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THE MFS-SVD METHOD FOR THE LAPLACE EQUATION IN
THREE DIMENSIONS*

PEDRO R. S. ANTUNES f, VINICIUS SANTOS #, AND PEDRO SERRANHO $

Abstract. The method of fundamental solutions (MFS) has been widely used to numerically
solve boundary value problems involving linear partial differential equations. This method is easy to
implement computationally and can be very effective for smooth domains and boundary conditions.
The main drawback of the MFS is the ill-conditioning of the associated matrices, which may affect
the method’s accuracy. We present three methods to reduce the ill-conditioning of the classical MF'S
for the Laplace equation defined in bounded star-shaped domains in 3D. The idea is to expand the
MFS basis functions in terms of spherical harmonics, in order to use the reduced QR factorization
and singular value decomposition to deal with the ill-conditioning, leading to a better function basis
that spans the same approximation space as the classical MFS. The numerical results illustrate that
these approaches significantly decrease the ill-conditioning allowing higher accuracy when compared
to the classical MFS.

Key words. method of fundamental solutions, ill-conditioning, Laplace equation

MSC codes. 65N20, 65N80 , 35J05

1. Introduction. The method of fundamental solutions (MFS) has been fre-
quently used for the solution of boundary value problems governed by certain linear
partial differential equations (PDEs). This method is well known for being truly
meshfree and hence easier to implement [16]. It was first proposed by Kupradze and
Aleksidze in the 1960’s [22] and has been applied to several problems in acoustics
[3, 2, 23], elasticity [9, 20], fluid dynamics [27, 19], or electromagnetism [15].

In two dimensions, the MFS may present spectral convergence under some regu-
larity assumptions [21] and it is effective for solving PDEs. However, in the general
case, there are still two issues hindering this method, namely its ill-conditioning and
the choice of the source points. The best way to choose the source points has been
widely studied [1, 6, 14], but to our knowledge there is no technique that significantly
reduces the ill-conditioning of the matrices involved in the MFS for 3D domains.

Recently, a method capable of reducing the MFS ill-conditioning for the Laplace
equation in planar domains was proposed in [5]. The idea is to consider expansions of
MF'S basis functions in terms of harmonic polynomial terms, then use singular value
decomposition (SVD) and Arnoldi orthogonalization to produce a well-conditioned
basis without changing the approximation space of the original MFS basis functions.

In this paper, we will present and analyze three methods to reduce the ill-
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conditioning of the MFS for bounded star-shaped domains in 3D which we will call
the QR-MFS, SVD-MFS, and Hybrid-MFS. The first was inspired by a technique
presented by Betcke and Trefethen in the context of the method of particular solu-
tions for solving the Laplace eigenvalue problem [11], while the second and the third
algorithms were adapted from [5].

The main idea of the QR-MFS is to work with an orthonormal basis constructed
by a reduced QR factorization which span the same space of the original MFS basis
functions. The SVD-MFS and Hybrid—-MF'S algorithms are complementary, the SVD—
MF'S may reduce considerably the ill-conditioning for smooth domains close to a ball.
The Hybrid-MFS can remove the ill-conditioning in general domains. The idea in
both algorithms is to consider an expansion of the MFS basis functions in terms of
spherical harmonics. Details on the rationale and application of the methods will be
given in section 3 and section 4.

The paper is organized as follows. In section 2 we describe the background of
the classical MFS for the Laplace equation with Dirichlet boundary conditions. In
section 3 we present the QR-MFS method. In section 4 we present the Laplace
spherical harmonic expansion applied to the fundamental solution in 3D and the
SVD-MFS and Hybrid-MFS. The numerical results are presented in section 5 and in
section 6 we draw some conclusions and ideas for future work.

2. The Direct-MFS. We will consider the following boundary value problem
for the Laplace equation with Dirichlet boundary conditions

Au = 0 in Q
(2.1) {u = g on 09

where A is the Laplace operator, Q C R? is a bounded smooth domain and g is a
given function defined on 0f2.

We will refer to the classical MFS approach in [4, 5] as the Direct-MFS. We
will briefly describe this method in the following lines. For more details we refer the
readers to [16].

