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1 Introduction

The dynamics of cluster growth can be modeled by the following infinite system of ordinary

differential equations, first proposed by Smoluchowski, [8],

j—1

c‘j(t):;Za] ka] k( —Cj Zajkck ':1,2,..., (1)

k=1

where ¢; = ¢;(t) represents the physical concentration of j-clusters (aggregates of j identical
particles), a;r = aj; > 0 are the time-independent coagulation coefficients, measuring the
effectiveness of the coagulation process between a j-cluster and a k-cluster, and the first sum

in the right-hand side of (1) is defined to be zero if j = 1.

The quantity p(c(t)) = Z jc;(t) is physically interpreted as the total density of the system
j=1
modeled by (1). This suggests the following Banach space X for the study of solutions to

the initial value problem for (1):

X = {c— e Zym < oo}

Moreover, since c;(t) represents a physical concentration, it is of special importance the
study of non-negative solutions to (1), i.e., solutions that lie in the nonegative cone of X,

Xt={ceX:¢ >0}

In recent years equation (1) have attracted a good deal of mathematical interest and questions
of existence, uniqueness, and asymptotic behaviour have been elucidated [1, 3, 4, 5, 6, 7]. In
some of these studies, a solution to (1) in [0, T") is defined to be a solution to the corresponding

integral equations, [1, 3, 4],

tJ—1 t oo
¢;(t) = ¢;(0) + 3 /0 Z ik Ci—k(8)cr(s)ds — /0 c;(s) Z ajpcr(s)ds, j=1,2,...

k=1 k=1

satisfying, for each j > 1,¢; € C([0,T),R{), Zaj,kck(- € Ly,o([0, 7)), and sup,e (o 1 [le(t) || <
k=1
00. We shall assume this definition in the present study.
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A natural problem that arises when studying solutions to (1) is their positivity behaviour:
Let ¢(t) = (¢;(t)) be a solution of (1) in [0,7") with initial data ¢(0) = ¢y = (co;). For t > 0
consider the set J(t) = {j € Ny : ¢;(¢t) > 0}. The information on the positivity behaviour
of solutions is encoded in the set-valued function J(+), and it is clearly of some interest to
be able to characterize this function, not only its t-dependence but also the way it changes

with the parameters of the system and the initial data.

Clearly J(-) will depend on the coefficients a; j, since if, for instance, there is a constant N > 1
such that a;, = 0 for j +k > N, then (1) is effectively reduced to an N-dimensional system
of ordinary differential equations for the phase variables (cy,...,cy) with the remaining
variables satisfying the trivial system ¢; =0, j > N + 1, and thus, for all t > 0, #J(t) < N
if ¢g; = 0 for j > N + 1. Thus, by changing the size N of the truncation we clearly can
obtain sets J () of different sizes. We will return to these truncated cases in the end of the
paper, but until then we shall consider (1) to be a genuinely infinite dimensional system,
and we assume the positivity condition a;; > 0 for all j and k, which is the most interesting

case from the point of view of applications.

We prove that, for all ¢ > 0, J(t) is constant, J(¢t) = J, and the set J is infinite and
independent of the parameters a;x, provided the positivity assumption holds. This implies,
physically, an infinite velocity of reaction between different clusters, and in this way highlights

one of the limitations of the mean field model (1).

The proof actually gives a complete characterization of the set J in terms of the positivity

properties of the initial data J(0), namely we prove that j € J if and only if there exists

elements py,...,p, € J(0), n < j, and positive integers my, ..., m, such that j = Zmipi.
i=1
We shall use the following notation: let ¢(¢) be a solution of (1) in [0,7") with initial data

¢(0) = co, define

j(t) :{j e Ny : Cj(t) >0}



P =7(0)
P,=P({1,...,m}

spany, (P) = {j = Znipi :p;i € P, n; € Ny, and maxn; > 0}

(2

Ny-P={j=np:neNy,pe P}

2 Results

The main result is the following

Theorem 1

Assume ajp > 0 for all j and k. Let T € (0, 00], and let ¢ be a solution of (1) on [0,T) with
initial data c(0) = co # 0, ¢ € XT.

