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LIMITS OF TANGENTS OF A QUASI-ORDINARY
HYPERSURFACE

ANTONIO ARAUJO AND ORLANDO NETO

ABSTRACT. We compute explicitly the limits of tangents of a quasi-ordinary
singularity in terms of its special monomials. We show that the set of limits
of tangents of Y is essentially a topological invariant of Y.

1. INTRODUCTION

The study of the limits of tangents of a complex hypersurface singularity was mainly
developped by Le Dung Trang and Bernard Teissier (see [4] and its bibliography).
Chunsheng Ban [I] computed the set of limits of tangents A of a quasi-ordinary
singularity Y when Y has only one very special monomial (see Definition [[.2).
The main achievement of this paper is the explicit computation of the limits of
tangents of an arbitrary quasi-ordinary hypersurface singularity (see Theorems 2.8
and 2I0)). Corollaries2Z11] and 213 show that the set of limits of tangents
of Y comes quite close to being a topological invariant of Y. Corollary shows
that A is a topological invariant of Y when the tangent cone of Y is a hyperplane.
Corollary 2.14] shows that the triviality of the set of limits of tangents of Y is a
topological invariant of Y.

Let X be a complex analytic manifold. Let 7 : T*X — X be the cotangent bundle
of X. Let I' be a germ of a Lagrangean variety of T*X at a point a. We say that
T is in generic position if N7~ (m(a)) = Ca. Let Y be a hypersurface singularity
of X. Let I' be the conormal Ty X of Y. The Lagrangean variety I' is in generic
position if and only if Y is the germ of an hypersurface with trivial set of limits of
tangents.

Let M be an holonomic Dx-module. The characteristic variety of M is a La-
grangean variety of T*X. The characteristic varieties in generic position have a
central role in D-module theory (cf. Corollary 1.6.4 and Theorem 5.11 of [6] and
Corollary 3.12 of [5]). It would be quite interesting to have good characterizations
of the hypersurface singularities with trivial set of limits of tangents. Corollary2.14]
is a first step in this direction.

After finishing this paper, two questions arose naturally:

Let Y be an hypersurface singularity such that its tangent cone is an hyperplane.
Is the set of limits of tangents of Y a topological invariant of Y ?

Is the triviality of the set of limits of tangents of an hypersurface a topological
imwvariant of the hypersurface?

Let p: C**! — C™ be the projection that takes (x,y) = (z1,...,Tn,¥y) into z. Let
Y be the germ of a hypersurface of C"*! defined by f € C{x1,...,7,,y}. Let W
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be the singular locus of Y. The set Z defined by the equations f = df/dy = 0 is
called the apparent contour of f relatively to the projection p. The set A = p(Z)
is called the discriminant of f relatively to the projection p.

Near ¢ € Y'\ Z there is one and only one function ¢ € Ogn+1 4, such that f(z, p(z)) =
0. The function f defines implicitly y as a function of x. Moreover,

ox; 8961 - of /0y
Let 6 = &dxy + .. €ndey, + ndy be the canonical 1-form of the cotangent bundle

T*Cn*tt = C™"*! x C,,1 1. An element of the projective cotangent bundle P*C"+! =
C"*t! x P, i s represented by the coordinates

nY\Z.

X1y ey Ty &1t 1 & i ).
We will consider in the open set {n # 0} the chart

(‘Tlu ey Iy Y, P1y - - 7pn)7
where p; = —§;/n,1 <i < n. Let Ty be the graph of the map from Y \ W into P,

defined by
of . . of of
(@,y) = (8:1:1 ' "oz, 8y)

Let T be the smallest closed analytic subset of P*C"*! that contains I'y. The
analytic set T' is a Legendrian subvariety of the contact manifold P*C"*'. The
projective algebraic set A = ' w~1(0) is called the set of limits of tangents of Y.