The Direct-MFS ansatz for the approximation wu,, of the solution u of (2.1) is
given by the following linear combination of fundamental solutions centered at ng
source points y,.

ns
(2'2) Ung (I) = ZCE‘I’(Z‘,%)’ S Q; Yn € 0
n=1

where c,,[lf € R are the coefficients to be determined, O€Y is the boundary surface of the
domain 2 chosen such that 2 C € and ® is the fundamental solution of the Laplace
equation given by

O(z,y) = Inla—y> T #Y

where ||z — y|| is the Euclidean distance between the points x and y.
Due to the properties of the fundamental solution, straightforward calculations
show that the MFS approximation (2.2) satisfies the Laplace equation in €2, so one

needs to find the weights c,?,n =1,2,...,ng, such that the boundary condition is
satisfied. Therefore, we consider n¢ collocation points x,, € o, m=12,...,nc,
and ng source points y, € 0, n = 1,2,...,ng, such that nc > ng and impose the

boundary condition by collocation, giving rise to the ill-conditioned linear system

This manuscript is for review purposes only.
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THE MFS-SVD METHOD FOR THE LAPLACE EQUATION IN THREE DIMENSIONS 3

(2.3) AP —p,

where Aﬁ,?ZL = ®(Tpm,yn) and by, = g(ay,) form=1,2,...,nc, n=1,2,...,ng.
Having determined the solution c’:j of (2.3), one can approximate the solution u
by (2.2) at ng evaluation points z, € Q, p=1,2,...,ng, by the matrix product

(2.4) v=AP)cP

)

where AI(,I,En) = ®(zp,yn) is the evaluation matrix for the MFS for p = 1,2,...,ng,
n=12,...,ng.

In the next section we describe a new approach for solving (2.2) inspired by [11] in
the context of the method of particular solutions. An orthonormal basis is constructed
by QR factorization considering collocation and evaluation points together.

3. QR-MFS. A way to solve the linear system (2.3) is to use the reduced QR
factorization of the matrix A(©)
AY =QR

where Q € C"c*™s is an orthonormal (by columns) matrix and R € C"S*"s ig a
non-singular and upper-triangular matrix. Now we can rewrite (2.3) as
(3.1) QRcP =b.

We will now show that the matrix R is ill-conditioned. Having that in mind, we
start by proving the following lemma

LEMMA 3.1. Let @ € C™*™ be an orthonormal (by columns) matriz and A €
CP*™ any matriz. Then ||AQ*|l2 = ||A]|2.

Proof. By Lemmas 7.3 and 7.2
[AQ™ (|2 = [|(AQ™)"[|l2 = QA ||z = [|A™[l2 = [|A]]2. O

For a matrix A € C™*" of full rank, with m > n, we define the 2-norm condition
number as in [26] by

(3.2) k(A) = [|All2l| ATz

where AT denotes the pseudo-inverse of the matrix A which is the unique matrix that
satisfies the following four conditions as indicated in [25]

3.3a) ATAAT = AT,
3.3b) AATA = A,
3.3¢) (AA)* = AAT,
3.3d) (ATA)* = AT A.

THEOREM 3.2. Let A = QR be the reduced QR factorization of a matriz A €
C™ ™, m > n, then k(A) = k(R).

This manuscript is for review purposes only.
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Proof. We will assume that (QR)T = RTQ* and under this assumption we will
show that (3.3a)—(3.3d) hold, showing that RTQ* is the unique pseudo-inverse of QR.
First we verify (3.3a)

(QR)*QR(QR)" = R*Q\*’QRR+Q* =R'RR' Q" =R'Q" = (QR)".
I R+

Similarly, we have (3.3b)

+OR — + O* — +p—
QR(QR)"QR =QRR Q;Q/R—QRIZR—QR.

Finally we have (3.3c)
(QR(QR)")" = (QRRTQ")" = Q(RR")" Q" = QRR"Q" = QR(QR)"
———

RR+
and (3.3d)
(QRY*QR)* = (R* Q°QR)" = (R*R)" = R*R = R* Q"QR = (QR)*QR.
g e g

Therefore, using (3.2) and Lemmas 3.1 and 7.2 we get

k(A) = |Al2] A% ]2 = IQR[2[(QR) |2 = [|Bll2IRT Q" ||z = [|RI|2|R" [|l2 = k(R).
O

Since it is well-known that the MFS matrix A is ill-conditioned [13, 18, 17], the
last result shows that R is also ill-conditioned. To avoid the ill-conditioning present
in R, we define ¢c9® := ReP, and then rewrite equation (3.1) as

QPR =p

with the new coefficient vector ¢?®. We note that we will also need to evaluate
the ansatz (2.2) at other evaluation points, so the reduced QR factorization should
consider these evaluation points. We propose a method that will allow us to apply the
new vector coefficient to solve problem (2.1) in a way to get around the ill-conditioning

of R. We define
F A7

AE)

and then we factorize A by reduced QR factorization (A = QR) where

Q(C)'
Q(E)

A:

Q=

and Q(©) and Q¥) have the same dimensions as A©) and A¥) respectively, such
that

(3.4a) A©) = QOR,
(3.4b) AE) = QPR

By the definition of ¢®® one now solves

This manuscript is for review purposes only.
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(3.5) QR = p
instead of (2.3) and then calculates the approximation at the evaluation points as
v=QF) R

instead of (2.4), avoiding the ill-conditioning of R.

