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Abstract

Let A be a proper independence algebra of finite rank, let G be the
group of automorphisms of A, let a be a singular endomorphism and
let a© be the semigroup generated by all the elements g~ 'ag, where
g € G. The aim of this paper is to prove that a® is a semigroup
generated by its own idempotents.

Mathematics subject classification: 20M20, 20M10, 08A35.

1 Introduction

Let X be a finite set. We denote by 7'(X) the monoid of all (total) trans-
formations on X and by Sym(X) the symmetric group on X. An element
a € T(X)\ Sym(X) is said to be singular.

In 1966 Howie [4] proved that every singular transformation a € T(X)
can be expressed as a product of idempotents of T'(X).

This result was generalized by Fountain and Lewin [2] for the case of
independence algebras as follows. Let A be an independence algebra of finite
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rank and let End(A) and Aut(A) be the monoid of endomorphisms and the
group of automorphisms of A, respectively. Given an element a € End(.A)
we define the rank of a, rank(a), as rank(im(a)). An endomorphism a €
End(A) is said to be singular if rank(a) < rank(A). Fountain and Lewin
proved that every singular endomorphism a € End(A) can be expressed as
a product of idempotents of End(.A).

In a different direction, Levi and McFadden [6] extended Howie’s result
proving that given a singular transformation a € T'(X), the semigroup gen-
erated by all its conjugates g 'ag, with g € Sym(X), is generated by its own
idempotents.

In fact Levi and McFadden proved something more. As usual if S is a
semigroup, E(S) denotes the set of idempotents of S, and if ) # T C S, by
(T') we denote the semigroup generated by 7. Levi and McFadden proved
the following theorem.

Theorem 1 Let a € T, \ Sym(X) and S = ({g tag | g € Sym(X)}).
Then
S = ({a} U Sym(X)) \ Sym(X) = (E(5)).

Our aim was to generalize this result to the case of independence algebras.
We would like to have a result reading as folllows: Let A be a finite rank
independence algebra and let a € End(A) be a singular endomorphism. Then
the semigroup generated by the set {g7'ag | g € Aut(A)} is generated by its
own idempotents.

However this result is not true. To see this consider X = {0, 1,2} and the
independence algebra A = (X,0), an algebra with only one operation which
is constant. Let a be the endomorphism of A defined by 0a = 1la = 0 and
2a = 1. Then a € End(A) \ Aut(A) but we have!

(Aut(A) a Aut(A)) = (Sy (21] Sa).

The latter is an inverse semigroup and has elements that are not idempotents,
so it is not generated by idempotents and hence (Aut(A) a Aut(A)) is not
generated by idempotents either.

In the sequel we consider a particular class of independence algebras —
proper independence algebras— in which a result corresponding to that of

n a notation now standard, the partial one-one mapping on the set {1, 2} which sends
2 on 1, is represented by (21].



Levi and McFadden holds. This class of algebras is broad enough to contain
the most important examples of independence algebras, namely, sets, free
G-sets and vector spaces.

In Section 2 we introduce proper independence algebras and prove some
basic results.

In Section 3 we prove that, for any singular endomorphism a € End(A),
the semigroup ({a} U Aut(A)) is generated by its own idempotents. As a
corollary we derive the Fountain and Lewin theorem for proper independence
algebras. As sets and vector spaces are proper independence algebras, the
result is general enough to contain as particular cases both Howie’s [4] and
Erdos’ [1] classical theorems.

Finally, Section 4 is devoted to the study of semigroups generated by the
set {g7'ag : g € Aut(A)}, where a € End(A) \ Aut(A) and Aut(A) is a
periodic group. The main result of this section generalizes Theorem 1.

2 Preliminaries

We assume the reader to have a basic knowledge of both the theory of inde-
pendence algebras and the theory of semigroups. For independence algebras
we recommend [2] and [3] as references, and for general semigroup theory we
recommend [5].

The first step in the definition of independence algebras is the introduction
of a notion of independence valid for universal algebras. A subset X of an
algebra is said to be independent if X = () or if for every element z € X, we
have x ¢ (X \ {z}); a set is dependent if it is not independent.

