Physics Letters A 386 (2021) 126991

www.elsevier.com/locate/pla

Contents lists available at ScienceDirect

Physics Letters A

PHYSICS LETTERS A

Bound states in semi-Dirac semi-metals

D. Krejcirik *-*, P.R.S. Antunes?

L))

Check for
updates

@ Department of Mathematics, Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University in Prague, Trojanova 13, 12000 Prague 2,

Czech Republic

b Department of Science and Technology, Universidade Aberta and Group of Mathematical Physics, FCUL, Campo Grande, Edificio 6, Piso 1, 1749-016 Lisbon,

Portugal

ARTICLE INFO ABSTRACT

Article history: New insights into transport properties of nanostructures with a linear dispersion along one direction and

Received 8 June 2020

Accepted 26 October 2020
Available online 31 October 2020
Communicated by M.G.A. Paris

Keywords:

Semi-Dirac semi-metals

Linear and quadratic dispersions
Spectral stability

Quantum bound states

External electromagnetic fields
Weak coupling

a quadratic dispersion along another are obtained by analysing their spectral stability properties under
small perturbations. Physically relevant sufficient and necessary conditions to guarantee the existence
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Semi-Dirac semi-metals have attracted a lot of attention in the
last decade; see, e.g., [1-5] and references therein. The most strik-
ing feature of these recently discovered nanostructures is that they
exhibit unprecedented band structure properties: (electron or hole)
quasiparticles disperse linearly in one direction and quadratically
in the orthogonal direction. The situation is neither conventional
zero-gap semiconductor-like, nor graphene-like, but has in some
sense aspects of both.

Using a tight-binding model of spinless fermions, it is com-
monly accepted that the Hamiltonian

o —idy =32+
HO"<—33+3 iay (1)

is the right low-energy description of the unperturbed system.
Here we disregard all the physical constants of [2,3], for they can
always be considered to be equal to 1 by suitably re-scaling the
space variables r := (x, y) € R?, except for the gap parameter §
which we assume to be a positive constant.

We understand H as the operator acting in the Hilbert space
K :=L2(R?)? consisting of all C2?-valued functions

w:(ié) such that ||1/;||?H::/|1/f|2<oo,
R2
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where || := /|¥1|2 + |¥2|% is the usual Euclidean norm and

L2(R2) is the Lebesgue space of square-integrable functions
over R2. For the operator domain, we take

dom Ho := {w €H: By, 02y, By Y eﬂf},

which, in contrast to the conventional Dirac operator, is a proper
subset of the Sobolev space H!(R%)2. Anyway, applying the Fourier
transform in the spirit of [6, §V.5.4] or [7, § 1.4], it is easily verified
that Hy is self-adjoint and that its spectrum is given by

0 (Hp) = (=00, =8]U[4, 00). (2)

Moreover, the total spectrum is purely absolutely continuous,
which is traditionally interpreted (see [8] for a nice overview) as
the existence of transport for the whole set of energies E satisfying
|E| > 3.

In this paper, we are concerned with spectral stability proper-
ties of Hyg. More specifically, we consider a general matrix multi-
plication operator

Viin V2
V.= s 3
<V21 V2 3
whose coefficients are bounded complex-valued functions V1, V12,

Va1, V3 : R — C, and study the spectrum of the perturbed op-
erator

H;, :=Hg+¢V, domH, =domHg,
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as the positive coupling parameter ¢ tends to zero. To make H,
self-adjoint, we always assume that V11 and V; are in fact real-
valued, while V12 and V;; are allowed to be complex-valued but
the Hermiticity relation V,1; = Vi3 is postulated. In addition, we
assume that Vi1, Vi3, V3, are vanishing at infinity, in order to
have (cf. [7, §4.3.4]) the stability of the essential spectrum

Oess(Hg) = (=00, =] U [4, 00). (4)

Recall that the essential spectrum is composed of accumulation
points of the spectrum and possibly also of infinitely degenerate
eigenvalues. For the stability issues, we are more interested in the
discrete spectrum ogisc(He), which consists of isolated eigenval-
ues of finite multiplicities in the essential spectral gap (—3§,3J).
Physically, the eigenvalues are energies of bound states of H¢ rep-
resenting stationary solutions of the time-dependent Dirac equa-
tion. Our objective is to derive physically relevant sufficient and
necessary conditions for the existence of the discrete eigenvalues.
Contrary to the Schrédinger case, this is methodologically by no
means evident, for no direct variational principles are available for
the operator H. due to its unboundedness from below.