Remark 1.1. It follows from (1)) that

of of of Oy dy
e s ———1:1 Y\ Z
(8331 8xn 8y 8171 0z, on ¥\
Let c1,...,c, be positive integers. We will denote by (C{x}/cl, . ,:1:,1/0”} the

C{z1, ...,z } algebra given by the immersion from C{z1,...,x,} into C{t1,...,tn}
that takes x; into 5,1 < i < n. We set :vl/cl =t;. Let aq,...,a, be positive ra-
tionals. Set a; = b; /cz,l < i < n, where (bz,cl) = 1. Given a ramified monomial
M=z gt =5 b we set O(M) = (C{:v}/cl,..., ,11/6"}

Let Y be a germ at the origin of a complex hypersurface of C"*1. We say that Y is
a quasi-ordinary singularity if A is a divisor with normal crossings. We will assume
that there is I < m such that A = {zy---2; = 0}.

If Y is an irreducible quasi-ordinary singularity there are ramified monomials
NoyNi,...,Nm,g; € O(N;),0 < i < m, such that Ng = 1, N;_; divides N; in
the ring O(N;), g; is as unity of O(N;),1 < i < m, go Vamshes at the origin and
the map = — (z, ¢(z)) is a parametrization of Y near the origin, where

(1.2) ©=go+ Nigi + ...+ Nugm.

Replacing y by y — go, we can assume that go = 0. The monomials N;,1 < i < m,
are unique and determine the topology of Y (see [3]). They are called the special
monomials of f. We set O = O(N,,).

Definition 1.2. We say that a special monomial N;, 1 < ¢ < m, is very special if

{Ni =0} # {Ni—1 =0}
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Let M;,..., My be the very special monomials of f, where My = N,,,1 = n1 <
ng < ... < ng, 1 <k < g Set My =1,ng41 = ng+ 1. There are units f; of
O(Np;1-1), 1 £i < g, such that

(1.3) e=Mfi+...+Myf,.

2. LIMITS OF TANGENTS

After renaming the variables x; there are integers my,1 < k < g + 1, and positive
rational numbers ax;j,1 <k <g,1 <1 <k, 1< 75 <my such that

k my
(2.1) M. =[[[]=", 1<k<g
i=1j=1
The canonical 1-form of P*C"*! becomes
g+l m;
(2.2) 0=> 3 &jdu;.
i=1 j=1

We set pij = —&;/1n,1 <i<g+1,1<j<m;. Remark that

= Q5 —04j,
&vij Lij

(2.3)

where o;; is a unit of 0.
Theorem 2.1. If Y 7" a1, <1, A C {n=0}.

Proof. Set m = mq, x; = x1; and a; = a11;, 1 < i < m. Given positive integers
Cly- -y Cm, it follows from (Z3]) that

(2.4) Iz =1]=" Y
i=1 i=1
for some unit ¢ of O. By (L3) and (Z3),
(2.5) $(0) = f1(0)>=1% [T a7
j=1
Hence
(2:) e d | G
i=1
for some unit . If there are integers cy, ..., ¢, such that the inequalities
(2.7) agy oy cp <ck, 1<k<m,

hold, the result follows from (2.6). Hence it is enough to show that the set {2 of
the m-tuples of rational numbers (c1, ..., ¢y ) that verify the inequalities (2.7 is
non-empty. We will recursively define positive rational numbers /;, c;, u; such that

(28) lj <c¢; <uy,
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j=1,...,m. Let c¢1,l;,u; be arbitrary positive rationals verifying [238);. Let 1 <
s <m. If [;, ¢;,u; are defined for i < s — 1, set

(2.9) PR Y=L (as/as 1)
. s = T ~—m s Us = \0s/0s5-1)Cs—1-
1 - Zj:s (lj

Since ;5 a; <1 and

Qg Ui
s ls = m 1- j)Cs—1 — Us— j
U a571(1 _E ) ( :Z ag)C 1 — As—1 Z Cj

Jj=s aJ)

- as—1(1— E;n:s a;) (1- Z a;)(cs—1 —ls—1) | ,

it follows from (Z8)s_;1 that Iy < wus. Let ¢; be a rational number such that
ls < ¢s < ug. Hence (Z8))s holds for s < m.