Lemma 2 For an algebra A, the following conditions are equivalent:

(1) For every subset X of A and all elements u,v of A, if the element
ue (X U{v}) and u & (X), then v € (X U{u}).

(2) For every subset X of A and every element u € A, if X is independent
and u & (X), then X U {u} is independent.

(3) For every subset X of A, if Y is a mazximal independent subset of X,
then (X) = (Y).



(4) For subsets X, Y of A with Y C X, if Y is independent, then there is
an independent set Z with Y C Z C X and (Z) = (X).

Proof: [8] (p.50, Exercise 6). W

An algebra A is said to have the ezchange property or to satisfy [EP] if it
satisfies the equivalent conditions of Lemma 2. A basis for A is a subset of
A which generates A and is independent. It is clear from Lemma 2 that any
algebra with [EP] has a basis. Furthermore, for such an algebra, bases may
be characterised as minimal generating sets or maximal independent sets,
and all bases for A have the same cardinality ([3], Proposition 3.3). This
cardinal is called the rank of A and is written rank(A). If A is an algebra
satisfying [EP] and o € PEnd(A), then rank(«) is the rank of the image of
a, that is, rank(a) = rank(im(«)).

We observe that (4) of Lemma 2 tells us that any independent subset of
A can be extended to a basis for A. We also remark that if A satisfies [EP],
then so does any subalgebra of A.

Throughout this paper A will always denote an independence algebra of
finite rank with at most one constant. Thus, in the algebras under consid-
eration, Con = () or Con = {0}, where Con denotes the set of constants of
A.

Let A be an independence algebra and let X, Y be two disjoint and in-
dependent subsets of A. Then A is said to be strong if (X) N (Y) = Con
implies that X UY is an independent set. From now on we restrict our study
to the case of strong independence algebras.

Lemma 3 Let B and C be subalgebras of A. If B is a basis for BNC,
BUC is a basis for B and BU D is a basis for C, then BUC' U D 1is a basis
for the algebra generated by B and C.

Proof: [2] (Lemma 1.6). W

Definition 1 Let I be a set and for a symbol 0 & I, let Iy = I U {0}.
Moreover, let A be an independence algebra and let (A;);er be a partition of a
basis of A. Consider the endomorphism o € End(A) defined by A;o = {a;},

for i € I, where the set {a; : 1 € I} is an independent set (and hence a basis



forim(«a)), and let Agoe = {0}. An endomorphism a € End(A) under these
conditions is represented by the following matrix

o
0 i i€l

This matrix is said to be a fundamental representation of a. The set Ay
in the fundamental representation is said to be the constant component.

If the algebra has no constants, then the constant component is the empty
set and then the endomorphism can be defined by

o]
@i Jier

The importance of this concept lies in the following fact:

Theorem 4 FEvery endomorphism of a strong independence algebra ad-
mits a fundamental representation.

Proof: This follows from Lemma 2.8 and the observations following Corol-
lary 2.10 of [2]. W

It is worth observing that the previous theorem does not imply that given
a € End(A) and a basis B of A, there is a partition of B, say (A;)ier,, such

is a fundamental representation of a. What the previous theorem implies is
that for every a € End(A) there exist a basis B of A and a partition of that

basis, say (A;)ru{o}, such that
0 a il

is a fundamental representation for a. In fact we can say more. For every
a € End(A) and every basis C' of im(a), there is a basis of A, say B = Uy, A;,

such that
0 a iel



is a fundamental representation for a. In short, not every basis of A induces

a fundamental representation of a given a € End(A), but given any a €

End(A) every basis of im(a) induces a fundamental representation for a.
We observe that if e € F(End(A)), then e has a fundamental represen-

tation as follows
0 a icl

where a; € A;, for all ¢ € I. Moreover, if C' is a basis for im(e) and Cy =
C U {0}, then there is a basis of A, say B = U.cc, Ac, such that Ace = ¢, for
all ¢ € Cy. Thus, e can be represented as (and is defined by)

A
c
Lemma 5 Let o € End(A), g,h € Aut(A) and suppose that

[AO AL An]

0 a ... ap

ceCy

is a fundamental representation for a (where Ay may be empty). Then,

Aog Aig ... Ang
0 ah ... ayh

is a fundamental representation for g lah.