Our strategy to overcome this difficulty is to pass to the square
Hg, which is a non-negative operator, apply the standard varia-
tional principle (see, e.g., [9, §4.5]) to it and employ the spectral
mapping equivalence

Eco(Hy) <= E’co(H? (5)

valid for all real energies E. Consequently, in order to ensure that
there exists a discrete eigenvalue E € (-4, §), it is enough to con-
struct a test function ¢ € dom Hp such that

Qel¥]:=IIHe¥ 15 — 8 115 <0. (6)

Motivated by the theory of quantum waveguides [10], we
choose the test function as follows. Observing that, formally(!),
Hiy* L 52y *, where

Y= (é) and Y= (?) , (7

we see that ¥* are generalised eigenvectors of H(z) corresponding
to the ionisation energy &2. Therefore they are generalised min-
imisers of the functional Q¢ and it is admissible to expect them to
be suitable building blocks for possible minimisers of Q. as well,
at least if € is small. Still formally(!), one easily computes

|
Qa[lﬁ]i/(szlvn P+ 82|Via2 + 286 RV 1) =: I,
RZ

!

Qg[w—]i/(azwmz + eV + 288 RV 1p) = I
RZ

To make sense of the integrals, we henceforth assume V1, V), €

[2(R?) and Vi3 € L2(R%) N L'(R?%). We have thus obtained the
following sufficient condition:

(8)

(If <0 or I; <0) = ogisc(He) # 9, (9)

meaning that H, possesses at least one isolated eigenvalue of fi-
nite multiplicity located in the interval (-4, §). As a matter of fact,
the variational principle implies that H, possesses at least two
discrete eigenvalues (counting multiplicities) provided that I} <0
and I; < 0 hold, because the test functions ¥* are mutually or-
thogonal.

To justify the formal computations above (y* ¢ 3 1), we re-
place the inadmissible test functions (7) by their regularised ver-
sions ¥,7 = ¢n ¥* with n > 1. Here ¢, : R> > R is a smooth
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function of compact support such that ¢, =1 on the disk of ra-
dius n, ¢n =0 outside the disk of radius n% and ¢, (r) := £(f (1))
elsewhere, where f(r) := log,(n*/r) with r:=|r| and & : R —
[0, 1] is any smooth function such that & =0 in a right neighbour-
hood of 0 and & =1 in a left neighbourhood of 1. Then the formal
results (8) are indeed justified through the limits Q; [wni] — Ifet as
n — oo. Consequently, assuming [} < 0 (respectively, I; < 0), then
there exists a positive number ng such that Q[ ] <0 (respec-
tively, Q¢[v,; 1 <0) for all n > ng. Hence (9) holds true as well as
the remark about the existence of two discrete eigenvalues.

It is remarkable that the sufficient condition (9) is always satis-
fied in the weakly coupled regime provided that

RVi2 <0. (10)

Indeed, under this condition, there obviously exists a positive num-
ber go such I} <0 and I; <0 for all & < go. It follows that, for
all sufficiently small &, Hs possesses at least two isolated eigen-
values of finite multiplicities located in the interval (—§,§). We
interpret the result as the spectral instability (or criticality) of Hy,
for there always exists an electromagnetic potential V such that
the spectrum of H, with an arbitrarily small ¢ differs from that
of Hy given by (2).

A special situation in which the discrete spectrum exists is the
potential V with vanishing diagonal components Vi1 =0 =V,
and the off-diagonal component V1, satisfying (10). In this case
the critical coupling constant satisfies

—28 RV

g0 > —20WVia) 212), (11)
Va2l

where we abbreviate (V1) := fRZ MV1iy and || - | denotes the

norm of L2(R?).

At least in this special setting and if V1, is real-valued, it is
worth noticing that (10) represents also a necessary condition for
the existence of discrete spectrum. To see it, let us now assume
that V11 =0= V5, and

Vig=V21 >0. (12)

From the first component of the eigenvalue equation Hoy = E,
we get ¥ = —R (—idy — E)¥1, where the inverse R := (—32 + & +
eV12)~ ! is a well defined isomorphism on L2(R?) because of (12).
Plugging this relationship between v and v, into the second
component of the eigenvalue equation, we arrive at the functional
identity

(=32 4 8 4 £Va1)¥1 — (idy — E)R(—idy — E)yyry =0.