Remark 3.3. The computational cost of the QR—MFS method is expected to be
higher than the Direct-MFS, due to the additional QR decomposition. However, as
illustrated in Tables 1 to 4 in section 5, this decomposition gives rise to less compu-
tational cost in solving the linear system (3.5), leading to similar CPU times to the
Direct—-MFS. In some cases (see Table 4) QR-MFS is even faster than the Direct-MFS.

Next, we will generalize the SVD-MFS introduced in [5] for star-shaped domains
in 3D. In fact, we will propose two different methods for this problem depending on
the shape of the domain, namely the SVD-MFS and the Hybrid—-MFS.

4. Laplace spherical harmonic expansion. In this section, we will describe
the SVD-MFS and Hybrid—-MFS applied to 3D domains. The main idea in the SVD—
MEFS method is to expand the MFS basis functions in terms of spherical harmonics,
and then use the SVD to change the basis. The idea in the Hybrid-MF'S is to combine
ideas from the SVD-MFS and QR-MFS. Actually, it is similar to the SVD-MFS,
but uses a reduced QR factorization and a SVD on the ill-conditioned part of that
factorization. In this section we will need the following assumption.

ASSUMPTION 4.1. We will assume there exists a ball B such that QL ¢ B® c Q.
We consider the transformation from cartesian coordinates (21, a2, 23) to spherical
coordinates (p, 6, ¢) given by
(21,23, 23) = (pcos(6) sin(6), psin(@) sin(9), pcos(9))

where p € [0, +o00[, 6 € [0,7] and ¢ € [-7,7[.
Let 2 = (r,w, ) be a collocation point and y = (R, &,7) a source point in spherical
coordinates. We can use the Laplace spherical harmonic expansion from [8] to get

1 — 1 ¥ o
4.1 ol Ym YTYL
1) r|lz —y|| kZZOQkJrleH ; (W, )Y (e, m)
> kK R TS
-y Z g Y (en) rF Y (w, 0)
e 2o gkl RMT o

where for convenience we multiplied and divided each term in the sum by r§ =
max,cgq |||, and the spherical harmonics [24, 10] are given by

2k +1 (k-
+ ( m) e (COSH) imaeo

Y (0,0) = (=)™ i (k+m)!

where pj* are the associated Legendre functions

PR = (=22 R, =01,k
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that are extended to —k < m < k as follows

(k’ m) |m|

i (t) = mpk (t),

and Py (t) are the Legendre polynomial of degree k, given by

1 d*

P(t) = g 5 (2 = 1)F,

Therefore, we can expand the MFS basis functions ®(z, y;) associated to a sample
of n source points as

R%Yoo(fh n)
%%YOO(EQan2)

B, y)

0,6)307, .\
YD (w, ¢)

k
1 m
Rllc+1 Yk (51,ﬁ1)2k+1

~ke e

#Yk (527772)2k+1 :
’ 0.0
TY]@ (w, )

1

Lyore oy -
BT o(fnann)T i (57L77]n)2k+1

where the n'" source point is defined by vy, = (Rn,&n,nn). After truncating this
expansion, considering the sum in (4.1) just up to k = K we get

(4.2)

K m Y-
Z Z rg, Y (e,n) Y (w, 0)
47T||x -yl = = 2kt Rk+1 e '

Considering a as the following vector

a=[0(x,y) P(z,y2) ... P(z,yn)

we can write the factorization o™ ~ MF where a7 is transpose of the vector a,

and

0 IC K
R%YOO(&’M)% ﬁyxlc(&ﬂh) §+1 ﬁyzéc(fhfh)g;@rl
0 K K
R%YOO(EzaHQ)TTQ ﬁy}c (e2,m2) ril RIC+1YIC (523772)21c+1
0 K K ’ K
RL%YOO(Emnn)TQ ﬁylc (67“77%)% ﬁylg(gmnn)%
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where F is a vector-valued function with (K + 1)2 rows. Note that for each integer k
starting at zero, we have 2k + 1 terms in the interior sum in (4.2) corresponding to
the spherical harmonics of order k, that is, a total of (K + 1)? terms in (4.2).

Remark 4.2. In the following line, it is important to refer to the non singularity
of M. Since it is known that the spherical harmonics are linearly independent, one
can choose a set of source points that guarantees the matrix

Yo(er,m) ... Y{"(er,m)
Yo (e2,m2) - Y™ (e2,72)
Y()0(5n7 Nn) v Ykm(sna Mn)

is non singular. Moreover, matrix M is obtained by multiplying each column & of

k
2k 41, therefore preserving the non singularity.