Let us show that (c1,...,¢m) € Q. Since ¢ < ug, then
a
cr < k ck_1, for k> 2.
ap—1
Then, for j < k,
A Qg—1 Aj4+1 Qg
Cr < i Cj = —C;j.

Ap—1 Ak—2 aj aj
Hence,
(2.10) arcy < ajcy, for j > k.

Since I}, < cg,
k—1 m
ag ch <crp— Zajck.
j=1 Jj=k
Hence, by (2.I0),
k—1 m
achj < Cp — Zakcj.
j=1 Jj=k

Therefore ay, E;n:l ¢ < cp. O

Theorem 2.2. Let 1 < k < g. Let I C {1,...,my}. Assume that one of the
following three hypothesis is verified:

(1) Xjer are; > 1;
(2) k=1, Zje[ a1 = 1 and Z;n:ll aii; > 1;
(3) k>2and } ; rape; = 1.

Then A C {[];c; &xj = 0}

Proof. Case 1: We can assume that I = {1,...,n}, where 1 < n < my. Set
a; = agk;. Given positive integers ¢y, ..., ¢y, it follows from ([23)) that

n n n
(2.11) [Te:=TLan =" e,

i=1 i=1
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where € € O. Hence it is enough to show that there are positive rational numbers
c1,...,Cpy such that

(2.12) ak(z ¢)—c >0, 1<k<n.

j=1
We will recursively define 1;, ¢;, u; € 10, +00] such that ¢;,1; € Q,
(2'13) lj <c¢; <uy,
j=1,....n, and u; € Q if and only if E?:j a; < 1. Choose ¢y, 11, uy verifying 213).
Let 1 < s < n— 1. Suppose that [;,c;,u; are defined for 1 < ¢ < s—1. If
doj—sa; <1, set

(2.14) L = (as/as) VST
. s = \0s/As5—-1)Cs—1, Us = T——=n -
1 - Zj:s aj
Since
a s—2 n
ug —ly, = S As—1 cj—cs—1(1 — aj)
=) |\ " R

as

As—1 (1 - Z;l:s a])

it follows from 2.I3))s—1 that ls < us.

If Z?:S a; > 1, set l; as above and us = +00.

We choose a rational number c¢s such that I; < ¢s < us. Hence (2I3])s holds for
1<s<n.

Let us show that c1, ..., ¢, verify (212). We will proceed by induction. First we
will show that ¢1,..., ¢, verify (ZI2)),. Suppose that a, < 1. Since ¢, < u,, we

have that
n—1
an Zj:l ¢;

Cp < ———————.
" 1—a,

Hence a,, Z?:l ¢; > ¢y If ay > 1, then

n n
ang cjzgcj>cn.
Jj=1 Jj=1

Hence ([Z12)),, is verified. Assume that c1,...,¢, verify ZI2)x, 2 < k < n. Since
cr > g,

a

Ck—1-

n
k
ag g Cj > Cp >
— Q-1
7j=1

Hence aj_1 Z?:l ¢; > ci—1. Therefore (c1,...,c,) verify ZI2)x_1.
Case 2: Set a; = a1, and z; = z1;. We can assume that I = {1,...,n}, where
1 <n < mj. Given positive integers ci, ..., ¢p, it follows from (2]) that

(2.15) ﬁﬁfi = ﬁ:vf BT e,
i=1

=1
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where ¢ € O and £(0) = 0. Hence it is enough to show that there are positive
rational numbers ¢y, ..., ¢,, such that

n
(2.16) achj:ck, 1<k<n.
j=1
We choose an arbitrary positive integer ¢;. Let 1 < s < n. If the ¢; are defined for
1 < s, set
as

(2.17) cs =

Cs—1-
As—1

Let us show that ¢, ..., ¢, verify (ZI6). We will proceed by induction in k. First
let us show that (216, holds.

Let j <n —1. By 21I7),
(218) Cp—1 = ) C; = ) Cj.