Multiplying both sides by v, integrating over R2, taking the real
part of the obtained scalar identity and using the self-adjointness
of R, we get

loxw1l? + 8 11117 + (W1, eVaryn) + IRV, y1 ||
= E?|R"?yq)?, (13)

where (-, -) denotes the inner product of L?(R?) associated with || -
II. Since Vq, is assumed to be real-valued, —83 +5+eViax,y)
considered as an operator in L2(R) parametrically dependent on y
is self-adjoint. Recalling in addition that V13 > 0 vanishes at in-
finity, so that the spectrum of the one-dimensional Schrédinger
operator equals [, co), one has the estimate

IRV 2y |12 < IR 1% = 8 Iy 2.

Using this bound in (13), we finally get §2 < E2, which proves that
the discrete spectrum of H is empty in view of (5) and (4).
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Our last theoretical objective is to establish quantitative bounds
for the discrete eigenvalues existing under the hypothesis (10) in
the weakly coupled regime. To this aim, we henceforth assume
that the bounded functions V11, V12, V2, are compactly supported.
As in the beginning, we allow Vi, to be complex-valued. By the
variational principle, one has the bound

E2 8 Q&‘[Wn
||1/fn 5.

where the test functions wni are the regularised versions of (7) as
above.
Let us begin with the test function ;. One has

IHe ¥t 113,
=1(=82 + 8+ &Van)gnll® + l(=idy + eV11)nll*
=1182dnll* + 82l pnll* + 2811 xpnll® + I3y dnll® + 17,

where the second equality holds for all sufficiently large n when
V12 and 83¢n (and V1 and 9y¢y) have disjoint supports. Using
the chain rule when differentiating ¢,, estimating the derivative
of & by its maximal value ||&’|lo := maxp,17|£’| and passing to
polar coordinates, we have

2 pe c
13xpn 1> ”E 5 / Sdxdy=——,
g n r logn

{n<r<n?)

where c1 ;= n||$/||go. The same estimate holds for ||dy¢yll. Simi-

larly,
218" / x*
326112 < =) — dxd
10y dnll” < log* n 8 axdy
{n<r<n?}
L2 2 — y%)?
IIS 5 / ** —y?) dxdy
log n ré
{n<r<n?}
3mllE”%, | mIENR N\ (1 1
= i T 2w
4log*n log"n / \n® n
S (3TIEE | TIEEN 1 @
=\ 4logn logn ) e? 'logn’

where e is the base of the natural logarithm log and the last, crude
estimate holds for all n > e.

Using these estimates, we observe that Qg[v,] — I} as n —
oo, in agreement with our claim above. Under the hypothesis (10),
the limit I} is negative for all sufficiently small ¢; in fact, when-
ever

—28 (V1)
< —2 5 -
IVitlle + Va2l

Henceforth we therefore assume this inequality and then choose
n > e so large that Q[y,'] is negative. Finally, using

19 1B, = llgnll? < / 1dxdy = n,
{r<n2}

it follows that

F2-§2<—

~ mnt (logn

where ¢ :=cq1 + 28¢q +c3.
Using the test function v, instead of ., the proof follows
analogously. In fact, it is enough to replace Vi1 by V3 (and

+ I )::g*(s,n),
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thus I} by I7) in the formulae above. In particular, we have
E? — §% < g~ (e,n), where g~ is defined as g+ with I} being re-
placed by I; .

The function n »—> g¥(e,n) achieves its negative minimum for

the critical value n satisfying
1 =21
logny = ¢4/ 2

(notice that n;t — 00 as € — 0). In summary, we have got an ex-
plicit quantitative bound for the discrete energies

E? - 8% <g*(e,nd). (14)
In the weakly coupled regime, one has

82 (MV1p)2 &2 2
NVia)“e exp c (15)
JTC S(NV)e
as € — 0.