However, to obtain the matrix M each entry (n, k) is multiplied by the factor ﬁ.

this previous matrix by the constant

Therefore, one can only assure the non singularity of M if the source points are on a
circle, since in that case Ry = Ry = --- = Ry, and the same argument holds. Since
one controls the position of the source points, this assumption can be assured.

To determine the value C we use the spherical harmonic addition theorem from
[8] to ensure that the remainder is small enough.

We consider

k

il ZY @ A" (=)

Py (cosO) = W1

where © is the angle between (r,w, ¢) and (R,e,7n). So, we can rewrite the equation

(4.1) as
1 1 2. /7 \* Py(cosO)
i DILC) B e
and thus
K
Hx—yH Z( ) Pi(cosO)| < = Rk = (R) | P (cos ©)].

Now, we can use the fact that |Py(cos©)| < 1 for any © € [0,27] as in [7] and write
the following inequality

» 1 1 &/ F s < ] NN
(4.4) M_R’;O(R) i(cos )_Rk_;ﬂ() <e

where € is the desired machine precision. From the geometric series in (4.4), we get
the lower bound
K> Fn(e(Rr— r) 1-‘
ln r

where we define

o= |2 ]

This manuscript is for review purposes only.



226
227
228

229
230
231
232
233
234

248
249
250

DN
ot

o N
ut

[\
[SLI¢
W N

8 PEDRO R. S. ANTUNES, VINICIUS SANTOS, PEDRO SERRANHO

Given the same sample of ne collocation points, ng evaluation points and ng source
points used in the Direct-MFS, we can write

(A(C))T = MF©)
(4.6) (ABNT = M p(B)

where F(©) e CKotD)?xnc anq FE) ¢ ¢KotD)*xne are matrices built from F in
(4.3), respectively, with the collocation and evaluation points in spherical coordinates.
Note that there is an abuse of notation in the sense that the equal sign in (4.5)
and (4.6) corresponds to an equality up to machine precision accuracy, due to the
truncation of the series.

4.1. SVD-MFS. For the time being, let us assume that F(©) is well-conditioned,
keeping in mind that this is the case for a spherical domain, since for the ball we have
that TLQ = 1, hence, the components of F(©) reduce to spherical harmonics that are

orthogonal, which means that F(©) is well-conditioned. Therefore, we will focus on
treating the ill-conditioning of M.
Here, we assume that K is chosen such that (K + 1)? > ng, and therefore, define

]Cl (= max (’CQ, [\/@— ].—I)

The SVD-MFS technique for reducing the effect of the ill-conditioning of matrix
M consists of the following steps. First, we calculate the singular value decomposition

of matrix M
M =USV*

where U and V are unitary and S is diagonal with non-negative entries. Then,
multiplying by U* from the left we obtain
(4.7) U'M=U"USV*=SV*.

The matrix S has the same dimensions of M, that is M has ng rows and (K1 +1)?
columns. Therefore,

S =[5 0]

where 57 is a diagonal square matrix and 0 denotes a block zero matrix and thus

SV =[S | 0] [m = SV OV = 8,V

where V;* is the matrix composed of the first n rows of V*. Now, keeping in mind
remark 4.2, one can assume that S; is non singular, so multiplying equation (4.7) by
matrix S7 ! from the left, we get

(4.8) SISV =SS Vi =V

Thus, multiplying (4.5) by the matrix S;'U* from the left, we obtain a new set
of basis functions without modifying its functional space span. Therefore we get

Sl—lU*(A(C))T _ Sl—lU*MF(C)

This manuscript is for review purposes only.
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THE MFS-SVD METHOD FOR THE LAPLACE EQUATION IN THREE DIMENSIONS 9

which by equations (4.7) and (4.8) is the same as
STIU (AT =y p(©)
hence, taking the transpose, we have
A (ST = (FFO)T.

So, multiplying it by (S;)7U7T from the right

(4.9) A = (v FONT(s)TUT,
Plugging (4.9) into (2.3) we get

(4.10) (Vi FONTSVD —

where ¢V P := (51)TUTcP. In a similar way, we get

(4.11) AE) = (v FENT(s)TUT,
Plugging (4.11) into (2.4) we get the approximation at the evaluation points by
v = (Vl*F(E))TCSVD.
where ¢SV P is the solution of (4.10).

Remark 4.3. This method has a higher computational cost than both the Direct—
MFS and the QR-MFS, not only because it requires building larger matrices due to
the addition theorem, but essentially also due to the computing of a SVD factorization.

