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Abstract

The Feynman integral for the Schrédinger propagator is constructed
as a generalized function of white noise, for a linear space of potentials
spanned by measures and Laplace transforms of measures, i.e. locally
singular as well as rapidly growing at infinity. Remarkably, all these
propagators admit a perturbation expansion.
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I. Introduction

On a mathematical level of rigor, the construction of Feynman integrals for
quantum mechanical propagators will have to be done for specific classes of
potentials. In particular, the Feynman integrand has been identified as a
well-defined generalized function in white noise space, e.g. for the following
classes of potentials:

- (signed) finite measures which are “small” at infinity [0, 5]

- Fourier transforms of measures [I§]

- Laplace transforms of finite measures [13].

Potentials in the third space are locally smooth but may grow rapidly
at infinity, a prominent example is the Morse potential. On the other hand
the first of these classes includes locally singular potentials such as the Dirac
delta function. It is also important for the construction of Feynman integrals
with boundary conditions [2]. Hence it would be desirable to admit potentials
which are linear combinations of elements from the first and third space. The
present paper addresses this problem: we show the existence of Feynman
integrals solving the propagator equation for such potentials.

II. White noise analysis

In this section we briefly recall the concepts and results of white noise analysis
used throughout this work (see, e.g., [T, [, [5], [9], [I1, [1T2], [T4], [16] for a
detailed explanation).
The starting point of (one-dimensional) white noise analysis is the real
Gelfand triple
S(R) c L*(R) c S'(R),

where L? := L?*(R) is the real Hilbert space of all square integrable func-
tions w.r.t. the Lebesgue measure, S := S(R) and &' := S'(R) are the real
Schwartz spaces of test functions and tempered distributions, respectively.
In the sequel we denote the norm on L? by |- |, the corresponding inner
product by (+,-), and the dual pairing between &’ and S by (-,-). The dual
pairing (-, -) and the inner product (-,-) are connected by

(f,€) = (f,€), fel*¢eS.

By {| - |,}pen we denote a family of Hilbert norms topologizing the space S.



Let B be the o-algebra generated by the cylinder sets on §’. Through the
Minlos theorem one may define the white noise measure space (S, 5, i) by
giving the characteristic function

c(¢) = // et duw) = e 2P ce s

Within this formalism a version of the (one-dimensional) Wiener Brownian
motion is given by
B(t) = <w, H[O,t)> , wE Sl,

where 1 4 denotes the indicator function of a set A.

Now let us consider the complex Hilbert space L?(u) := L*(S', B, 11). As
this space quite often shows to be too small for applications, to proceed
further we shall construct a Gelfand triple around the space L*(u). More
precisely, first we shall choose a space of white noise test functions contained
in L?(;) and then we work on its larger dual space of distributions. In our
case we will use the space (S )_1 of generalized white noise functionals or Kon-
dratiev distributions and its well-known subspace (S)" of Hida distributions
(or generalized Brownian functionals) with corresponding Gelfand triples

(8)' c LA c (s5)™

and

(S) € L*(u) € (S)'
Instead of reproducing the explicit construction of ()™ and (S)’ (see, e.g.,
[T, [B]), in Theorems [ and B below we will define both spaces by their T'-
transforms. Given a ® € (S)_l, there exist p, ¢ € Ny such that we can define

for every
€Uy ={6eS: 2[¢f < 1}

the T-transform of ® by

TO(8) := (@, exp(i (- E))) - (1)

Here ((-,-)) denotes the dual pairing between (S)™" and (S)" which is defined
as the bilinear extension of the inner product on L?*(u). In particular, for Hida
distributions ®, definition () extends to & € S. By analytic continuation,
the definition of T-transform may be extended to the underlying complexified
space S¢ of S.

In order to define the spaces (S)™" and (S)’ through their T-transforms
we need the following two definitions.



Definition 1 A function F' : U — C is holomorphic on an open set U C S¢
if

1. for all 6y € U and any 0 € Sc the mapping C 5 X\ —— F (A0 + 0y) is
holomorphic on some neighborhood of 0 € C,

2. F' 1s locally bounded.

Definition 2 A function F : S — C is called a U-functional whenever

1. for every &,& € S the mapping R > A —— F(A\& + &) has an entire
extension to A € C,

2. there exist constants K1, Ko > 0 such that

[F(z6)] < Kyexp (K 2" [[€]]*), VzeClesS
for some continuous norm ||-|| on S.
We are now ready to state the aforementioned characterization results.