Qp—1 Gp—1

j=1 j=1
Hence, by (ZI8)
n—1
Cn—1
Cp = — Cj.
Ap—1 -7
Jj=1

Therefore, 77, ¢j = ¢p—1/an—1. Hence by ZI17),

n

Cn—1
(07% Cj = Qp = Cp.

Gp—1

Therefore (ZI6]),, holds.
Assume ([ZI0) holds, for 2 < k < n. Then

n
Z ag
ag Cj = Ck = a Ck—1-
i=1 k—1

Hence, aj_1 E?Zl ¢j = Ch—1.
Case 3: We can assume that I = {1,...,n}, where 1 < n < my. Given positive
integers ¢y, . .., ¢y, it follows from (23] that

Ile: - ( x::ki@mﬂ) S
1=1 i=1

where £ € O and €(0) = 0. We have reduced the problem to the case 2. (]

Theorem 2.3. If >}, ai1; = 1, A is contained in a cone.

Proof. Set a; = a115,t = 1,...m;. Given positive integers ci,...,cn,, there is a
unit ¢ of O such that

miy " mi e .
(2.19) [Ie = (—1)Zi=i g I1 xiEm S ES
=1

i=1
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By the proof of case 2 of Theorem[2.2] there is one and only one m1-tuple of integers

€1y, Cm, such that (c1,...,cm,) = (1), a; ;n:ll ¢j =¢,1 <i<my,and A is
contained in the cone defined by the equation
my
(2.20) [Te - (—nE=epo)n=ie = o,
i=1
where ¢(0) is given by ([2.5]). O

Remark 2.4. Set Df = {x € C: 0 < |z| < e}, where 0 <& << 1. Set = ZZE M.
Let 0 : C — C* be a weighted homogeneous curve parametrized by

o(t) = (erit™ )1<k<g+1,1<i<my -
Notice that the image of o is contained in C* \ A. Set 6y(t) = 1 and
_ v
0% ki

O (t) (o), p(c(t), 1 <k<g+1,1<i<my,

for t € D?. The curve o induces a map from D} into I' defined by
Err (0(8), (0 (D)3 011.(8) -+ 5 gy rmy 11 () : B0 (8)).

Let ¥ : DY — P* be the map defined by

(221) t— (911(15) I 9g+1,m9+1(t) : 90(t>)

The limit when ¢ — 0 of J(¢) belongs to A. The functions 6; are ramified Laurent
series of finite type on the variable t. Let h a be ramified Laurent series of finite
type. If h = 0, we set v(h) = co. If h # 0, we set v(h) = a, where « is the
only rational number such that }gr(l) t~*h(t) € C\{0}. We call a the valuation of h.

Notice that the limit of ¥ only depends on the functions 6;, 8y of minimal valuation.
Moreover, the limit of ¥ only depends on the coefficients of the term of minimal
valuation of each 6;;,6y. Hence the limit of ¥ only depends on the coefficients of
the very special monomials of f. We can assume that mg41 = 0 and that there are
A € C\{0},1 <k < g, such that

)
(2.22) = NeM.
k=1

Remark 2.5. Let L be a finite set. Set C* = {(z4)acr : To € C}. Let Y acr Caldta
be the canonical 1-form of T*CF. Let A be the subset of P;, defined by the equations

(2.23) [[¢ =0 1€z,

acl
where Z C P(L). Set Z' ={J CcL:JNnI#(forall I € I}, I* = {J € T’ such
that there isno K € 7' : K C J, K # J}. The irreducible components of A are the
linear projective sets Ay, J € Z*, where A is defined by the equations

&, =0, a € J.