In the next subsection, we will show how to remove the ill-conditioning of matrix
S

4.2. Hybrid-MFS. Let us now assume that, in contrast to the case treated in
subsection 4.1, F(©) is ill-conditioned. In this case, the idea is to rewrite matrix F(¢)
with an orthonormal basis using reduced QR factorization and dealing with the ill-
conditioning of F(©) through SVD. In this way, one needs to consider simultaneously
the evaluation and collocation points. Given the same n¢ collocation points and ng
evaluation points as in the Direct-MFS we define

- [ima].

therefore P has n¢ + ng rows and (K; + 1)? columns.
Using the reduced QR factorization of P, one can write

- (2]

where Q(©) and Q®) have the same dimensions as F(©) and F¥) | respectively.
Therefore, taking the transpose of P, we have

PT —_ [RTQ(C) RTQ(E)]

where
(4.12) F© = RTQ®
(4.13) FE) = RTQ®),

This manuscript is for review purposes only.
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Plugging (4.12) into equation (4.5) we have
(4.14) (AT = MRTQC) = MQ©

where M := MR”, and from the SVD of M we get the matrices S and U* as in
subsection 4.1. Multiplying the equation (4.14) by S;'U* from the left one gets

ST (AOHT = SO0 MQ©) = ThQ©)
that leads to
(415) A©) = (QU)T (8107
and plugging (4.15) into equation (2.3) we have
(4.16) (7 QO)TeH — b
where ¢ := (§,)TUT¢cP. Following the same steps, plugging (4.13) into (4.6), we
have
(4.17) AP = (1 QQUNT(S)TUT,
hence plugging (4.17) into (2.4) we get the approximation at the evaluation points
v = (V;QF)TeH
where ¢ is the solution of (4.16).

Remark 4.4. The computational cost of this method is higher than all the pre-
viously presented approaches, since it involves building large matrices due to the
addition theorem and requires computing two factorizations.

Since the Hybrid—MF'S is more complex than previous the approaches, we sum-
marize the procedure in Algorithm 4.1.

Algorithm 4.1 Hybrid-MFS

1: Choose ng € N, the number of basis functions.

Place n¢ > ng collocation points on 9.

Choose ng source points such that Assumption 4.1 holds.
Calculate K£; € N.

Build the matrices B, D, F(©) and F&),

Define P.

Calculate the reduced QR factorization of P.

Define M.

9. Compute the singular value decomposition of M to obtain V1
10. Compute the linear system of the Hybrid-MFS.

11. Solve the linear system to calculate the Hybrid—-MFS coefficients.
12. Evaluate the solution at the evaluation points through F).

PO NSOy
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5. Numerical results. We present numerical results for the unit ball and three
other domains (see Figure 1) to compare the Direct—-MFS and the proposed meth-
ods for non-harmonic boundary conditions on three-dimensional domains, since it is
known that this case is more challenging in terms of convergence than the case of
harmonic solutions. In all the examples the Dirichlet boundary conditions are given
by g(x,y,2) = 22y?2?%, and the source points were fixed on a sphere of radius R = 3.
In all examples we took ng ~ 3ng, except for the Example 5.3 where due to the
complexity of the domain more collocation points are needed. In this case we chose
ng ~ 77’Ls.

Fig. 1: Plot of domains considered in Example 5.2(a), Example 5.4(b) and Exam-
ple 5.3(c).

In order to satisfy Assumption 4.1, the source points for our approaches are
considered to be far from the domain. However, this does not favour the Direct—-MFS.
Indeed, some works in the literature [12, 14] suggest that the Direct-MFS performance
is better when the artificial boundary is similar and close to the real boundary. The
Effective Condition Number Method (ECNM), presented in [12], provides an efficient
way to determine the location of the source points. Therein, approach 1 involves
using the ECNM with source points placed on a spherical surface of radius R, while
approach 2 involves using source points on a dilated boundary with a magnification
factor 7. Therefore for a fair comparison with the Direct-MFS, we compare the
performance of our approaches also with approaches 1 and 2 in [12]. As expected,
these methods require solving optimization problems to determine the value of R or
7 which may justify the high computational cost.

In each of the examples below, we provide a table that illustrates the performance
of Direct-MFS, QR-MFS, SVD-MFS, and Hybrid-MFS, as well as approach 1 and
approach 2 in [12]. The goal is to assess the impact of maintaining R = 3 in the
methods described here.

By the maximum principle, since u and u,, are both harmonic functions we have

[u = ungllLe @) < llu = tngllL=@0) = |9 = tnsll L= (80)-

To estimate the error we consider the discrete £°°-norm over 92 at around 10000
boundary points.

The numerical experiments in this section were carried out using Matlab software
on a notebook PC with 11th Gen Intel(R) Core(TM) i7-1165G7 @ 2.80GHz, 20GB
RAM, on Windows 11.

For all examples we consider smooth star-shaped domains with boundary given
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by

5.1) 00 = {(,y, 2) = (6, §)(cos(@) sin(0), sin(6) sin(6), cos(9)),

0<f0<m-7m<¢p<m}

where 7(0, ¢) represents the radial function.