Theorem 1 ([8]) Let 0 € U C Sc be an open set and F : U — C be a
holomorphic function on U. Then there is a unique ® € (8)_1 such that
Td = F. Conversely, given a ® € (S)_1 the function T® is holomorphic
on some open set in S¢ containing 0. The correspondence between F and ®
15 a bijection if one identifies holomorphic functions which coincide on some
open neighborhood of 0 in Sc.

Theorem 2 ([7/, [I7)]) The T-transform defines a bijection between the space
(S)" and the space of U-functionals.

As a consequence of Theorem [l one may derive the next two statements.
The first one concerns the convergence of sequences of generalized white noise
functionals and the second one the Bochner integration of families of the same
type of generalized functionals. Similar results exist for Hida distributions

(see, e.g., [A]).

Theorem 3 Let (P,)
so that
1. all T®,, are holomorphic on U, , = {0 € S¢ : 24 |9\12) < 1},
2. there exists a C > 0 such that |T®,(8)] < C for all € U,, and alln € N,

3. (T'®n(0)),en is a Cauchy sequence in C for all 0 € Uy, ,.
-1

nen e a sequence in (S)_l such that there are p,q € Ny

Then (®,),cy converges strongly in (S)



Theorem 4 Let (A, F,v) be a measure space and A — Py be a mapping
from A to (S)™". We assume that there exists a Upq C Sc, p,q € Ny, such
that

1. T'®y is holomorphic on U, , for every A € A,

2. the mapping A — T'®(0) is measurable for every § € U, ,,

3. there is a C € LY(A, F,v) such that

|T®\(0)] < C(N), VO€U,4 v—a.aXeA.

Then there exist p',q' € Ny, which only depend on p,q, such that ®, is
Bochner integrable. In particular,

/ ®, dv(\) € (8)™

and T ([, ®xdv(N)) is holomorphic on Uy 4. One has

<</A(I)A dVO\)’(p>> - /A (@, ) dv()), Vee(S).

III. The free Feynman integral

We follow [3] and [6] in viewing the Feynman integral as a weighted average
over Brownian paths. We use a slight change in the definition of the paths,
which are here modeled by

=2 [wets =L ey, wes
z(t) == - Tu)s si=ux @ L), @ .

That is, instead of fixing the starting point of the paths, we fix the endpoint
x at time ¢. In the sequel we set h = m = 1. Correspondingly, the Feynman
integrand for the free motion is defined by

1+ 1

Iy = Iy(z, tly, to) == N exp ( /sz(T) dT) d(z(to) — ),

where, informally, N is a normalizing factor, more precisely, Nexp () is a
Gauss kernel (see, e.g., [B], [T5]). We recall that the Donsker delta function



d(x(to) —y) is used to fix the starting point of the paths at time ¢ty < ¢t. The
T-transform of the free Feynman integrand

TIE) = ﬁ (-5 [ emar) )
X exp (ﬁ (/toﬁ(T)dT+x—y)2)

is a U-functional and we use it to define Ij as a Hida distribution (see [3]).
From the physical point of view, equality () clearly shows that the Feyn-
man integral T'/y(0) is the free particle propagator

T )

Besides this particular case, even for nonzero £ the T-transform of I, has a
physical interpretation. Integrating formally by parts we find

e = [ nrew (i [ (i) i) du

to

X exp <—% /[to N (1) dr + izé(t) — iyf(to)) :

The term exp ( ft dT) would thus correspond to a time-dependent
potential W (z,t) = £(t ):c In fact, it is straighforward to verify that

Ot — to) - TI(€) = K exp (—2 /[ )i () - iyf(to)) ,

where O is the Heaviside function and

KO = KO, tly,ty) = —2U 1) ( /52 dT)

V2t — to] to

X exp <2|t i - (/to £(r)dr +x — y>2>

x exp (iy&(ty) —ix&(t))

is the Green function corresponding to the potential W, i.e., Ko(ﬁ) obeys the
Schrodinger equation

(zat + %ag - g‘(t)x) K (m,t]y, to) = id(t — to)d(x — y). (3)




IV. Interactions

In the sequel IC; denotes the linear space of all potentials V' on R of the form
V(z) = / e dm(a), x € R,
R
where m is a complex measure on the Borel sets on R fulfilling the condition

/ec"| d|m|(a) < o0, vC >0 (4)
R

(cf. [13]), and Ko denotes the space of all potentials V' on R which are gen-
eralized functions of the type

Vix) = /Ré(x —y)dm(y), T €R,

where dm(y) := V (y)dy is a finite signed Borel measure of bounded support

(cf. [10]).