Now we turn to numerical verifications of the established the-
oretical results. Our numerical scheme consists in expanding the
components 1, ¥ of an eigenvector ¥ € domHg C H of H, cor-
responding to an eigenvalue E into a basis {<p1}°°1 of L2(R?):

00 00
1//1:2(1]'(/11' and ¢2=ij¢js
j=1 j=1

where aj := (¢;,v¥1) and bj := (¢j, ¥2). The eigenvalue problem
Hsy = Ev in HH is cast into a system of algebraic equations for the
coefficients a := {aj}j'.‘;l and b := {b]-}]?; in the sequence space £2:

(en c2)(5)=x(2 5)(5):

gt nf)~—

where

= {(, —idy @) + (P V19 ey »
C12 ={<¢k,( 0F +8)9) + (P V120D |y »
Ca1:= (@, (=05 + )9 + (P V19D |y »
C22 == {(gk. idy)) + (¢1<,8V22<P])}k,j=1 ,

D:= {((/)k’(/)j)}k,jzl'

The numerical approximation consists in replacing the infinite ma-
trices by finite ones. The obtained system can be then solved by
standard tools of numerical linear algebra. Since no natural basis
seems to be available for the problem, we choose the basis consist-
ing of Gaussian radial basis function centered at a set of scattered
nodes, in the line of the Radial Basis Function Method.

In our numerical experiments, we considered potentials V
with coefficients being either piecewise-constant or fastly decay-
ing functions. In both cases, we got the same qualitative behaviour
of the eigenvalues and a quantitative verification of the spectral
enclosure (14). Therefore it is expected that this bound is more
universal.

The dependence of several eigenvalues (blue curves) on the
coupling parameter ¢ in the gap (-4, 48) is depicted in Fig. 1 for
two settings. In both cases, xp denotes the characteristic function
of the disk D of radius 2 centered at the origin and § = 5. We also
plot the bounds +h (red curves) of the estimates

—h(e) < E(e) < h(e) := /82 + g£(e,ng) (16)

directly obtained from (14). It turns out that the bounds (16) be-
come too crude for larger values of ¢.
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Fig. 1. Plots of eigencurves E(¢) (in blue) and the bounds h(g) of (16) (in red) for
§ = 5. The apparently symmetric setting in the upper figure is due to the choice
V11 =0=Vy and Vy; = —xp, while the lower figure corresponds to V21 = —xp,
V11 =0.2xp, Va2 = —0.9xp. (For interpretation of the colours in the figure(s), the
reader is referred to the web version of this article.)

Fig. 2 visualises the ground and excited states.

In conclusion, we have derived sufficient and necessary con-
ditions for the existence of discrete energies in semi-Dirac semi-
metals perturbed by general local electromagnetic fields. The ex-
istence of bound states is particularly ensured in the regime of
weak coupling provided that the off-diagonal component of the
perturbation is attractive in the sense of (10). On the other hand,
the discrete spectrum is empty in the opposite regime of real-
valued repulsive off-diagonal component and absent diagonal com-
ponents. We have also derived an explicit quantitative bound (14)
for the discrete energies. Numerical experiments support our the-
oretical results and predict the existence of excited states as well.

Because of the tremendous progress in manipulation with ma-
terials whose low-energy excitations are described by semi-Dirac
fermions, it is our belief that an experimental verification of our
theoretical predictions is within the reach of contemporary physics.
The simplest experimental setting should be considering an elec-
tromagnetic potential (3) with V11 =0 =V, and V{1 = V5 being
a locally distributed perturbation (possibly piecewise constant). We
predict that the transport properties of the material should signif-
icantly depend on the sign of 9%iVq,. Is the estimate (11) on the
critical coupling sharp? Do the bound state energies follow the
theoretical estimate (14) with (15) in the weakly coupled regime?

The present model is challenging also from purely mathemat-
ical perspectives. Because of unavailability of an explicit form of
the kernel of the resolvent operator of the unperturbed Hamilto-
nian Hg, we have not been able to apply the traditional approach
to weakly coupled bound states based on the Birman-Schwinger
principle (see the classical reference [11] in the Schrodinger case).
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Fig. 2. Plots of the magnitude || of eigenfunctions v/ corresponding to eigenvalues
E ~2.9893 (up) and E ~ 4.8284 (down) of the symmetric setting of Fig. 1 for ¢ =
2.5.

In particular, we leave as an open problem how to establish a
(good) lower bound for discrete energies complementing (14),
without speaking about the exact asymptotics as € — 0. It is also
challenging to study perturbations of the non-self-adjoint model
recently introduced in [5].
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