Then, for allt >0, J = J(t) is independent of t, and J = spany, (P).

We prove Theorem 1 in several lemmas. In the first two lemmas we obtain that, for each
t > 0, the set J(t) is infinite and J(¢t) O J(7) if t > 7 > 0. Then, in a series of lemmas, we
establish that, for all ¢ € (0,7’), the set J () is given by spany, (P) and thus is independent
of .

Lemma 1 (Theorem 2.1 of [3])
With the assumptions of Theorem 1 we have that for all t € (0,T) there ezists a positive

integer sequence jk(t)foo such that cj, ) (t) > 0 for all positive integers k.

— 00

Proof: Assume the contrary, i.e., there exists a 7 > 0 and an integer L = L(7) > 0 such

that ¢;(7) =0 for all j > L. Let
[e'e] 7j—1
6i(t) = ajrc(t), Ri(t) =3 ajkrcik(t) cilt),
k=1 =1
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and

—exp/ ®;(s)ds).

Thus, equation (1) for j = L can be written as

0= CL<T)EL<T) = Ccor, + /Ow— EL<S)RL<S) ds.

As ¢;(t), Rj(t) > 0 and E;(t) > 1 for all ¢, this implies ¢cor, = 0 and Ry (s) =0 a.e. s € [0,7].
In fact, Ry, = 0 on [0, 7] since Ry, is a finite sum of continuous functions, and this implies
¢; =0on [0, 7] for all j < L; for suppose there is a J such that L%J < J < L, and c¢; is not
identically zero on [0, 7|, where |z | denotes the integer part of x. Since 2J > L+ 1, repeating
the argument above for j = 2J we obtain Rs; = 0 on [0, 7] and, since Ry, contains a term
cycg, ¢y must be identically zero. Thus, we have ¢; = 0 for all j > L%J Now applying the
same argument with L substituted by [£] and proceeding as above we obtain ¢;(t) = 0
forall t € [0,7],7 =1, 2,--- . But then ¢y = (¢;(0)) = 0, contrary to the assumption. This

proves the result. m

Remark 1 Fix t > 0 and let {j.(¢)} denote the set of elements of the sequence given in
Lemma 1. Considering all possible such sequences with the usual set inclusion relation, we
can define a maximal sequence J(t) satisfying the Lemma. From now on we shall always
assume the sequences under consideration to be maximal for each ¢ € (0,7"); also, in order

not to overload the notation, we shall write ¢ > 0 instead of ¢ € (0,7).

Lemma 2

With the assumptions of Theorem 1 we have J(t) 2 J(7), for allt > T > 0.

Proof: Let ¢ be a solution of (1) on [0,7") and suppose that, for a given 7 > 0 and positive

integer j we have 7 € J(7). Then, for all ¢t > T,

cj(t)Ej(t) = ¢; (1) E;(T) +/ E;(s)R;(s)ds > c;(1)E;(T) > 0,



and hence j € J(t) forallt > 7. m

Lemma 3

With the assumptions of Theorem 1, for everyt >0, J(t) = Ny if and only if 1 € P.

Proof: Suppose 1 € P. Then, for all t > 0, ¢;(t)E1(t) = ¢1(0) = 0, which implies ¢; = 0 on
[0,7),ie,1¢&J(t), and thus J(t) # Ny.
Conversely, let j & J(t) for some ¢ > 0. Then,

0= 0B (0 = c0) + () Ry (s)ds. )

and, by continuity of R;(-), this implies R; = 0 on [0, t]. Since solutions are non-negative we

must have, for all k € {1,...,7 — 1}
ci—k(s)er(s) =0 for all s e [0,¢].

