JRr2 X1 +1x2
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A Variational Formulation for Dirac Operators

belongs to D’ (R?). Remark that (zulgp) € D’ (R?) and has compact support. Hence,
p.v.(ﬁ) x(0z;ulgp) € D’(R2) and taking the duality pairing with ¢ € Cgo (£2)in (16)
and ¢ — 0 we get

1
(@Pn(I" u) —u, 9)pr2)D(2) = — <P-U.< - ) * (Ozulg), §0>
T X1 +1x2

D)D)
)

Now, remark that A}ZI(Q) C dom(dy,) and pick a sequence of C*°(£2) functions (v,),eN

which converges to v € Aﬁ(:z) in the norm of dom(d,) when n — +oo. In particu-

lar, (v,)nen converges to v and (0zv,)1 o converges to 0 when n — +00 in D/(R2).

Using (17) for u = v, and letting n — +00 we obtain that in D’(§2) there holds

v = ®&p(I""v) where we have used the continuity of the map @y o I't : dom(dy) —

L2(£2), and the continuity of the convolution in D’ (R?%). Now, remark that we also have

v = @p(I""v) in A2 (£2) and taking the trace I"* on both side of this identity we get
Iyrtv=r'v

which implies v = @y, (11 I'*v) and proves the other inclusion. O

We are now in a good position to prove Theorem 21.

Proof of Theorem 21. Proposition 25 is precisely the first statement of Theorem 21 thus,
the only thing left to prove is the statement for the Hardy spaces. Now, recall that for
fi € {h, ah}, we have defined the Hardy spaces in (11) and that we want to prove

H;(2) ={Dy(f) : f € L*(082), 1] f =0}.
Let &; be the set on the right-hand side, we prove both inclusions.

Inclusion & C H3(R2). Let u = ®;(f) € &, by definition u € AZ et I'*u = f €

L2(382) C H~?(3$2) which proves this inclusion.

Inclusion H;(.Q) C&. Letu € H%(Q). We know that in particular u = @3(f) for

some f € H_%(B.Q) such that Hﬁ_f = 0. But we have I'tu = f € L?(32) which
proves this inclusion and concludes the proof. O

4.3. Explicit description of the domain of the maximal Wirtinger operators. In this
paragraph, we prove the following description of the domains of the maximal Wirtinger
operators introduced in Sect. 3. This description involves the Bergman spaces introduced
in the beginning of Sect. 4.

Proposition 26. Let § € {h, ah}. The following direct sum decomposition holds:

dom(d;) = {u € H'(2) : [T} I'u = 0} + AZ(£2).

For g € {h, ah}, the range of the trace operator I'* : dom (34) — H_%(B.Q) is of
crucial importance to prove Proposition 26. We describe its range now, thanks to the
Szegd projectors introduced in (13) but first, we prove a regularization result.
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Lemma 27. Let § € {h, ah}. The operator I, o I" * is a bounded linear operator from
dom(dy) to H2(382).

Proof. Letu € dom(dy) and u,, € C*(£2) be a sequence converging to u in the || - |-
norm when n — +00. Pick f € C*°(042), an integration by parts yields:

(I up, ﬁnﬁ,f)y(ag) = 2(dzup, gzjah(f)>L2(Q)-
It gives

U BT P 20| < 2elenllnllf 0,y o

for some ¢ > 0, where we have used Lemma 15 and Proposition 22. As in L?(32) there
holds §}} = —Sh we get

(mIT})* = IT n.
In particular, there holds

(7w BT P 20| = WD Bt f) 2] < 2 a1y o

Letting n — +oo, we get IT, nl""u € H%(B.Q) and that IT,” o Hy o I'* is a linear
bounded map from H -3 (02)to H 7 (0£2). However, there holds

My M = (Rn = BT, n) I = R0+ (S, ).

By (2) Proposition 12, [ Sy, n] € 1118_91 hence, it is a bounded operator from H -3 (082) to

H? (0£2). Finally, as the multiplication operator by n is bounded in H 2 (0£2) we obtain
the expected result.
The case u € dom(dy,p) is handled similarly. O

We are now in a good position to describe the range of the trace operator I'*.
Corollary 28. Let f € {h, ah}. There holds
ran(I™) = (f € H2(39) : [T; f € H2(02)).
Proof. Let us start by proving the reverse inclusion. Let f be in the set on right-hand
side, there holds f = H; f+ 11, f. We know that there exists an extension operator
E* from H>(382) to H'(£2) such that *E*g = g for all g € H?(3£2). Now, if
7 f € H3(32), we set
u = P (117 f) +E+(17ﬁ_f).

Itis easily seen that u € dom(dy) and I'™*u = [T f + I, f = f.
Now, let us prove the direct inclusion and pick f € ran(I""). We know that there
exists u € dom(dy) such that f = I'*u. In particular, by Lemma 27 we know that

1
I, f= 1'[;1"+u € H2(d52) which concludes the proof. 0O
We are now able to prove Proposition 26.
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A Variational Formulation for Dirac Operators

Proof of Proposition 26. First, let us prove that the sum is direct. Let v = @4(f) = u
with Hﬁ_ f =0and Hg I't*u = 0. Then, taking the traces we obtain:

v=1Ig;f=10;I"u,

which implies f = I"*u = 0. Consequently, v = ®;(f) = 0.
Second, let us pick v € dom(d;). There holds

v =@ (1] Tv) +v — (17 ).