Let Y be a germ of hypersurface of (CZ,0). Let A be the set of limits of tangents
of Y. For each irreducible component A; of A there is a cone V; contained in the
tangent cone of Y such that A is the dual of the projectivization of V;. The union
of the cones V is called the halo of Y. The halo of Y is called ”la auréole” of Y in
[4]).
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Remark 2.6. If A is defined by the equations ([Z23)), the halo of Y equals the union
of the linear subsets V;,J € Z* of C ¥, where V is defined by the equations

Tq =0, a€L\J

Lemma 2.7. The determinant of the n x n matriz (A\; — 0;;) equals

n

1M1=,

i=1

Proof. Notice that det(\; — d;;) =

1 1
= —dn-1 = —dn-1
1 1
VR PED W I Wy | 0 - 0|nr n-1

Theorem 2.8. Assume that > . a11; < 1. Set

L=Uj_p{k} x{1,....mx}, T=UJ_,{{k} xT:> ap; >1}.
JerI
The set A is the union of the irreducible linear projective sets Ay, J € T*, defined
by the equations n = 0 and

(2.24) & =0, (k,j)eJ

The tangent cone of Y equals {x11 - - T1m, = 0}. The halo of Y is the union of the
cones Vy, J € T*, where V; is defined by the equations z1; =0, 1 < j <mq, and

(2.25) zr; =0, (k,j) € L\ J.

Proof. Let us show that Ay C A. We can assume that there are integers nq,...,ng,
1 <ngp <my, 1 <k <g,suchthat J =U]_ {k} x {np +1,...,m}. We will use
the notations of Remark 2.4

Set m = >"7_, mx,n =m — #J. Assume that there are positive rational numbers
ag, Br, 1 < k < g, such that ag; = ap if 1 <@ < ng, ag; = B if np +1 <7 < my,
and ag > B, 1 <k < g. Since v(0;) = v(Mg) — v(zri) = v(Mg) — g,

lim ﬁ(t) e Ay
t—0
Let ¢ : (C\ {0})™ — A; be the map defined by
(2.26) (i) = lim I(t).

The map ¥ has components ¥i;, 1 <1 < ng,1 < k < g. In order to prove the
Theorem it is enough to show that we can choose the rational numbers ag, S in
such a way that the Jacobian of ¢ does not vanish identically. We will proceed by
induction in k. Let & = 1. Since 22111 ai1; < 1, n; = my. Choose positive rationals
a1, B1, a1 > B1. There is a rational number vy < 0 such that v(61;) = vp, for all
1 S 7 S ng.

Assume that there are ay, B such that v(6y;) = vo for 1 <i < mny and v(0x;) > vo
forng+1<i<mg, k=1,...,u. Set

Qy + EZ:1 Z?ikl (aqul,k,i - auki)aki

[0 =
=u—+1 Moyt 1
1 } :i_il Qy+1,u+1,i
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Since the special monomials are ordered by valuation and, by construction of A,
Z?:’“l arp; < 1forall 1 <k < g, o, is a positive rational number. Choose a
rational number 3,41 such that 0 < B,11 < @, ;. Set

Muy+1
Zi:nu+1+1 au+1,u+1,i6u+1

Qut1 = Qg + [
1- Zizl Qu+1,u+1,i

Then, v(0ut1,i) = V(Mys1) — Qys1 = v(My) — ay, = vp for 1 < i < myyq.

Set My, = Hle HT:’H 5?}‘”,1 < i< ng,1<k<g. With these choices of ay;, we
have that e

Myagki .
Ui = L << 1<k < g
Eki

Let D be the jacobian matrix of ¢. Since O¢y;/0e,; = 0 for all u > k, D is upper
triangular by blocks. Let Dy be the k-th diagonal block of D, 1 < k < g. We have

that
M,
Dy = ki (Ork; — 0i5) | -
( .