In particular ¢;_jc; must be identically zero on [0,¢]. Now, suppose ¢;(0) > 0. Then, by
Lemma 2, ¢1(s) > 0 for all s > 0 and thus ¢;_; must be identically zero on [0,t]. Write (2)
with j substituted by j — 1. The same argument can be applied repeatedly and we finally

conclude that all ¢;_q,¢;j_o, ..., co are identically zero on [0, ¢]. But then, for all s € [0, 7],

0= a9 Bals) = 5 [ Eale)(er(s)ds,

which implies ¢; = 0 on (0,¢], and by continuity ¢;(0) = 0. This contradiction proves the

Lemma. =

Lemma 4

With the assumptions of Theorem 1, Ny-P C J(t), for allt > 0.

Proof: Let j = np for some n € Ny and p € P.
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(i) If n =1 we have Lemma 2.

(ii) Suppose n = 2. Then j = 2p and for all ¢t > 0,

q@@@=:mmfﬂ@@&@wz

and so j € J(t).

(iii) Now proceed by induction: let n > 3 and assume that (n — 1)p € J(t) for all ¢ > 0.
Then

q@@@=:mmfé@@&@wz
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and so j € J(t). m

Lemma 5

With the assumptions of Theorem 1, spany, (P) C J(t), for all t > 0.

Proof: Let jo € spany,(P). Clearly, since the coefficients in the expansion of j, are non-

negative, we have in fact jo € spany, (Pj,), i.e., there exist positive integers n; and elements



of Pj,, p;, such that

L
Jo = Znipi (3)
i=1
where L < jg is an integer. If L =1 then j, € N;- P and the result follows by Lemma 4.
k
Suppose L > 2. Define j; = jr—1 — ngpy for k = 1,..., L — 1. Then j; = j0 — Znipi =
i=1

L
Z n;p;. We prove that j, € J(t) forall k =0,1,..., L —1, and all t > 0.
i=k+1

(i) Let k=L —1. Then j, 1 =n.p, € Ny-P so, by Lemma 4, j, 1 € J(t).

(il) Assume j, € J(t), for all ¢ > 0. We prove that j,_; € J(¢), for all t > 0:

Cjk—l(t)Ejk—l(t) = Cjk—l(o)+/0Ejk—1(S)Rjk—1($)d8 >

v

t
/0 Ejk—l gy —nipr,nepk Cik—1—nrpk (S)anpk (S)ds =

(s)
t
= /OEjk1(8)ajk7nkpkcjk(s>cnkpk(S>d8 > 07

since ngpr, € Ny-P C J(t). =

Lemma 6

With the assumptions of Theorem 1, J(t) C spany, (P), for all t > 0.

Proof: By Lemma 4 we know that N;-P C J(t). Clearly N;-P C spany, (P) so it is sufficient
to prove that, if J(t)\(N;-P) # O, then J(t)\(N;-P) C spany, (P).

Let M(t) = J(¢t)\(N;-P), and let m € N; U {oo} be the number of elements of M(t). Write
M(t) = {p:} with py < po < .... We prove by induction that, for all i, p; € spany (P).
Observe first that 1 ¢ M(t) : if 1 € J(t)\(N;-P) then 1 ¢ P but then, by the proof of
Lemma 3, 1 € J(t), a contradiction.



(i) Consider ;. We have
t
0 < OB = a0+ [ B -
0
1 [t p1—1
= 5] Bal) X s ients)ds (@)
k=1

By Lemma 2 this implies that at least one of the terms in the sum in the right-hand
side is positive on (7,t] for some 7 € [0,¢) i.e., there exists a ky € {1,...,u; — 1} such
that ¢z (s)c,(s) > 0, for all s € (7,t], where ky = p11 — k1. In particular k, and k, are
in J(t). Since ki, ky < w1 and pq = min M(t), we have ki, ko € P, _1, and so there

exists non-negative integers n; and ny, and elements of P, _1, p; and p,, such that

= ki + (p1 — ];71) = k1 + ko = nip1 + nops € spany, (P, -1)-

(ii) Assume p, € spany, (P) for all ¢ € {1,...,7 — 1}. Then, by the argument in (i) with s
substituted by p; we have p; = nyp; + nopo, for some non-negative integers ny, ny, and

some p1,pz € P,y U{p1, ..., pi—1} and thus p; € spany, (P).