However, remark that u := v—®; (H;I“v) € dom(9dy) and satisfies I'*'u = ; I'tve

H%(B.Q) by Lemma 27. Hence, by Lemma 18, we obtain u € H' () and I'u €
ker 175r = ran [T, which concludes the proof. O

5. Variational Characterization of the Principal Eigenvalue

The aim of this section is to prove Theorem 4. In Sect. 5.1 we describe precisely the
domains dom(g g ) and dom(H g ), where H g is the unique self-adjoint operator asso-

ciated with ¢ g via Kato’s first representation theorem. In Sect. 5.2, we investigate the
behavior of themap E € [0, +00) — p e (E). Finally, in Sect. 5.3, we prove Theorem 4.

5.1. The quadratic form qg and its associated self-adjoint operator H g . For E > 0,

recall that g ;? is defined in (2) on the domain consisting of the closure of the C*°(£2)
functions with respect to the norm of the quadratic form

NE ) = \/ 191175 ) + 11172 ) + Eltll7 50

Remark that as defined, g g is a closed, densely defined and bounded below quadratic
form thus, by Kato’s first representation theorem (see [25, Chap. VI, Thm. 2.1]), qg is
associated with a unique self-adjoint operator H EQ acting in L?(£2) satisfying

dom(HbQ) C dom(qg).

In this paragraph, we describe properties of the domains dom(g ;;2 ) and dom(H g ) and
start with the domain of the quadratic form ¢ g

Proposition 29. Let E > 0. The form domain dom (g g ) admits the following direct sum
decomposition

dom(g) = {(u € H'(2) : T} I*u = 0} + H2(2).

Moreover, dom(q;? ) is continuously embedded in H 7 (£2).

Disk Received [] Corrupted []
Jour. No | Ms. No. Disk Used [] Mismatch []

m 2 2 0 3959 B ?ggla;z}gegf)/g/gml JNO(;ltr?_?slédCOHEI]mum Math. Phys.
o




S
o
o
il
[a W
-
o
=
+—
=
<

605
606
607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623
624
625

626

627

628

629

630

631

632

633
634

635

636

637
638

639

P.R. S. Antunes, R. D. Benguria, V. Lotoreichik, T. Ourmiéres-Bonafos

Proof. Set€ ={u e H' () : I ru = 0}4—7—(]2](.(2) and remark that the sum is direct
by the same arguments as in the proof of Proposition 26. We prove the set equality by
proving both inclusions.

Inclusion & C dom(qg) Let v := u + ®&n(f) € € and take (uy),en and (fy,)nenN tWo
sequences of functions such that

foralln e N u, € C®(R), f, € C®0OR2);
and

when n — +oo there holds [lu, — ullg1(2) = 0, Wfa — fll290) = O

By [10, Theorem 3.1.], we have v, := u, + ®(f,) € C®(£2) and for E > 0, there
exists C > 0 such that there holds

aF (0 =v2) + (B> + Do = vall72 )
= 419z (u — w172 ) + ENT* @ = wn) + I (f = fidl 72050,
I = un) + (@n(f = fi)) 72
< C(llu = unll @) + 1f = full2o@))-

where we have used the mapping properties of @, I"*, IT;" and the continuity of the

embedding of L2(32) into H~2 (3£2). Letting n — +00, we obtain that v € dom(q;?)
and this inclusion is proved.

Inclusion dom(q;?) C & Let (up)peny € C¥(2)N be a Cauchy sequence for the

norm of the quadratic form N g . In particular, (u,),en is a Cauchy sequence for the
norm || - ||y thus converges to u € dom(dy) and by Lemma 15, there holds || u, —

FWHH’ 1 02) — 0 when n — +o00. Consequently, by Proposition 26 there exists

vefwe H(Q): [I;T*w =0} and f € H’%(a.Q) satisfying ITf f = f such that
u = v+ Py(f). Let us prove that f € L?(9£2) which will conclude the proof.

On the one hand as (u,)neny € CP(2)V is a Cauchy sequence for the norm of the
quadratic form N g, (I'*u,)nen is a Cauchy sequence in L%(3£2) thus converges to

some g € L2(3£2). Necessarily I'*u = g € L>(3£2). On the other hand in H~2 (3£2)
there holds
f=T*u—rT"y.

Butas I"u € L2(852) and v € H2(92) we get f € L>(9£2) and this inclusion is
proved.
Let us consider the inclusion map

7= dom(qg) — H%(.Q), Zu) = u.
By Proposition 22 applied for s = 0, this map is well defined. Consider v, = u, +
DL(fn) € dom(qi-2 ) which converges to v in the norm of the quadratic form qg and
assume that v, — w in the H 3 (§£2)-norm. In particular, as v € dom (qg ), there holds
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A Variational Formulation for Dirac Operators
v = u+ Py(f) for some u € H'(£2) and f € L?(3£2) as in the definition of &£. In
particular, in D’ (§2) we obtain

u+ep(f)=w

and as both terms belong to H > (£2), the closed graph theorem gives that Z is continuous.
O

Because of the compact embedding of H > (£2) into L?(£2), an immediate corollary of
Proposition 29 reads as follows.