Proof: Clearly, U(Aig : i € {0,...,n}) is a basis for A and {a1h,...,a,h}
is an independent set. Moreover, (A;g) g 'ah = a;h, for all i € [n], and
(Agg) g tah = 0, whenever Ay is non-empty. The lemma is proved. B

Let a € End(A). If the algebra has no constants, then the constant
component in every fundamental representation of a is the empty set and
then the endomorphism can be defined by

[Al An]’

ay; ... Qp

where (A;);c is a partition of a basis.
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Let o be an endomorphism of A. We say that « is proper if it has a
fundamental representation with empty constant component. That is, a can

be defined by
[Al An]

a ... Qp

where U;e,) Ai is a basis for A. A proper endomorphism is said to be re-
ductive if its rank is less than the rank of A but greater than zero.

Definition 2 A strong independence algebra is said to be proper if all
endomorphisms of rank at least 1 are proper.

Clearly, an endomorphism of a proper algebra is reductive if and only if
it is neither an automorphism nor the null endomorphism.

We observe that strong independence algebras without constants are ex-
amples of proper independence algebras. In addition we have the following
lemma.

Lemma 6 Let V' be a vector space over a field F. Then V is a proper
independence algebra.

Proof: Let B be a basis for V, By C B and b € B\ B;. It is an easy
exercise to show that (B; +b)U B\ By, where B+b={a+0b|a € B},isa
basis for V.

Consider the following fundamental representation of «

v
0 a icl

As rank(a) > 0 it follows that for some i € I we have (A;)a = {a;} # {0}.
Suppose a; # 0. Then « has a fundamental representation as follows

Ao A A4
0 a; a;

Lel\{l} ‘
Let a € A;. Then B = (A, + a) U (Ujer4;) is a basis for V.

Now «a acts on the basis B in the following way

[AQ‘{‘CL Al Az

v ar G Lel\{u .



As C = {a; | i € I} generates the image of «, it follows that
(AQ + (I) U Al Al

ar G Jien

is a fundamental representation of a with empty constant component. H

In what follows we restrict our study to the case of proper indepen-
dence algebras of finite rank. Thus A will always denote an algebra of
this kind (we keep assuming that A has at most one constant).

We prove now a technical lemma which will be very useful in what follows.

Lemma 7 Let {by,...,b,} be an independent set in A where n < rank(.A).
Suppose that a belongs to the subalgebra (by, ..., b,) \ Con. Then there exist
two bases as follows

B = {bl,... n,y,dl,.. dk}
C = {by,...,bi_1,a,bi41,by,y,€1,... €}
Proof: As n < rank(A) there is an element y € A such that the set
{b1,...,bs,y}isindependent. Hence thereis a basis B = {b1,...,b,,y,d1,...,d;}.
Take the minimum ¢ € [n| such thata € (by,...,b;). Then,asa & (by,...,b;_1),
it follows that {by,...,b;—1,a} is an independent set and, by [EP], we can
say that b; € (by,...,b;_ 1,a>
We claim that {bl, .oy bic1,a,biq, ..., b, } is independent. In fact, if a €
(b1, ..y bi—1,bix1, .., by) then we have

bie<bl,...,bi_l,a,bi+1,...,bn> = <b1,...,bi_1,bi+1,...,bn>,

a contradiction as {by,...,bi_1,b;, biy1,...,b,} is an independent set. It now
follows that {by,...,bi_1,a,b;41,...,bn,y} is independent. In fact,

<b1,...,bi_1,a,bi+1,...,bn>m<y> g <bl,...,bi,...,bn,a)ﬂ<y>
= <b1,,bz,,bn>ﬂ<y>

= Con.
Thus, (bl, ooy bim1,a,bi1, ..., b,) N (y) = Con and this proves that the set
{b1,...,bi—1,a,bi11,...,b,,y} is independent. Therefore it can be extended

to a ba81s of A:

C= {bl,... zl,a Z)H_l,...,bn,y,...}.
u



3 The semigroup (o, G)\G is Idempotent Gen-
erated

The aim of this section is the proof of the following

Theorem 8 Ifa € End(A) is a reductive endomorphism, then (o, G)\G
18 generated by its own tdempotents.