Remark 5 A Lebesgue dominated convergence argument shows that poten-
tials in Ky are restrictions to the real line of entire functions [L3]. In partic-
ular, they are locally bounded and smooth.

Our aim is to define the Feynman integrand

=1 exp <—z’ / t V(x(r)) df) (5)

to

for a potential V' of the form V =V; + V5, V; € K;,

Vi(a) / e dmy (@), Va(x) = / 5 — ) dma(y), (6)

where .
x(1) =1 — / w(s)ds, wedS,

as before. In order to do this, first we must give a meaning to the heuristic
expression (B]). In Theorem [ it will be shown that [ is indeed a well-defined
generalized white noise functional. Secondly, it has to be proven that the
expectation of I solves the Schrodinger equation for the potential V.

7



As a first step we expand the exponential in (B) into a perturbation series.
This leads to

(7)

where Ay :={(71, ..., 7%) 1 to < 71 < ... < T < t}. In the above expression the
integrals over Ay, RF and [to,t]"_k ,R"* disappear, respectively, for k = 0
and £k = n. Our aim is to apply Theorems Bl and Bl to show the existence
of the above series and integrals. However, first we have to establish the
pointwise multiplication of generalized functionals

Iyexp (i alat(sl)> H o(z(1) — xj)

=1

as a well-defined generalized functional. Due to the characterization result
Theorem B it is enough to define this product through its T-transform. Ar-
guing informally, for £ € S we are led to

n—=k
([Oexp <Zal1’ 51>H5 x(T)) —x]>(§)

=1

n—=k
= /Slloexp<2alx >H5 ;) exp (i (w, §)) dp(w)

=1 j=1
k
= exp(:)sZal)- < H —:L"J> €+Zzalnslt]

The product I H?Zl 0(z(1;) — ;) is a slight generalization of the free Feyn-
man integrand [y, with more than just one delta function, and may be defined



by its T-transform,

T <[0 H5($(Tj) - l"j)) (€)

= exp (_% /[to’t]c £2(s)ds + ix€(t) — iyé(to )HK (xj, T5|Ti-1,Tj—1)

7j=1

I
@
»
ie
/T\
[N
m
l\D
Q‘
@
v
w
+
[S
/—’H
[\
3
~
—_
S~—

(8)
Here 79 := to, 20 := y, Tk+1 := ¢, and x4 := 2. Clearly the explicit formula
([®) is continuously extendable to all ¢ € L? which allows an extension of

T <IO H§:1 d(x(ry) — x])) to the argument & 47 Y7~ aplls, g
Proposition 6 The product

n—~k k
D, 1 = Ipexp (Z al:)s(sl)> Hé(x(fj) — ;)

=1 Jj=1
defined by
n—k n—k
= <IOH5 Tj ) <£+Zzazﬂ(sl t]) exp< Zm)
=1 I=1

k+1

= exp| —= )iy all,gq(s) | ds
P /( Zl ! ) Hm
» 2
</ ( +zZal]lslt >d5+x] ._1>

i1
X exp(x Z al)
=1

X exp

IIM-‘r



1s a Hida distribution.

Proof. It is obvious that the latter explicit formula fulfills the first part of
Definition B, analyticity. In order to prove that @, ; is a Hida distribution
by application of Theorem Bl we only have to show that T'®,, ;. also obeys a
bound as in the second part of Definition Bl For every 6 € S¢ we have

n—k
. exp<|x|z|al|)
=1
k+1

1
le;[l 2m(7;

: n—k
exp| —~ 0*(s)ds + Y ay [ 0(s)1s.0(s)ds
{3 e fonn)

X |exp Zm (/T 9(3)ds>

j=1 -1

k+1 1 7 n—k 7
X |exp Z P —— (/ H(S)ds> ay (/ Il(sl,t](s)ds>> ’
J i1 =1 Tj-1

=1 J

(75 = 75-1)

k+1 .