Corollary 30. Let E > 0, the operator H g has compact resolvent and its spectrum

consists of a non-decreasing sequence of eigengalues denoted (,u}(-z (E))j>1. Moreover,
there holds

4 [o |0zul?dx — E* [ lul*dx + E [, lul?ds

Q .
wi(E) = inf sup
/ F ¢ dom ) ueF\(0) Jo lul?dx
imF =

Remark 31. For E = 0, the counterpart of Propostion 29, would read
dom(gs?) = (u € H'(2) : I Iu = 0} + A2(2).

In particular, note that dom(qéQ) can not be included in any Sobolev space H®($2),
(s > 0). Indeed, for any Bergman function u € Aﬁ(.Q), there holds q(“)q (u) = 0 which
implies that for all j > 1 we have /,L}(-z (0) = 0. Thus 0 is an eigenvalue of HOQ of infinite

multiplicity which would not be possible if we had dom(q(“)Q ) C H*(£2) because of

the compact embedding of H*(£2) in L?(£2). This phenomena is reminiscent of what
happens for the Dirac operator with zig-zag boundary conditions as discussed in [37].

We conclude this paragraph by a description of the domain of the operator H g

Proposition 32. Let E > 0, there holds:

E
dom(HS) = {u € H'(2) : 9:u € H'(2) and d:u +nu=0on BQ}.

Proof. Let £ denote the set on the right-hand side of Proposition 32. The proof is
performed proving both inclusions.

Inclusion dom(HEQ) cé&

Letu € dom(H;g) and v € Cgo(.Q), there holds

(HEu,9)p (o)D) = (HE u, V)22 = g u, v]
= 4(0zu, 9;0)D(2), D(2)
— E*(u, V)D(2),D(R)
= (=4 — EMu, 9)pia) D),
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where qg [-, -] denotes the sesquilinear form associated with the quadratic form qg .
Hence, in Lz(.Q), there holds ngu =(—A—- Ez)u. Remark thatif u € dom(Hg) then
dzu € dom(dyp), in particular, by Green’s Formula (10), for all v € C*®(£2) we get:

(HEu, v) 120y = —4(0;(9:1), v) 1200y — E* (. v) 120
= 4(0zu, 0) 1200y — EX (1, v) 1200

— Z(ﬁl—'+32u, vy 1 1
H 2(082),H2(082)
2 -+ + +
= —2nl'"o;u+ EI’ r .
qE [M,'U] ( n azu u, v>H7%(3Q),H%(3Q)

As v € dom(q¥) we necessarily have (20" d:;u + EI'u, I'"v) 1 =
H™2(30Q),H2(32)

As this is true for all v € C*°(£2) we obtain
nlr*o:u+ErMu=0, in H’%(E)Q). (18)
Taking the Szegd projectors in (18) we obtain
n
(I'*ozu) + EEFW =0

I (I (zu) + ST nIu =0

{ Ha_h(r+(82“)) + 71721_}1nr+u =0

Nevertheless, there holds
_ + 1 4 _ 1
Mgy =TT — S (Sn+ San), T3 =TT+ (San + Sh)-
In particular, we get
-t E__ +
I, (I'"(0zu)) = —Eﬂah(nl“ u)
E + o+ + + 1 +
- —E(nnhr w+ LT Il = (S + San) (0 u)>
E 1
£ _E(nn}jrm +[Sh nITu = (S + Sah)(nF+u)).
It rewrites

+ (2 + 1 +
[ M = _H(Enahr (010) + [Sh. 01T = 2 (Sy + San) (0" 0).

Remark that the right-hand side belongs to H 3 (0£2). This holds for the first term be-
cause of Lemma 27 and for the last two-terms because of Proposition 12. As IT, I'*u €

H?(3$2) by Lemma 27, we get I*u = ITXu + I, [*u € H2(382) thus, by

Lemma 18, u € H'(£2). In particular IT} (I (zu)) = —%H;hnl"‘“u € H%(B.Q)

and as IT, I"'*(d;u) € H%(B.Q) by Lemma 27 we obtain I"*0;u = IT, I'*(d;u) +
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A Variational Formulation for Dirac Operators
IT} ' (3zu) € H? (9£2) and by Lemma 18 we obtain d;u € H'(£2). It concludes the
proof of this inclusion.

Inclusion & C dom(H) Pick u € . One easily sees that (—A — E2)u € L*(£2),

moreover for all v € dom(g g ), there holds

qF [u, vl = (=4 — E®)u, v) 2.0

By definition of Hg it implies u € dom(HEQ) and ng =(—A—E>u. O

5.2. Concavity of the first min-max level. 1In this paragraph we investigate the behavior
of the first min-max level % (E) with respect to the spectral parameter £ > 0. This
behavior is illustrated in Fig. 3 for various bounded domains £2.

Proposition 33. The map 1% : E > 0 +— u*?(E) has the following properties.

1. MQ is a continuous and concave function on R;.

2. We have ,wQ (0) = 0 and there exists E;Q > 0 such that for all E € (0, E;Q) there
holds u*? (E) > 0.

3. Let 0 < E| < Ep, there holds

E>
12 (Ey) < E—lu‘?(Eo — Ey(Ey — Ey).