Ezxample 5.1. We consider (2 as the unit sphere.

Error norm

Condition number

1007 10201
O  Direct-MFS
*  QR-MFS 0000
® - SVD-MFS 00000©
+  Hybrid-MFS
o
% 108 9
105} 8 O  Direct-MFS
® 3 *  QR-MFS
o) - SVD-MFS
g o +  Hybrid-MFS
w0l O
_? 10 o)
+
o
107101 % o
lo
Fei 00 0p0000° sl
‘h& 10°8
+
i&e X KK kK ok Kk %
10—15 b
&++++‘!’4+++‘ 0 % K kK ok ok K
0 1000 2000 3000 0 1000 2000 3000

s Ns

Fig. 2: Plot of the ¢°° norm of the error on the boundary of the numerical approx-
imations given by the Direct-MFS, QR-MFS, SVD-MFS, and Hybrid-MFS, as a
function of ng (left plot) and plot of the condition number of the matrix of the linear
systems (right plot) of Example 5.1.

We observe in Figure 2 that the L° norm of the error converges fast to zero with
the increase of ng. In all approaches the numerical results are similar for ng < 900.
For larger ng the Direct—-MFS does not improve, due to the ill-conditioning, while our
approaches reach machine precision.

Note that in the right plot of the Figure 2 the condition numbers of the SVD—
MFS and Hybrid-MFS methods do not increase with ng, being approximately equal
to 1.

In Table 1, we present the numerical results of Example 5.1 where we took ng =
2000 and ne = 6007. The search interval for both the optimal value of the radius
R of the sphere in approach 1, and the magnification factor 7 in approach 2 was
[1.01, 3.8]. The minimum value needed to truncate the right side of the equation (4.1)
was Ko = 31.

Ezxample 5.2. We change the geometry defined in Example 5.1 to a more complex
one. We consider the reduced bumpy sphere (see Figure 1a) as in example 8 of [16],
where r(6,¢) = 1+ £ sin(6) cos(3¢) in equation (5.1).

In Figure 3, we note that as in example 1 for ng < 1000 the numerical re-
sults obtained are similar for all approaches. However, for ng > 1000 due to the
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Table 1: Condition number, error norm and CPU times for the considered approaches

for the unit sphere (Example 5.1) with ng = 2000 and nc = 6007.
[*°-norm over 92  CPU time (s)

Condition number

Direct—-MFS 6.0682e+17 R=3 2.4130e-12 9.4
Approach 1 - [12 3.9716e+17 R =2.4713 9.8450e-13 87.9
Approach 2 - [12 2.7879e+16 T =1.9611 2.0859%e-13 84.7

QR-MFS 3.6198 R=3 3.4556e-15 9.7
SVD-MFS 1.0713 R=3 9.7757e-17 31.6
Hybrid-MFS 1.0283 R=3 1.7687e-16 42.3
Error norm 20 Condition number
102 10201
O  Direct-MFS
*  QR-MFS
© SVD-MFS s
+  Hybrid-MFS g
15 O  Direct-MFS
107°1 *  QR-MFS
8 SVD-MFS
8 +  Hybrid-MFS
8
- o
106 +++ 10'° 8
+, o
R
+ @]
++++
+++ O
108 o + 10°5
+
10710 ‘ ‘ ‘ 10
0 2000 4000 6000 0 2000 4000 6000
n

S

Ng

Fig. 3: Plot of the L* norm of the error on the boundary of the numerical approx-
imations given by the Direct—-MFS, QR-MFS, SVD-MFS, and Hybrid-MFS, as a
function of ng (left plot) and plot of the condition number of the matrix of the linear

systems (right plot) of Example 5.2

ill-conditioning the convergence of the Direct—-MFS breaks down while the L> norm
of the error of SVD-MFS and Hybrid—-MFS continues decreasing. Surprisingly QR—

MFS also does not improve for larger ng despite the low condition number.

In Table 2, we present the numerical results of Example 5.2 where we took ng =
2996 and ne = 8998. The search interval for the optimal value of the radius R of the
sphere in approach 1 was [1.5,3.8], and for the magnification factor 7 in approach 2
was [1.01,3.8]. The minimum value needed to truncate the right side of the equation

(4.1) was Ko = 36.
Ezample 5.3. We consider a cushion shaped domain (see Figure 1b) that is star-

like with a radial function given by

7(0,$) = /0.8 + 0.5(cos(20) — 1)(cos(4¢) — 1).
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Table 2: Condition number, error norm and CPU times for the considered approaches
for the reduced bumpy sphere (Example 5.2) with ng = 2996 and nc = 8998