. n—k
i(xy—xj_1) [T :
X |exp Z —Tj — /T (9(5) +1 ;alﬂ(s“t](s)> ds) ‘

j=1 -1

which is majorized by

k+1

H 1
j=1 \/27’(’(7’]‘ — Tj—l)
X exp <(|:E| +t—tg+ ||9||2)Z_:|al|) 9)

=1

n—k
2
X exp (405133{“ A ; Iaz\> exp (Ogl?gﬁl (1] ))

= C(T1,y ooy To Oy ooy Qg3 T4y ooy g3 0) =1 C

TP, (0)] < exp (21/6])

independent of sq, ..., s,,_x, where

t
6]l = sup [6(s)] + /
to

s€E[to,t]

é(s)) ds + ||

10



is a continuous norm on Sg, cf. Appendix below. This estimate for T'®,, ;, is
of the form required in Definition 2, which completes the proof. |

According to Proposition B, all @, ; are Hida distributions and thus also
generalized white noise functionals with T'®,, ;, entire on Sc. Moreover, each
T, (0) is a measurable function of 7y, ..., Tk; S1, oy Spek; A1, ooy Mk} T1 s o.ny T
for every 6 € Sc. Hence, in order to apply Theorem @ to prove the existence
of the integrals in I, we only have to find a suitable integrable bound for
|T®,, ,(6)]. Since the measure m, fulfills the integrability condition () and
the signed measure ms is finite and has support contained in some bounded
interval [—a, a], a > 0, one may infer the integrability of C' for every 6 € Sc:

[ /RkHdmz%/ Hd\mm ) '

< exp (2[|0]* +07) <t — )"
k+1

Ak] 1 \/ Tj — Tj— 1

n—k

X </ exp ((|z| +4b+t —to + ||9||2) ) d |my| (a)) :
R

k

dmg( )

where b := max{a, |y|, |z|}. Thus, according to Theorem Hl, there exists an
open set U C Sc independent of n such that

t n—k k
Ly = / dr / dn*s / / O [ [ drma(en) [ [ dma(ay) € (S)7
Ap to Rk JRn—k =1 j=1

for each £ < n and every n € N, and all T'J,, ; are holomorphic on U. To
conclude the existence of I we only have to prove that the series in n converges
in (S)”" in the strong sense. This follows from Theorem B. In fact, due to
(@), for every 6 € U one has

o0

IT1(6) Zni 3 < )k:' IT1,4(0)]

11



where the right-hand side is upper bounded by the factor exp (2 16]1” + b?)
times the Cauchy product of the convergent series

- 1 xr — 2 o "
(Z ) R ) )
n=0
e ) n—l—l 1
X ( /dm2 dnT>
-, Anj 1 V2 (T = Tj-1)

— e <(t_t0)/ (|x+4b+t—to+||9||2)a|d|m1|(a))

n+1

/ H \/ i — Tj— 1
We note that the latter series converges because
/ H o (r <1/2>)"“ (t—to)" "
1 V2 (7 = 7j1) Van r (=)

is rapidly decreasing in n.
In this way we have proved the following result.

dmg

Theorem 7 For every Vi, € K1 and Va € KCy of the form (@), the

:Z , ()k'/d’“/d"k
n: Ap, to

n=

/Rk/Rn kloexp (Zazx 51>H5 x(1;) — ; Hdm1 o Hdm2 ),

exists as a generalized white noise functional. The series converges strongly
in (S)~1 and the integrals exist in the sense of Bochner integrals. Therefore
we may express the T—tmnsform of I by

TI(H):i( p ()k'/Akdk /Od"k

k=
n—k
/Rk/]gnz—‘ [0 eXP( Oé[l’(Sl)) H6($ 7_] - $] ) Hdml Oél Hdm2 Zlf]




for every 0 in a neighborhood {(9 € Sc: 29 \9\12) < 1} of zero, for some p,q €
No

According to Theorem [ I is a well-defined generalized white noise func-
tional. In order to conclude that I defines a Feynman integrand it remains
to show that the expectation T'I(0) of I solves the Schrodinger equation for
a potential V = Vi3 + V5, V; € ;. As in the free motion case we consider,
more generally,

KO (2, ty, to) .= O(t — to)TI() exp (if[t N 0*(7) dr + iyf(to) — ix@(t)) :

Insertion of T'1(f) as given in Theorem [, with

n—k k
T (Io exp (Z am:(&)) H d(x(r;) — 953))

=1
as in Proposition 4, yields
K(9 ,’L’ t|y7t0 :ZKG z t‘yato
n=0
with
VK™ (@, t]y, to)

t
KO (. tly,to) = ¢ [

n

+Z / /RkH ma(on) Gy (@, tly, o)
+Gn (Z’,t|y,t0),
(10)

where we have set 0,y := 0, _1.(S1, ., Sn_ky A1, ooy Q_g) = 041 Z;:lk all(s g
for k=0,....,.mn—1, 6y := 0, and

k+1
On— O
G; ) (x,t|ly, o) : /Adk /RkHdmg ;) HK( K) (), Tjlxj—1,Tj—1)
k j=1

fork=1,...,n,n>0.
We expect K((") to be the propagator corresponding to the potential
Wiz, t)=V(x)+0(t)z.