In particular, ipr'Q(El) = 0 (resp. //,‘Q (Ep) = 0), there holds ,wQ(Ez) < 0 (resp.
ue(Er) > 0).

Proof. As for all u € dom(g$¥) the function (E > 0 — ¢ (u)) is a continuous and
concave, so is (E >0 u* (E)) and Point (1) is proved.

Regarding Point (2), one observes that for all u € dom(qg ) there holds q(§2 u) =0
and in particular ,wQ(O) > 0. Now, forany f € L2(3£2) we have Dn(f) e dom(qg) and
qu (u) = 0 because @y (f) is holomorphic in £2. Consequently, there holds MQ 0) =0.

To prove the second part of Point (2), let # € dom(g g ) and remark that

af ) = @ = B)0:ull7s o) — E*lulja g + EQW) (19)
where the quadratic form £ is defined as
Q) = [19zl35 ) + 14113250, dom(Q) = dom(gi?).

Now, remark that Q > 0 thus, by Kato’s first representation theorem, there exists a
unique self-adjoint operator §) such that dom($)) C dom(fQ) and its spectrum is a
sequence of non-decreasing eigenvalues because dom()) = dom(qg) is compactly
embedded into L?(§2). Let )\'IQ be its smallest eigenvalue, we already know by the min-
max principle that A]Q > 0. Moreover, if )\]Q = 0, for an associated eigenfunction u,
we obtain Q(u) = 0 which implies that 9;u = 0 hence u is holomorphic with trace in
L2(382). Consequently, u belongs to Hﬁ(Q) and u = @y (f) for some f € L%(382)
such that I'*u = f. However, as Q(u) = 0, we also obtain I'*u = f = 0 which yields
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u = 0 which is not possible because u is an eigenfunction. It implies that )\]Q > 0 and
using the min-max principle in (19), we get for all u € dom(qg ):

qaf ) = (4= B)9zulja o) — B2 Null + EAT [l 72 g

In particular, if £ < 4 we obtain

af ) = E( = E)lull?s g,

and the min-max principle yields
u?(E) = EGS — E).
Thus, setting E£? := min(4, A{?), for all E € (0, E?), we have 1 (E) > 0.
Let us prove Point (3). Let u € dom(qg )and O < E| < E». There holds

q,ié(u)=q§,(u>—(E§—E%)/Q|u|2dx+(Ez—E1)/m|u|2ds. (20)

Now, pick 1 anormalized eigenfunction of H gl associated with the eigenvalue 1 *? (E1).
We have g (u1) = 1 (E1) which implies

2 1 o2 2
lui|“ds < — (4 |0zu1|"dx + Eq lui|“ds
952 E; 2 992

1 2 2
= E—l(qu(M1)+E1)
_Ei+nfED
=—¢z,

Thus, evaluating (20) with ¥ = u; we obtain

E;

— E;
qag, (1) < n?(E\) — (E3 — ED) + E—1<E12 + 1 (Ey)).

The min-max principle finally gives the sought inequality

E,» — FE
w2 (Ey) < u®(Ey) — (B3 — EY) + —=——L(E} + u® (Ey))

E;
Ey o
=E—1M (E1) — Ex(Ex — E).

A

Now, assume that 12 (E1) = 0. It yields
12 (Ey) < —Ex(E; — Ey) < 0.
Similarly, if £ (E») = 0 we get

0 < E1(Ey — Ey) < n2(E)).
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A Variational Formulation for Dirac Operators

5.3. Proof of the variational principle. In our way to prove Theorem 4 we will need the
following two propositions.

Proposition 34. Let E > 0 be such that ¥ (E) = 0 then E € Spgis(D%).

Proof. Let E > 0 be such that ©(E) = 0 and consider a normalized associated
eigenfunction v € dom(H};Z). Setu = (ug,u2)" = (v, —%Bzv)—r, by Proposition 32,

ue HY(2,C% andasv € dom(H;g), in H%(SSZ) there holds
E
It (9:v) +n51"+v =0« 2E'irto:v) = inl"u < I''ur = inl*u;.
Hence, (u1, us)T € dom(D*%) and there holds

0 —2i0 . .
D2 (uy,u)" = (_2135 01 Z) (1, u2)" = (—2idu, —2i0zu1) "

1
= (——Au, Euy)"
( gAu uz)
=E(u,u)'.
Hence, E € Spd,-s(D'(2 ) and it concludes the proof of Proposition 34. O
Proposition 35. Let E € Spis (D) NRY then u*? (E) < 0.

Proof. Let E € Spais(D%) N R¥ and pick u = (u1, uz) " € dom(D*) a normalized
eigenfunction of D** associated with £. We have

D%y = Eu in £2,
up =inu; onas2.

In particular, we have —2id;u; = Eup and dz;u| € Hl(.Q). It yields
. 4
Eul = —Zlazuz = —Eazazul.

Taking the scalar product with respect to u1 on both side of the previous equation we
get
EZ/ lui|Pdx = —4/ (0,0:u1)uTdx =4/ |0zu1)>dx —2/ A(d:u)urds.
Q 2 Q 882
2D

Now, remark that on 052, we have

2i .
—Eazul = U3 = 1MNuU|

which implies that on 952
2535141 + Eu1 =0.