For an o € End(A) the semigroup (o, G) \ G will be denoted by a¢.
As an element in the semigroup o has the form giags...ag;, for some
g1s--.,0n € G, we see that a is generated by its idempotents if and only if
gah is a product of idempotents in o, for all g, h € G.

In [2] (Section 3) it is proved that there is an idempotent e € End(.A)
and an automorphism g such that & = eg. Thus we have o € e and
e=ag ' € a“. Hence e = aC.

Now it remains to prove that the semigroup e“ is generated by its own
idempotents. To see this we fix the following fundamental representation of

€.
[Al An]

rT ... Ty

where x; € A;, for all ¢ = 1,...,n. This is possible because « is proper and
thus, by Lemma 5, e is proper as well.

Let geh € %, where g,h € G. If geh € (E(e%)), then ¢ = (E(e%)).
Thus one only has to prove that, for all g,h € G, the element geh belongs
to (E(e%)). Let a = geh. Then it follows from Lemma 5 that the following

matrix
Ag™t ... Agt
xih ... x,h

is a fundamental representation for a. Let A;g~! = Z;, v;h = a;. Thus a
fundamental representation of a is given by the matrix

Zy ... Ly
ar ... ap |
We introduce now what will be the main tool in our proof. Let u €
(E(e%)) with fundamental representation

Zor oo Zok Zoert)y - Zon
aq ar bk+1 bn ’

9



where o is a permutation of [n]. Moreover, suppose that if there is v €
(E(eY)) and ¢ € Sym([n]) such that Z v = a;, for i € [j], then j < k.
Roughly speaking, u is a maximal element with respect to the property “co-
inciding with a twisted a in the first 7 image elements”.

We claim that k£ = n.

We start by introducing some notation. Let 8 € End(A) and let the
following matrix be a fundamental representation for 3:

Y. ... Y,
wy ... Wy, |

Moreover, let Y = ¢}, ¥i and for all i € [n] let y; be an element in Y;. Then
we represent Y; as [y;]y, and hence the given fundamental representation for

3 becomes l[ ] " ]
Ny -+ [Unly ‘

w1 Wp,

If one of the sets (Y;)icjn), say Y1, has more than one element, say wq, vy, we
can represent Y7 as [wi]y or as [v1]y or as [wy,v1]y. The same applies for a
set having more than two elements. The aim of this notation is just isolate
one or more elements of a set in order to make it easier for the reader to
follow composition of fundamental representations.

With this notation, the fixed fundamental representation of e with respect
to the basis Z = J A; is

[ 1]z ... [xn]z ] '

T Tn

Lemma 9 Let B = {by,...,b,} be contained in a basis C. Then, there
exists in e an idempotent ¢ defined by

bile ... [ba)e
by ... by
Moreover, we can choose € in such a way that |[b;|c| = |[x:]z], for all i € [n].

Proof: Consider a partition (B;)icpn, of C, such that

1. b; € Bi, for all 7 € [n]7

10



2. |[ilz| = |[Bile], for all i € [n].

Now, consider any bijection g : (U[z;]z : ¢ € [n]) — C satisfying two
properties:

1. x;g = by, for all i € [n];
2. ([xi]2)g = [bi]c, for all i € [n].

Then ¢ can be extended to an automorphism of A and, by Lemma 5, the
matrix

bile ... [bale
by ... b,

is a fundamental representation of g~leg and g~leg € E(e“). The lemma
follows. W

As e is reductive, for some i € [n] the set A; = [z;]z has at least two
elements. We can suppose that [z;11]z contains more than one element. In
fact, if [z;]z contains more than one element, instead of using e, we would
work with the idempotent € = (z;2511) ze(x;xk+1) z, and now it is the Ker(e)-
class of xp,1 which contains more than one element. The point is that we
have to change only if [x}1]7 has only one element. If this is the case, then
we consider the element € = (x;2511)ze(z;Tk41)z, and with this element we
have (E(c%)) = (E(e%)). Thus if u € (E(e%)), then u € (E(e%)), which is
what we want to prove.