13



Theorem 8 K (x, t|y,ty) is a Green function for the Schroedinger equation

1 .
(z’@t + 503% —0(t)x — V(:B)) KOz, tly, to) = id(t —to)d(z —y).  (11)
In particular, K(z,t|y,to) := T1(0) is a Feynman integral solving
1
i@tK(x, t|y,t0> = <—§8§ + V(LU)) K(l’,t‘y, t(]), fO’f’ t > tp. (12)

Remark 3 K corresponds to a unitary evolution whenever H = —%8% +V
has a unique self-adjoint extension.

Proof. Let us consider an interval [Ty, T] such that [to,t] C [Ty, T]. Esti-

madtes similar to those done in the proof of PropositionBshow that K (-, -y, to)
is locally integrable on R x [Ty, T'] with respect to dms X dt and the Lebesgue

measure. Therefore, we may regard K. as a distribution on D(Q) =
DR x [Ty, T)):

T
<K7(16)(a |y7 tO)a 90> - / dl’/ dtKT(Le)(x> t|y7 tQ)QO(l', t)’ P e D(Q)
R To

And we may also define a distribution VgK by setting

T
<‘/2K7(16)(7 '|y>t0)’ 90> = / dmg(l’)/ dtKr(Le)(ZL',ﬂy, to)@(% t)> NS D(Q)
R

To

To abbreviate we introduce the notation L := id; + 502 — f(t)z and L* for
the dual operator. According to (), observe that for any test function
v € D(2) one finds

Q)
s

< dns/ Hdm1 a)) Ky (5 0y, to), L <p>
R =
n—k

14



where

(_n?n </¥d%/nHdml(al)K39n>(-,-|y,t0),ﬁ*gp> (14)
N E;Z—)nl_)' <V1 /to. s /Rnl Edml(al)[(o(‘)"l)(.’ '|y>t0)> S0>

cf. [13], and

(GO o to) L) = (VoG (ol to), ) (15)

cf. [T5], [I0]. The generic case ([[3)) is intermediate between ([4) and ([3]) and
is dealt with by a combination of the corresponding techniques. This yields

) n—k
</ dn—ks/ ) Hdml(az)G;(f”k)('a'|yat0)=L*90>
to Rr=8 g

. n—k—1
= i(n—k) <v1/ d"_k_ls/
to Rn—k—1

dmy (o) G0 '|y>to)>90>

=1
n—k
+ <‘/é/ a kS/ k Hdml(aﬂGl(g—nik)('v '|y7t0)790> ’
to Rn—= =1

forany k =2,...,n — 2,

. n—1
</ dn_lS/ Hdml(az)Ggen1)('7'|y7t0)7£*90>
to R
. n—2
= i(n—1) <V1/ d”—2s/ ) Hdml(al)Ggenﬁ)('v '|Z/7t0)790>
to R =1

. n—1
+ <V2/ dn_ls/ ) 11 dma(cn) K¢~ (-, [y, to), 90> ;
to R =1

< / s / dm1<a1>G£?_%<-,-|y,to>,z*so>
to R

= i (VG (- lyto) ) + <v2/ ds/dml(al)(;fg(.,.|y,t0)’¢>_
to R
15

and



As a result

<ﬁK§f’,¢>
(—i)" ! < " e ﬁ (On1)
_ (Vi + Va) / s / dm (on) KD, -y o),
(’rl, — 1)' Rn—1 -1
n k—1 i n—k—1
+; O V1 d S/Rn“

k

1)!
n—1 n—
Z
+Z <v/d / Lm0 o), >
R?’L
(

dml(al)Gl(fnikil)('u |y7 tO)u (P>

=1

=1

+<(V1+V2>G" yto),2)

which is equivalent to
<ﬁK5f’,¢> = <(V1 +15) K 1,90> p € D(Q),

for any n > 1. Using (B) and summing over n, we obtain ([[IJ). |

We conclude by an observation which is obvious from the above construc-
tion but somewhat unexpected given that the Hamiltonians with potentials
in the class Ko will in general not admit a perturbative expansion (see e.g.
[13] for more on this).