Hence, (21) becomes

E2/ |u1|2=4/ |85u1|2dx+E/ lui|ds
2 2 082

which reads qg (u1) = 0 thus, the min-max principle gives £ (E) <0. O
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784 Now, we have all the tools to prove Theorem 4. The proof is performed proving each
785 implication.

76 Proof of Theorem 4. By Proposition 35, we have ,uxQ (E1(£2)) < 0.Assume thatyx(2 (E1(£2)) <
77 0, by Proposition 33 we know that there exists 0 < E < E;(£2) such that M“Q (E)y=0

7es  which, by Proposition 34, implies E € Spgis(D*?). It is not possible because, by defi-

789 nition of E1(£2), E > E1(£2) consequently, we obtain w?(E1(£2)) = 0.

790 Let E > 0 be such that u** (E) = 0. By Proposition 34, E € Spais(D*) and neces-

701 sarily E > E{(2). If E > E1(£2), by Proposition 33, we obtain #** (E1(£2)) > 0 but

72 by Proposition 35 we necessarily have 1 (E1(£2)) < 0 which implies that necessarily

793 there holds £ = E(£2). O
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794 6. Geometric Upper Bounds on the Spectral Gap

795 The goal of this section is to prove Theorem 3 and this is discussed in Sect. 6.2. But
796 first, in Sect. 6.1, we give a simple geometric upper bound on the spectral gap which
7o7  illustrates how Theorem 4 can be used.

798 0.1. A simple upper bound. Animmediate consequence of Theorem 4 reads as follows.
799

w0 Proposition 36. Ler 2 C R? be C™ bounded and simply connected domain. There
sor  holds

1082
802 EI(Q) = —.
[$2]

sos There is no reason for the above upper bound to be attained among Euclidean domains.
s+ However, the bound brings into play simple geometric quantities: the perimeter and the
g5 area of £2.

sos Proof. Let E > 0 and u = 1 the function constant to 1 in £2. Asu € dom(qg), by the
s7 Mmin-max principle we obtain

Q
u 052
808 MQ(E)quz—()zE(u—E).
112, 0, 2]
g0 Soin Egt := % we get MQ (Egrit) < 0 and by Proposition 33 we know that
Ei(2) <E 1942]
810 1 < it = —.
Cr1 |Q|
811 O
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A Variational Formulation for Dirac Operators

6.2. A sharp upper bound. It turns out Theorem 3 is a consequence of the following
result.

Theorem 37. Let 2 C R? be a C* bounded and simply connected domain. There holds

|082] + \/|8(2|2 + 8 E1(D)(E1(D) — 1)(71rl.2 +(£21)

Ei (2
1(82) = 2wrk +182))

with equality if and only if §2 is a disk.
Now, we have all the tools to prove Theorem 3.
Proof of Theorem 3. Using that nrl.z < |$2| and the isoperimetric inequality we obtain
4m%r? < 4m|2] < |982|%. It gives
021* + 87 Ex(D)(E1(D) — D +12]) < [921PQE1(D) — 1),

Note that in the above inequalities, we have equality if and only if 2 is a disk and
combining this bound with the one of Theorem 37 we get Theorem 3. O

In the rest of this section we focus on proving Theorem 37 and assume, without loss
of generality, the following.

(1) 0 € £2 is such that r; = minyeye |x|,
(i) f :DD — £ is a conformal map such that f(0) = 0 and we write
f@ =) et
n>1
where (c,),>1 1s a sequence of complex numbers.
Before going through the proof of Theorem 37, we gather in the following paragraph
some known properties linking the geometry of §2 with the conformal map f.
6.2.1. Preliminaries The next proposition can be found in [32, §3.10.2] and relates the
area of £2 with the conformal map f.
Proposition 38 (Area formula). There holds
12| =7 nleal®.
n>1

The second proposition is a consequence of the Schwarz lemma (see Koebe’s estimate
in [21, Chap. I, Thm. 4.3]). It gives a relation between the first coefficient ¢ of the
conformal map f and the inradius r;.

Proposition 39 (Koebe’s estimate). There holds
L' O) = le1l = ri.

Finally, the last geometric relation between the conformal map f and the geometry
of £2 we need to prove Theorem 37 is that the perimeter |02| of £2 can be expressed as

27 .
1982| = fo | (e)|d6. (22)

Identity (22) is a simple consequence of the fact that f|gi is a parametrization of 952.
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6.2.2. Proof of the upper bound on the spectral gap To prove Theorem 37, we construct
an adequate test function for g ;(52 transplanting the eigenfunction of the unit disk D in
the domain §2 using the conformal map f. We obtain an upper bound on ;% (E) which
is a second order polynomial in the spectral parameter £ > 0 and with coefficients
depending on the geometry of 2. It translates into an optimization problem for the
spectral parameter £ > 0 that we solve in the last step of the proof.