Condition number [*°-norm over 92  CPU time (s)
Direct-MFS 7.7771e417 R=3 1.3322e-05 23.0
Approach 1 - [12 6.0329e+16 R =1.6622 1.1469e-07 383.2
Approach 2 - [12 2.0813e4-16 T = 1.6946 1.0259e-07 427.0
QR-MFS 3.0847 R=3 4.2299e-06 25.7
SVD-MFS 1.0843e+06 R=3 7.8038e-08 152.3
Hybrid-MFS 1.0097 R=3 7.9151e-08 154.8
] Error norm 20 Condition number
10 1071
i O  Direct-MFS
*

QR-MFS ““',“.“g.[.l.mwt'lg.mml'uo)
® ©  SVD-MFS s

+  Hybrid-MFS .
10" 5

]

]

o]

ro

102} 100
O
o
r o

o .

50 7 O  Direct-MFS

1071 ¢ *  QR-MFS
b s ©  SVD-MFS
i +  Hybrid-MFS

0 2000 4000 6000

Ng Ns

Fig. 4: Plot of the L* norm of the error on the boundary of the numerical approx-
imations given by the Direct-MFS, QR-MFS, SVD-MFS, and Hybrid-MFS, as a
function of ng (left plot) and plot of the condition number of the matrix of the linear
systems (right plot) of Example 5.3.

Figure 4 illustrates that the behaviour of the numerical results is similar to Ex-
ample 5.2. The Direct-MFS and QR-MFS convergence breaks down for ng > 1000.
We can see that the condition number of the SVD-MFS grows slowly and has still no
effect on convergence.

The Hybrid—MFS continues to improve the results with increasing of the ng, with
the condition number remaining approximately equal to 1.3 for ng = 6400.

In Table 3, we present the numerical results of Example 5.3 where we took ng =
2000 and nc = 14003. The search interval for the optimal value of the radius R of the
sphere in approach 1 was [1.8,3.8], and for the magnification factor 7 in approach 2
was [1.01,3.8]. The minimum value needed to truncate the right side of the equation
(4.1) was Ko = 59.

Ezample 5.4. In the last example, the boundary geometry is a pinched ball (see
Figure 1c¢) with a radial function in equation (5.1) given by

This manuscript is for review purposes only.



THE MFS-SVD METHOD FOR THE LAPLACE EQUATION IN THREE DIMENSIONS 15

Table 3: Condition number, error norm and CPU times for the considered approaches
for the cushion (Example 5.3) with ng = 2000 and nc = 14003

Condition number [*°-norm over 92  CPU time (s)
Direct-MFS 3.4883e+17 R=3 2.4e-3 21.8
Approach 1 - [12 8.1543e+16 R = 2.1480 2.2e-3 337.4
Approach 2 - [12 1.1405e+17 T =1.9283 2.2e-3 312.1
QR-MF'S 1.6522 R=3 2.4e-3 20.6
SVD-MFS 1.5741e+08 R=3 1.8e-3 90.2
Hybrid-MFS 1.0040 R=3 2.0e-3 148.6
387 7(0,$) = \/1.44 + 0.5(cos 26)(cos(2¢) — 1).
Error norm Condition number
107 10201
O  Direct-MFS
*  QR-MFS

T

&
©  SVD-MFS
+  Hybrid-MFS

K O  Direct-MFS
3 *  QR-MFS
. SVD-MFS
+  Hybrid-MFS

0 2000 4000 6000 0 2000 4000 6000
n n

S S
Fig. 5: Plot of the L* norm of the error on the boundary of the numerical approx-
imations given by the Direct—-MFS, QR-MFS, SVD-MFS, and Hybrid-MFS, as a
function of ng (left plot) and plot of the condition number of the matrix of the linear
systems (right plot) of Example 5.4.

388

389 Figure 5 illustrates that the condition number of the Direct-MFS grows rapidly
390 such that for ng > 1000 the solution error becomes constant and does not improve
391 anymore. Though the conditioning of the QR-MFS remains good, the error of the
392 solution also becomes stable, though better than the Direct—-MFS.

393 The SVD-MFS reduces ill-conditioning when we compare it with the Direct—
394 MFS and at the same time improves the solution until ng ~ 5000. For larger ng
395 the SVD-MFS convergence breaks down due to ill-conditioning while the Hybrid—
396  MFS convergence continues, since the condition number of the Hybrid-MFS remains
397 approximately equal to 2.

This manuscript is for review purposes only.



398
399
400
401

413
414
415
416
417
118
419
420
421
122
123
124
425
426
427
128
429
430
431
432
133
134

16 PEDRO R. S. ANTUNES, VINICIUS SANTOS, PEDRO SERRANHO

In Table 4, we present the numerical results of Example 5.4 where we took ng =
6007 and nc = 18004. The search interval for the optimal value of the radius R of the
sphere in approach 1 was [1.7,3.8], and for the magnification factor 7 in approach 2
was [1.01,3.8]. The minimum value needed to truncate the right side of the equation
(4.1) was Ko = 53.