By Lemma 27 det(Dy) = A(1—>"""% agk;) for some A € C\{0}. Hence A contains
an open set of Aj. Since A is a projective variety and A is irreducible, A contains
Ay O

Theorem 2.9. Assume that > " ai1; > 1. Set
L= UZ:I{k} X {15 N -;mk}7 1= UZ:I{{k} x I : Zakkj Z 1}
Jjel

The set A is the union of the irreducible linear projective sets Ay, J € I*, defined

by the equations (2.2]).
The tangent cone of Y equals {y = 0}. The halo of Y is the union of the cones Vy,

J € I*, where Vj is defined by the equations y =0 and (Z23).
Proof. The proof is analogous to the proof of Theorem [Z8 On the first induction

step we choose
n
(1= e
ﬂl - my ] ap
Zi:n1+1 aiis

Hence 81 < a1, v(01;) =v(n) =0for 1 <i<njandv(by;) >0forni+1<i<m;y.
The rest of the proof proceeds as in the previous case. (Il

Theorem 2.10. Assume that 22111 ai1; = 1. Set
L=Ul_{k} x {1,...omp}, T=U_{{k} xI:) ar; >1}.
JjeI
The set A is the union of the irreducible projective algebraic sets Ay, J € T*, where

Ay is defined by the equations (Z20) and (2-24).

There are integers c,d; such that a11;, = d;/c,1 < i < my and ¢ is the l.c.d. of
di,...,dm,. The tangent cone of Y equals

(2.27) y = fO ] ati = 0.
i=1



10 ANTONIO ARAUJO AND ORLANDO NETO

The halo of Y is the union of the cones Vj, J € IT*, where V; is defined by the
equations (2.29) and (2.27).

Proof. Following the arguments of Theorem 2.8 it is enough to show that Ay C A
for each J € I*. Choose J € Z*. Let A be the linear projective variety defined
by the equations ([2.24). We follow an argument analogous to the one used in
Theorem We have n; = m;. We choose positive rational numbers «y, 81 such
that $1 < ai. Then v(61;) = 0 for all i = 1,...,my. The remaining steps of the
proof proceed as before. Hence

}g% ﬁ(t) e Ay

Let ¢ : (C\ {0})® — A be the map defined by ([Z28). By Theorem 23 the image
of ¢ is contained in A;. By Lemma 27 det(D;) = 0. Let D’y be the matrix
obtained from D; by eliminating the mi-th line and column. Then det(D}) =
N(1 =S  agg) for some X € C\ {0}. Hence, Ay C A. O

i=1
Let Y be a quasi-ordinary hypersurface singularity.

Corollary 2.11. The set of limits of tangents of Y only depends on the tangent
cone of Y and the topology of Y.

Corollary 2.12. If the tangent cone of Y is a hyperplane, the set of limits of
tangents of Y only depends on the topology of Y.

Corollary 2.13. Let 1" ---x3* be the first special monomial of Y. If aq +--- +
ar # 1, the set of limits of tangents of Y only depends on the topology of Y.

Corollary 2.14. The triviality of the set of limits of tangents of Y is a topological
imwvariant of Y.

Proof. The set of limits of tangents of Y is trivial if and only if all the exponents
of all the special monomials of Y are greater or equal than 1. (|

REFERENCES

1. C. Ban, “Auréole of a quasi-ordinary singularity” Proc. Amer. Math. Soc. , 120 (1994),
393-404.

2. J. Lipman, ” Quasi-ordinary singularities of embedded surfaces, Ph.D. thesis, Harvard Uni-
versity, 1965.

3. J. Lipman, ” Topological invariants of quasi-ordinary singularities”, Mem. Amer. Math. Soc.,
No. 74, Amer. Math. Soc., Providence, RI, 1988, pp. 1-107.

4. D.T. Lé and B. Teissier, ”Limites d’espaces tangentes en géometrie analitique”, Comment.
Math. Helv., 63, (1988), 540-578.

5. O. Neto, ” A microlocal Riemann-Hilbert correspondence.”, Compositio. Math., 127, (2001),
No. 3, 229-241.

6. M. Kashiwara and T. Kawai, ”On holonomic systems of microdifferential equations. III.
Systems with regular singularities”, Publ. Res. Inst. Math. Sci., Vol. 17, No. 3, (1981),
813-979.

E-mail address: ant.arj@gmail.com

E-mail address: orlando60@gmail.com



	1. Introduction
	2. Limits of tangents
	References