Proof of Theorem 37. Let us go through all the steps of the proof.
Step 1 Let us denote by Jy (resp. J1) the Bessel function of the first kind of order O (resp.
of order 1). For x € D, consider ug(x) = Jo(E1(D)|x]) € H'(D) C dom(qgl D)) As

explained in Remark 2 u(x) = (ug(x), i% Ji (El(]]]))lxl))T is an eigenfunction of

DPassociated with E; (D). Theorem 4 implies
! 2
0= qp, o) (o) = 2m E (D) f i (E1(Dyr) rdr
0
1
- 271E1(]D))2/ Jo(Ex(D)r)rdr + 27 E\(D) Jo (E1 (D). (23)
0

Step 2 For x = (x1, x2) € £2, consider vo(x1, x2) = uo(f~'(x1 +ix2)) € HY(2) C
dom(g g ). By the min-max principle, there holds

o 2 2
MQ (E) - qE (U()) _ ”VUOHLZ(Q) + E”vO”LZ(a_Q) . Ez (24)
w3, ol 3 o)

where we have used that v is real valued to ensure that || Vvol|2(o) = 4[10zv0ll 12(g)-
Step 3 Now, as f is a conformal map, we know that

1
2
1V20l172q) = I Vuoll7 gy = 27 E1(D)? /0 Ji(E1D)yr) rdr. (25)

Using (22), we obtain
2w . . 5
ol 720y = /0 lwo(f (DIPIf(@)]do = Jo(E1(D))*[982]. (26)
Finally, the last integral reads
1 p2n .
ols = [ [ @Ry e Praras

1 2 . 2
:/ |u0(r)|2(/ ‘chnrnqe‘("q)g‘ d@)rdr
0 0 =1

=21 ) nleal* M, 27)
n>1
where we have used Parseval identity. Here, for n > 1 we have set M, := n fol Jo

(E1(D)r)*r>~dr,
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st Step 4 Taking into account (25), (26) and (27), (24) becomes

1
/ Ji(Ex(D)r)’rdr
- 2 2Jo 2
) 872 W (E) <2nE (D) 3 —E
S 2 Z n|c,|" My,
Ay n>1
S 21302
Jo(E (D
§ o7 E% (28)
< 21 Z n|c,|" My,
n>1
874 Let us find a lower bound on the sequence (M,),>. Using first an integration by
s7s  parts we find
1 E\D) [!
e My = EJO(EI(D))Z + 1; ) / Jo(Ex(D)r)Ji (Ey(D)r)r*"dr.
0
s77  In particular, for n = 1 it gives
: 2 2
878 M1 :/ JQ(E](D)}”) rdr = J()(El(]D)))
0
1
879 =E (D)f J()(El(]D))r)Jl (Ey (]D))r)rzdr. 29)
0

sso  Now, for n > 1, one notices that 7| = (r — (JoJl)(El(]D))r)rz) and hp = (r —

881 r2"_2) are non-decreasing functions on [0, 1] and by Chebyschev’s inequality for non-

sz decreasing functions, we obtain

@

1 1 b n
883 M, > -M; + =M, r dr = M;.
2 2 0 2n — 1

8!

-3

4 In particular, we have

2
a5 27y " nleal*M, > Jo(El(]D)))2(2n|c1|2 +21 ) 2nn_ . |cn|2)
nx1 n>2
ass > Jo(E](D))2(2JT|Cl|2 . ancn|2>
n>2

2
= Jo(E1(D)) (et |* +182))

2
888 > Jo(E1(D)) (lri > +182)), (30)

ss9 where we have used Proposition 38 and Proposition 39. Remark that in the first two
o inequalities above we have equality if and only if ¢, = O for all n > 2. Similarly, in the
1+ last equality, we have equality if and only if |c{| = r;. In particuliar there is equality in
sz the above inequalities if and only if f(z) = c1z and £2 is a disk centered in O of radius
893

8

©

8!

©

rj
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894 Combining (23) and (30) in (28), we obtain

895 /,L’Q(E) < —E?

27 ELD)? fy Jo(E\Dr)’rdr + Jo(Ex(D) (E1082] — 27 Ey(D))

G
8 896 + 3 5
& Jo(E1 (D))" (er? +[21])
—
B o Using (29), we obtain
-
=
27 E1 (D)2 + (E|082) — 2w E (D
<< s08 MQ(E)S_E2+ 1(D) (2| | 1( ))
nr? +|82|
(27 E1(D)* — (nr? +|R2DE?) + (E|382| — 27 E1 (D))
899 - a2 412
P(E)
900 =,
nr? + |02

o1 where we have set P(E) := —E?(r? +|2|) + E|082| + 27 E\ (D) (E (D) — 1).

a2 Step 5 Remark that by (1), there holds E1(D) — 1 > V2-1>0.In particular, the
93 discriminant of P satisfies

o0 8(P) := 382 + 8w E1(D)(E1 (D) — 1)(wr} +182]) > 0.

95 Thus, P has two real roots and as P (0) > 0, the only positive root is

1082] +\/|ag|2 +87E (D) (E1(D) — 1)(rr} +£2))
2(r? +182)) '

906 Ecit ==
w7 One obtains % (Eerit) < %Tg‘ = 0 and by Proposition 33 and Theorem 4 we get
908 Eq (D) < Euit

909 Which is precisely Theorem 37. O

so 7. About the Faber-Krahn Conjecture

911 In this section we discuss how the variational formulation established in Theorem 4
912 can be used to investigate Conjecture 1. We start by discussing a new Faber—Krahn
913 conjecture for the operator H g introduced in Sect. 5.1 and show that the problem
914 implies the Bossel-Daners inequality for the Robin Laplacian (see [13, 15]).