Thus we can assume that the fundamental representation of e chosen
above has the following shape

[331]2 ce [xk]z [xk+17wk+l]Z [iCn]Z
T e T Lh+1 Ce e

To prove that £ = n we are going to prove that if & < n, then there is
e € E(e“) such that ue coincides with a twisted a in the first k + 1 elements,
contradicting the maximality of u.

Suppose first that

ak+1 ¢ <(l1, e ,ak,ka, e ,bn>

11



Then the set {a1,...,ag, bxi1,...,bn,ars1} is independent and hence can be
extended to B, a basis of A. Now it follows from Lemma 9 that there is an
idempotent ¢ in e“ with the following fundamental representation

a1l ... Jakls [akt1,bk11]lB [bks2ls - [bnlB
ay e ag Ap+1 bk+2 e bn '

But now, ue is defined by

Zal cee Zo’k Zo(k+1) Za(k+2) cee Zan
aq N Qe k41 bk+2 Ce bn ’

which coincides with a twisted a in the first k¥ 4+ 1 image elements, contra-
dicting the maximality of w.

Thus we can suppose now that agy1 € (a1, .., 0k, bgy1,---,0pn). It follows
from Lemma 7 that the following two bases exist

1. B= {al, PN ,ak,ka, ce 7bk;+j—1abk+j7bk+j+1a N ,bmy, . .};
2. C = {CLl,. .. 7ak;bk+1; cen ,bk+j_1,ak+1,bk+j+1,. .o ,bn,y,. . .},
where j > 1.

Using Lemma 9 once again, it follows that there are two idempotents in
e with the following associated fundamental representations?:

- l ladp - ak]s [brals - [beisyls o [ba]s ]
" ay Qg bk’—i—l Yy bn
and
s [ laile .. ke [betile oo ek, Yle oo [bale ]
aq . Qg bk+1 e k41 ce bn '

Thus, the element un( is defined by

Zor oo Zok Zoer1) -+ Zoety) - Zon
aq Qg bk+1 A1 bn .

2The notation n «» M, where 7 is an endomorphism and M is a matrix, means that
M is a fundamental representation of 7.

12



Now we can consider a permutation o’ € Sym([n]) defined as follows: (k +
1)o" = (K + j)o, (K +j)o' = (K + 1)o, (i)o’ = (i)o for the remaining
elements of [n]. The element un( is defined by

ZO"l e ZO'/k Zo—l(k+1) PPN ZU’(k+j) PN ZO'/’I’L
ay .. Qg g1 Ce bk‘+1 ce bn ’

a contradiction with the maximality of w. It is proved that £ = n and hence
the matrix

Zor oo Zok Zoerr)y - Zon
aq e Qg Ap+1 e Ay,

is a fundamental representation of u. Thus proving our claim of page 10.
To finish the proof of the Theorem 8, it remains to prove, as explained
on page 10, that a belongs to E(e“). So we have the following

Lemma 10 Let b € (E(e%)) be defined by the matrix

b«

By ... By ... By ... B,
by oo o be o by .. by |

Then the endomorphism defined by

By ... Bxer Br Bry1 ... Bryjo1 Bryy Brijii o o.. By
C <
bi ... b begy brgr oo by b brpj oo by

belongs to (E(e%)) as well.

Proof: Let B = {by,...,b,,y,...} be a basis of A. By Lemma 9, the
following idempotents belong to e:

e s [ [bl]B [bk]B [bk+]‘,y]3 [bn]B ]
by ... b ... y by |7
¢ s [ il .. [be-1]lB [YlB [brs1] - [bkbrgjlz . [bulB ]
b1 Ce bk;—l Yy bk+1 c bk+j e bn
and
N [ [bl]B PN [y, bk]B Ce [bk+j]B e [bn]B 1
b ... by . bepy ... by |

13



Now, be(n is defined by

By ... By ... Buy ... B,
by oo bpsy oo by o by |

which is equal to ¢. The lemma is proved. W
Now, as u, with fundamental representation

Zot oo Lok Zo(t1) --- ZLon
ai ... ag 77 R P

belongs to E(e“), it follows by repeated application of the previous lemma
that a, defined by

Zi ... 2y

ap ... ay |’

belongs to E(e“) as well. Thus, the semigroup e“ is generated by its idem-
potents. As e = a® = (a, G) \ G, the theorem is proved.