Table 4: Condition number, error norm and CPU times for the considered approaches
for the pinched ball (Example 5.4) with ng = 6007 and nc = 18004

Condition number [*°-norm over 9  CPU time (s)
Direct—-MFS 1.3210e+18 R=3 1.2e-3 192.8
Approach 1 - [12 1.9389e4-18 R = 2.3875 8.4386e-04 2813.4
Approach 2 - [12 1.4956e+15 T = 1.3939 1.8104e-05 2787.7
QR-MFS 2.3792 R=3 8.4241e-04 186.2
SVD-MFS 1.4956e+15 R=3 2.7450e-04 933.8
Hybrid-MFS 2.0256 R=3 2.1554e-04 1194.6

6. Conclusions. We proposed three methods for reducing the ill-conditioning
of the Direct—MFS for general star-shaped domains in 3D provided that the source
points satisfy Assumption 4.1. Our methods alter the original MFS basis functions to
a basis using SVD or reduced QR factorization spanning the same space and leading
to a better conditioned linear system. Numerical results suggest that the performance
of the methods can be sorted. In fact, QR-MFS, though clearly outperforming the
Direct-MFS, seems to have a poorer performance than SVD-MFS and Hybrid-MFS.
Also, in some cases (see Example 5.4), the Hybrid-MFS seems to be the best choice
in terms of accuracy, since the condition number stays bounded. However, it has a
higher computational cost, since it requires the use of two factorizations instead of
just one, as in the QR-MFS and SVD-MFS. It is also worth mentioning that the QR-
MFS presents similar computation times to the Direct—-MFS, despite the additional
factorization.

In the examples considered our methods perform better than approaches 1 and
2 of [12], except in the example 5.3 for which approaches 1 and 2 are slightly bet-
ter. However, those approaches present higher computation time than the proposed
methods due to the optimization process for finding the optimal location of the source
points.

With our approaches one can improve the accuracy by considering a larger number
of both collocation and source points that would be impossible for the Direct—-MFS due
to ill-conditioning. Moreover, one can consider a larger family of artificial boundaries
since the ill-conditioning is highly reduced by the proposed approaches. For instance,
artificial boundaries far from the domain that for Direct-MFS lead to severely ill-
conditioned linear systems can now be applied with our proposed methods. On the
down side, the SVD-MFS and Hybrid—-MF'S hold only under Assumption 4.1.

In terms of future work, it is expected that a similar approach can be considered
for other elliptic PDEs. Moreover, these approaches open new possibilities and open
problems in terms of the choice of source points. On one side, it seems that these
approaches clearly overcome the performance of the wisest choice of source points for
the Direct—-MFS. On the other side, the optimal choice of source points for reducing
the ill-conditioning of the direct MFS might not generate the optimal basis functions
by our approach. This is an open problem that might also be considered in the future.
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7. Appendix. In this appendix we list some trivial linear algebra results sup-
porting the results in section 3.
We define the 2-norm of an m x n matrix A by

A
() Al = sup 1220
el
x#0
where ||| is the Euclidean norm in C™.

LEMMA 7.1. Let Q@ € C™*™ be an orthonormal (by columns) matriz and x € C™*!
be a vector. Then ||Qz| = ||x].

Proof. We have that
Q]| = V(Q)* Qe = VorQ*Qz = Va*lz = Varz = |z|. O

LEMMA 7.2. Let Q € C™*™ be an orthonormal (by columns) matriz and A €
C™*? any matriz. Then ||QA|2 = || A||2-

Proof. By (7.1) and Lemma 7.1

|Q4=ll _ QDI _ A=l _

[QA[2 = sup
z40 ||| zz0 ||zl z#0 ||| 0

LEMMA 7.3. Let the matric A € C™*"™. Then ||A*|2 = ||A]]2.

Proof. Let € C"*! be a vector such that x # 0. Using the fact that
(Az)*(Az) = x*(A* Ax) and the Cauchy-Schwarz inequality, we have

[ Az|* < || A" Az|lf|2]| < A" ]2l All2]l]?

and dividing by ||z||? one gets

ZET,
Then Azl
up Lo < 144l

which implies that

2

| Az|| | Az

|A]|3 = ( sup = sup < [|A |2 All2
2 240 IE4] x#£0 [l

and dividing by ||A]|2 on both sides one gets
[All2 < [|A™]]2.

Similarly, [|4*[l2 < [|(A%)" 2 = [|A]l2, therefore [A*]lo = [[A]l> 0
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