915 This new conjecture reads as follows.

o Conjecture 40. Ler 2 C R? be C™ bounded and simply connected domain. For all
o7 E > 0, there holds

b4 2
ot 12 (E) > —MD( uE) G1)
1£2] T
919 Moreover, there is equality in the above inequality if and only if §2 is a disk.
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920 Conjecture 40 implies Conjecture 1 as can be seen evaluating (31) in E = E(§2)
o2t and using Proposition 33 as well as Theorem 4.
922 It is remarkable that (31) scales as the Bossel-Daners inequality :
L§ A2 (E)> LD ( 142 E) (32)
5: 923 Rob — |Q| Rob T ’
—
g o2« with equality if and only if £2 is a disk. Here )‘i(z?ob(E) is given for E > 0 by
——
=
< IVull72 o) + E [y lulPds
25 W2 (E)i=  inf L) 7704 .
ueC=(2)\{0} Il 72 )

o6 Actually, one can prove the following proposition.
o7 Proposition 41. Conjecture 1 implies the Bossel-Daners inequality (32).

e2s  Proof. Assume that Conjecture 40 holds. By separation of variables, let us start by
929 remarking that forall £ > 0,ifu € dom(H?) is a normalized eigenfunction associated

wo  with £P(E) then u can be picked real valued. Hence, we get

IVolZ, ) = EXI0I32 g, + E fop lvI2ds
931 /,LD(E) = inf L' ®) L'®)
veC>®(D,R) ||v||L2(D)
o2 =)D (E) — (33)
o33 Now, we remark that for any domain £2 there holds
IVoll2, o) = E2 I35 o, + E [y Iv[*ds
o4 A(E)—E*=  inf L7) L)
UGCOO(-QsR)\{O} ”v”LZ(.Q)
_ 410:011 72 ) = EX VN300, + E [yo I017ds
935 = lgf
veC=(2,R)\(0) l0l72 0,
4001175 o) — EXI0N7, o) + E fyq I0IPds
936 > 1nf L7« L(C)) o6
vedom(gi )\ (0} 01320,
937 = MU (E) (34)
o3 Hence, using (33) and (34), we get
|£2] |£2]

1 (B) = B2 = n?(E) = P (=2 F) = R (= F) - B2
939 Rob(E) — 158 ( ) = |Q|M - 12 Rob -
a0 If £2 is a disk, all the above inequalities are equalities. Else, we obtain

o W2 (E) > — D b( @E)
(8] |.Q| (8] T

sz Which is precisely the Bossel-Daners inequality (32). 0O
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8. Numerics

The goal of this section is to illustrate numerically some theoretical results discussed in
the previous sections and to support the validity of Conjecture 1.

In Sect. 8.1, we discuss the two numerical schemes we have employed in Sect. 8.2
in order to study the principal eigenvalue of the Dirac operator with infinite mass bound-
ary conditions in various domains £2. We also discuss the structure of the associated
eigenfunctions.

8.1. Numerical methods. In this paragraph we present a brief description of the numer-
ical methods that we use in this work.

We have implemented two different numerical approaches, respectively to calculate
the eigenvalues of the Dirac operator with infinite mass boundary conditions, directly
from the formulation of the eigenvalue problem and to solve the minimization problem
associated with the non-linear variational characterization (3), defining /,L'Q (E).

The eigenvalues of the Dirac operator with infinite mass boundary conditions are
calculated using a numerical method based on Radial Basis Functions (RBF) (see eg. [20,
241]). We have chosen a set of RBF centers yi,..., YN € R2, for some N € N,
which are generated by a node repel algorithm (see [2] for details). The eigenfunction
u = (uy, 142)T is defined in H!(£2, (Cz) and we use the notation u; = v +iw; and
uy = vy +1iwy, where vy, wy and v, wy are the real and imaginary parts of u1 and u»,
respectively. The RBF numerical approximation for each of these functions is defined
by

vi(x) = Z;V:] a;”dy(X), wi(x) = 27:1 ﬂ;l)(ﬁj(x),

35
n() = Y0 aPei), wax) = XN, BP0, o

where ¢;(x) = ¢(|x — y;|), for some function ¢ : Rj — R. Several RBF functions

can be considered (eg. [2,20]), but in this work we consider the multiquadric one ¢ (1) =

V14 (er)2, for some € > 0.

The eigenvalue problem for the Dirac operator with infinite mass boundary conditions
can be written as

dﬂ+dﬂ+i<—m—"ﬂ):E(v1+iw1) in 2

T ox x| x| dxp
dwi o 4 (_3v W) — E(yy +iwp)  in £2
0x1 0x2 0x1 axa ) — 2 2
(v2 +1wp) = i(ny +inp)(vy +1iwy) on 052

and splitting in real and imaginary parts we have

—92 4+ 32 = Fv) in Q2
_ v _ dwy _ ;
33)61 8ax2 = FEw; in 2
owy , ovi i
aaxl + %XZ = EU2 in 2 (36)
_ov 4 owy _ i
o T = Ew, in 2
V) = —njw] — NovV] onds2
Wy = niv] —nowi onads2
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973 These equations are imposed at a discrete set of interior and boundary points. We
oa  consider M?% e N points p1, ..., pyee uniformly distributed on 052 and M 2 N
75 points qi, ..., gy« located at a grid defined on §2. Then, we calculate the matrices
| _
S é1(q1) -+ dn(q1) 0191(q1) -+ 91dn(q1)
Q:‘ 076 M = . s MiQ = e ,
= | $1(gme) - dN(gye) 0191(gye) -+~ 01PN (gye)
b —
2 no1(q) -+ hon(qr) ¢1(p1) -+ dN(p1)
o ME = : : , M = : :
| 0201(gye) -+ RPN (gye) S1(pype) - - N (Ppyp2)
o7zs  and
ni(pné1(py) -+ ni(pDen(p1)
MBQ _ . . .
979 1 —_— )