Corollary 11 Let A be a proper independence algebra. Then every ideal
of the semigroup End(A) \ Aut(A) is generated by its idempotents.

Proof: It is proved in [2] (remark after Proposition 1.3) that the ideals of
End(A) \ Aut(A) are precisely the sets

I, = {a € End(A) : rank(a) <r}, for r < rank(A).

Now, if r = 0, then I, has only one element, which is idempotent, and hence
the result holds. If 0 < r < rank(A), then every « € I, \ Iy is reductive and

hence
acaf = (B(Y) CI,.

Thus « is a product of idempotents of 7. B

Corollary 12 (Howie) Let X be a finite set. Then T'(X) \ Sym(X) is
tdempotent generated.

Corollary 13 (Erdos) Let V' be a finite dimensional vector space. Then
the semigroup End(V') \ Aut(V) is idempotent generated.

14



4 Normal Semigroups of Endomorphisms

In this section we suppose that A is a proper independence algebra such
that G, the automorphism group of A, is a periodic group. Moreover, for
a € End(A) and g € G, we will denote the element gag™ by a?. Finally,
the semigroup generated by the set {a9 : g € G}, where « is a fixed endo-
morphism, will be denoted by (« : G).

The proof that {« : G) is generated by idempotents turns out to be very
easy when we use some techniques developed by McAlister [7].

Theorem 14 Let A be a proper independence algebra such that G, the
automorphism group of A, is a periodic group. Moreover, let . be a reductive
endomorphism of A. Then the semigroup (« : G) is equal to (o, G) \ G and
hence is generated by its idempotents.

Proof: It is obvious that (« : G) C («, G) \ G. So we prove the converse.
Let u = g10gags . . . gntgny1 be an idempotent of («, G) \ G. Then we
have

u = gragy (g192)(9192) " (g19293) . . . (919293 - - - Gn) (919295 - - - GnGnt1)
= a91q9192919293  (919293--9n (91 . -gn+1)-

Thus u € (o : G)(g1 - .- Gnt1), say u = vg, where g is equal to g; ... g1 and
v belongs to (o : G).

As G is periodic, there is n € IN such that ¢g" is the identity. Now, as
u = vg is idempotent, we have vg = (vg)™ and hence

vg = (vg)"
_ L nflvgfnJrl)gn

vg7?) ... (¢" tvgT ) € (a: G).

It is proved that u = vg = v(gvg~')(g*vg™?) ... (¢" tvg™"!) is an idempo-

tent of (a : G). Thus all the idempotents of (o, G) \ G belong to («: G). As

E({a,G)) generates (o, G) \ G, the theorem is proved. W

Aknowledgements: 1 would like to thank my supervisor, Professor John
Fountain, and Professors Gracinda Gomes, Victoria Gould and Peter M.
Higgins, for their comments on a previous draft of this paper.

15



References

[1] J.A. Erdos, On products of idempotent matrices, Glasgow Math. J. 18 (1967), 118-
122.

[2] J. Fountain, A. Lewin, Products of idempotent endomorphisms of an independence
algebra of infinite rank, Math. Proc. Camb. Phil. Soc. 114 (1993), no. 2, 303-319.

[3] V. A. R. Gould, Independence algebras, Algebra Universalis 33 (1995), 327-329.

[4] J. M. Howie, The subsemigroup generated by the idempotents of a full transformation
semigroup, J. London Math Soc. 41 (1966), 707-716.

[5] J. M. Howie, An Introduction to Semigroup Theory, Academic Press, London, (1976).

[6] I. Levi and R. McFadden, S,,-normal semigroups, Proc. Edinburgh Math. Soc., 37
(1994), 471-476.

[7] D. B. McAlister, Semigroups generated by a group and an idempotent, Comm. Alge-
bra 26 (1998), no. 2, 515-547.

[8] R.N. McKenzie, G. F. McNulty and W. F. Taylor, Algebra, lattices, varieties, Vol. I
(Wadsworth, Montrey, 1983).

[9] M. A. Reynolds and R. P. Sullivan, Products of idempotent linear transformations,
Proc. Roy. Soc. Edinburgh 100 A (1985), 123-138.

16