Proposition 9 For any potential V = g (Vi + V) with V; € IC;, the solution
K of the propagator equation (I4) is analytic in the coupling constant g.
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Appendix: An estimate
For the proof of Proposition Bl we need to estimate

n—k
< exp<\x\z\al|)
=1

k+1

X

j]';[1 27T(Tj — Tj—l)
k+1 i

X |exp Z—Q(T-—Tj ) (

; n—k )
1 Tj 7

X |exp Z P (/ 9(5)0[8) o (/ ]l(sl,t](s)d3>> '
Jj= Tj—1 =1 Ti—1

k+1 . .
X |exp E —Z(xj_xj_l)/J
T —Ti-1 Jr

=1

. n—k
exp| — < 0*(s)ds + Y ay [ 0(s)1s.q(s)ds

We shall now estimate, consecutively, the exponents occuring in the above

expression.
Using the Cauchy-Schwarz inequality we may approximate

exp( Y ozl/RH(s)]l(shﬂ(s)ds>‘

=1

exp (Z o ([ 1ot Pas ) " W——)

=1

IA

n—~k
< exp (x/t — 10| Z |al|>
=1

and, similarly,

017,

N —

k-+1 . p 2
PR Py ( / | 9(3)ds> <

J=1

17



as well as

k+1 1 i n—=k i
Z — / 0(s)ds ay / L, 4(5)ds
i=1 =TT\ =1 Ti-1
k+1 1 T n—k
< S [ Bels) 5 -n0 3l

n—k t n—k
= S lal [ 16Gs)lds < VIR0 Y o
=1 to =1

where we have again used the Cauchy-Schwarz inequality to obtain the latter
inequality.
Finally, in order to estimate the exponential of the function

le’(z-—x- D [ n—k
e kA 2] 1 1 d
: Tj — Tj-1 /T () +3 Z Al q(s) | ds
j=1 J—1 =1
K+l 7
= iy = i) / 0(s)ds

=1 Ty — Tj-1 Ti—1

n—k k+1 Tt — T
-+ (87 M/ ll(sl,t](s)ds,

=1 =1 9 Tl

first we proceed as in [I8], i.e.,

k+1

fgj ) 0(s)ds f;’“ 9(8)d$>

i Ti-1 Tj+1 = Tj
By the mean value theorem

T s [T e &
ij (f% e _ f;jH — ) —_ ij (0(r;) — 0(rj+1)),

i=1

18



where 7; € (7,_1,7;). Therefore

k+1 . -
Z—Z () = 2j1) / ’ 0(s)ds
j=1 Tj - Tj_l Tj—1

IN

(Jz| + |y|)[sttl§ 0]+ max o] 3

k Ti+l
/ 0(s)ds
=1 |Y7i
t
<
< 20<m<a]§< | sup|9|—|—/t0

J
[to 7t}

9(8)‘ ds) :
n—k k+1

Tig—x; [T
(0%} Z . / ﬂ(sl7t}(8)d8.
Tj—1

= =1 9 Tirl

Now let us consider the sum

Since s; € [to, ], there is a jo € {0,1,...,k} such that s; € [7),, Tjo+1]. This
fact allows to rewrite the second sum in the latter expression as

St~ Tjo+1
Tjo+1 — L + (xjo-l-l - xjo)i

Tio+1 — Tjo
leading to
n—k k+1 l’] — T
@)~ 15,,(s)ds §40<mg§§rl\xj\ Nk
=1 =1 3 il I == =1

Inserting these estimates we obtain

k+1

n—k

< exp<|at| Z |al|> H \/— exp(|9|2) exp(?x/t — 1o |6 Z |al|>
=1
t n—k

xexp<2 o nax |z;] (Etlg 6] —I—/to 9(8)‘ ds)) exp<4 pJnax |z 12_1: |al|> :

Now we introduce the norm
t
6] == sup |9(s)|+/ b(s)| s + 1o
2

Se[t()vt} 0
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With respect to this norm one may bound the previous expression by

k+1

exp (I:v| > Iazl> 11 \/—exp (1611*) exp <2\/t — to [|6]] Z Iaz|>
X exp (2 tnax |z ||9||) exp (405?3‘;5&1 |;] Z |az|> -
- =1

Then we use

1
VE=to[lb]l = 5(t —to + 1611%)

and

< |2 2
2 max o]0 < max (1a,]%) + 9]

to obtain the desired estimate ().
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