|1 (2B (Pagie) -+ m1(pagoe )by (pygis) |

na(pei(py) -+ nap)en(p1)
M3 = ; ;
| m2(Py2)b1(Pygog) - - n2(pagoe)on (Pyie)
981 Taking into account the definitions of the RBF linear combinations (35), the numerical

es2 approximations for the eigenvalues are the values E for which we have nonzero solutions
sss  of the overdetermined system of linear equations

0 0 0 -M¢ MY M2 0 0 0

0 0 0 —-M?_-M? 0 M2 0 0 ath

of || MZ MZ o0 0 gl 0 0 M? 0 ~
ool -M2 M2 0 0 0 0 0 M? o

0 Mgé M?ZQ M0 0 0 0 0 @

0 ~MYZ MY2 0 MP© 0 0 0 0
985 (37)
086 The numerical solution of the minimization problem associated to the non-linear

9

®
Q

variational characterization is obtained directly from (3), defining the function

1 1 1 1
aes F@, . a0, D)

4 [ |0zu112dx — E? [ lu1?dx + E [, |ui|*ds
989 = fg |u1|2dx

s0 that we minimize by a gradient type method. We refer to [2] for details about the nu-
so1 merical quadratures to approximate the boundary and volume integrals in the definition
92 of F.
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Table 1. Absolute errors of the numerical approximations for the principal eigenvalue A1 (D), for several
choices of € and N

N =242 N =323 N =402

€e=5 445 %1077 8.55x 1073 1.33 x 1078
e=10 1.30 x 1073 2.78 x 107° 493 x 1078
e=15 4.92 x 1075 9.21 x 107° 1.16 x 1076

1.56

1.54+ B

1.52-

1.48+

146+

1.42 I L L I L I
6.2 6.3 6.4 6.5 6.6 6.7 6.8 6.9 7

Fig. 1. Plot of the principal eigenvalue for 2500 domains (with smooth boundary) randomly generated satis-
fying |§2| = m, as a function of the perimeter

8.2. Numerical results. We start by testing our numerical algorithm for the calculation
of the eigenvalues of the Dirac operator with infinite mass boundary conditions in the
case of the unit disk, for which we know that the principal eigenvalue E|(D) is the
smallest non-negative solution of the equation

Jo(u) = Ji(u)

and we have E{ (D) = 1.434695650819 ... In Table 1 we show the absolute errors of
the numerical approximations for the principal eigenvalue E(ID), for several choices
of € and N and show that the numerical method can be highly accurate, even with a
moderate value of N.

We have computed the principal eigenvalue for 2500 domains (with smooth bound-
ary) randomly generated satisfying |§2| = 7. The corresponding eigenvalues are plotted
in Fig. 1, as a function of the perimeter. We observe that the principal eigenvalue is
minimized for the domain which also minimizes the perimeter. By the classical isoperi-
metric inequality it is well known that for fixed area, the perimeter is minimized by the
disk. Thus, these numerical results suggest that the Faber—Krahn type inequality stated
in Conjecture 1 shall hold for the Dirac operator with infinite mass boundary conditions.

Next, we present some numerical results for the minimization problem associated to
the non-linear variational characterization (3). Figure 2 shows three domains (denoted
by £21, £2; and §23) verifying |£2;| = 7, (i = 1, 2, 3) to illustrate the numerical results
that we gathered. In Fig. 3 we plot % (E), i = 1, 2, 3 together with the curve u” (E).

2> [220[3959] B[R o s i
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0.5 0.5 0.5

0 0 0

-0.5] -0.5 -0.5

-1 | 1 1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

0.5 1 1.5

Fig. 3. Plots of uQi , 1 = 1,2, 3, together with the curve ;LD as a function of the spectral parameter £ > 0

We verify that for all E > 0, we have
u%(E) = pP(E), i =1,2,3

which illustrates Conjecture 40.

Finally, Fig. 4 shows the absolute value (left plots) and argument (right plots) of a
(normalized) eigenfunction associated to the principal eigenvalue of the domains £2;, i =
1, 2, 3. Remark that the point of maximal modulus seems to be localized at the incenter
of £2; which is in line with our choice of test function in the proof of Theorem (3).
However, there is absolutely no reason for the associated eigenfunction to be real-valued
and this has two consequences. First, Theorem 3 could be improved if one considers an
adequate test function in the domain of the operator and not only in the form domain
as we do. Second, Conjecture (1) can not be reduced to the Bossel-Daners inequality
because, contrary to the Robin eigenvalue problem, there is a priori no reason for an
eigenfunction to have a non-constant argument as illustrated in Fig. 4.
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Fig. 4. Plots of the absolute value (left plots) and argument (right plots) of the eigenfunction associated to the
principal eigenvalue of £2;, i =1, 2,
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