Hence, J(t) = N;-PUM(t) C spany, (P). m

Proof of Theorem 1: By Lemma 1, J(¢) is an infinite set for all ¢ > 0. Moreover, for all ¢ > 0,
J(t) 2 spany, (P), (by Lemma 5) and J(t) C spany,(P) (by Lemma 6). This concludes the

proof. m

3 Final Remarks

As promised in the Introduction let us briefly return to the truncated N-dimensional system

obtained from (1) by assuming

ajr, =0 if andonlyif j+k > N, (5)



for some fixed N > 1, namely,

(

j—1 N—j

Lo 1 } : -

¢ = 3 E Aj—k,kCj—kCk — Cj A5 kCky J = 1,2,...,N
k=1 k=1

¢ =0, j>N+1.

It is easy to conclude from the proofs in Section 2 that the following result holds

Theorem 2

Assume (5). Then, for allt > 0, J(t) = J is independent of t, and

J = PU ({1,..., N} Nspany, (P)) .

The truncated problem (6) is but one case where the assumption a;; > 0 for all j and &
is not satisfied. Other cases include the diagonal system (a;; > 0 if and only if j = k, [2])
and the generalized Becker-Doéring equations (a;, = 0 if and only if min{j, k} > N for some
constant N > 1, [4]). For these cases, using the above arguments, we can still prove that
J (t) is an infinite set independent of ¢ for ¢ > 0, but the caracterization of J will differ from
the one given in the present paper. For instance, in the diagonal case, if the initial data
satisfies ¢;(0) > 0 if and only if j = m, for some integer m, it is easy to prove that, for all
t>0,J = {ka ke NO} . For the generalized Becker-Doring equation the caracterization

of J in terms of P and N is already a quite difficult problem for general N > 1.

Acknowledgements

I thank R. Dunwell for a useful remark that led to the simplification of the original proof of Lemma 6.

The author was supported by Fundagao Calouste Gulbenkian, grant 9/90/B



References

1]

Ball, J., Carr, J.: ‘The discrete coagulation-fragmentation equations: existence, unique-

ness, and density conservation’, J. Stat. Phys., 61, 203-234 (1990).

Buffet, E, Pulé, J.: ‘Gelation: the diagonal case revisited’, Nonlinearity, 2, 373-381
(1989).

Carr, J., da Costa, F.P.: ‘Instantaneous gelation in coagulation dynamics’, Z. Angew.

Math. Phys, 43, 974-983 (1992).

Carr, J., da Costa, F.: ‘Asymptotic behavior of solutions to the coagulation-

fragmentation equations. II. Weak fragmentation’, J. Stat. Phys., 77, 89-123 (1994).

Leyvraz, F.: ‘Existence and properties of post-gel solutions for the kinetic equations of

coagulation’, J. Phys. A: Math. Gen., 16, 2861-2873 (1983).

Leyvraz, F., Tschudi, H.R.: ‘Singularities in the kinetics of coagulation processes’, J.

Phys. A: Math. Gen., 14, 3389-3405 (1981).

Slemrod, M.: ‘A note on the kinetic equations of coagulation’, J. Integral Eq. and Appl.,
3, 167-173 (1991).

Smoluchowski, M.: ‘Drei Vortrage iiber Diffusion, Brownsche Bewegung und Koagula-

tion von Kolloidteilchen’, Physik Z., 17, 557-585 (1916).

10



