Long time behaviour and self-similarity in an
addition model with slow input of monomers

Rafael Sasportes

Abstract We consider a coagulation equation with constant coefficients and a time
dependent power law input of monomers. We discuss the asymptotic behaviour of
solutions as r — oo, and we prove solutions converge to a similarity profile along the
non-characteristic direction.

1 Introduction

We study some aspects of the long time behaviour of a system with an infinite num-
ber of ordinary differential equations modelling the kinetics of particle coagula-
tion; we consider a mean-field point island deposition growth process, with Becker-
Doring type kinetics with critical island size i = 1. In [6] a different island growth
model is considered, for which clusters of size j (1 < j < i) do not arise.

The system we consider is composed of a large number of particles, each particle
consisting of an integer number of monomers with mass 1, so that a j-cluster (a
particle formed by j monomers) will have mass j. We assume these clusters can
bind together to form larger clusters, and that we only have binary reactions, in the
sense that we only consider aggregation of two clusters at a time, one of them being
a monomer; we do not consider, for example, simultaneous aggregation of three
clusters. The cluster interaction is assumed to follow the mass action law of chemical
kinetics. Let (c;(#))7., be the sequence whose elements are the concentration of
clusters of mass j at some time ¢, and we want to study the evolution of c;(t) as
t — +oo, either pointwise in j (i.e., for each fixed j), or when j also converges
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to 4o in some way related to the convergence of ¢. The evolution of the cluster
population can be described by the following coagulation kinetic equations

oo
SO 2
c] = —Cl—Clij
J=1

C'j=C1(Cj,1—Cj), j>2.

6]

From the first equation in (1) it is clear that the number of monomers is decreasing;
as described in more detail in [5], equations (1) are a special case of the Becker-
Doring coagulation equations, corresponding to a situation where the only effec-
tive reactions are the ones involving monomers. Thus the special role played by
monomers is expected to freeze the dynamics when we run out of monomers. In the
context of aggregation models of cluster growth [3] we consider an “addition” model
[7] where cluster growth can only occur by the addition of movable monomers to
the immovable clusters [3]. We provide a source of monomers by adding a source
term J; () to the right hand side of the ¢j-equation in (1). One way to externally
supply monomers is to define the input term J; (¢) independently of the state of the
system. This is a reasonable assumption in a number of applications, including in
simple models of polymerization and of epitaxial growth [2]. The easiest hypothesis
about Ji (¢), which turns out to be very useful in applications, is to make it a time in-
dependent constant. Another possible choice, quite interesting from a mathematical
viewpoint, is to consider for J; a power law J; (t) = at®, with @ >0 and ® € R. The
constant case was considered in [5], using an approach based on methods (Poincaré
compactification and center manifold) that are not available for the general power
law case; the case @ > —1/2 was considered in [4]. For @ < —1/2 partial results
were obtained in [8]. In this paper we restrict ourselves to @ = —1/2. A formal
analysis was presented in [9], and we use the ansatz provided by [9] to rigorously
analyse the addition model with a power law input of monomers J;(¢) = ar=1/2,
namely
=22 ¢ Cj
1 1 lj:Z’l j (2)
C"j = C](Cj,1 —Cj) ] Z 2.

We study two aspects of the dynamical behaviour of solutions to (2). First, we want
to establish the componentwise behaviour of the solution as time # — 4o and the
behaviour of the total amount of clusters. The second aspect of the dynamics we
are interested in is the occurrence of similarity behaviour. Our first step consists
in transforming the infinite dimensional system (2) into a problem that is almost
exactly solvable. Introducing the total number of clusters as a new macroscopic
variable co(t) defined by co(t) = Y7 ¢;(t), and formally differentiating termwise,
we conclude that ¢y satisfies the evolution equation

1/2

co=0ot '~ —cocy.

Using cp, we can write system (2) as
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Co = at71/2—00C1,
¢ = a2 —cper — (3)
C‘jZCl(Cj_l—Cj), j>2.

If Y7 1¢j(0) < oo then if (co,c1,¢j), j > 2 is a solution of system (3) then
(c1,¢j), j > 2 1is a solution of system (2). The proof can be done as in [5, Theo-
rem 2.1].

The equations governing the dynamics of ¢y () and ¢ (¢) actually define a nonau-
tonomous bidimensional system

Co = (Xt_l/zfq)cl @)

¢l = ar1/2 —coCl —C%,

and we can now study the dynamics of (4) in a way totally independent of the
remaining components of the infinite dimensional system. In order to solve this
system we use an ansatz for a convenient change of variables suggested by [9, Table
2] and obtained via formal asymptotics. Based on [9, Table 2] we expect solutions
(co,c1) of system (4) to have the following behaviour as r — oo

cot) ~ (302)" (logr)'* and ¢ (1) ~ (a/3)" 32 (1ogr) ', (5)

in the following sense

lim co(r) (3a2logr) "> =1 and dim_e1(1)(0/3)7'2 (1ogt) 1 = 1.

1= Foo

This suggests that defining functions Cy(¢) and C; (¢) by

Colt) == (302) " (logr) " Beo(r) and €y (1) 1= (0t/3) 3112 (logt) ey (1),
(6)
they might both be expected to converge to 1 as t — +oo, and reciprocally, if this hap-
pens then ¢q and c¢; will behave as stated in (5). To prove this convergence behaviour
we need an equation for the evolution of (Cp,C)). We begin by differentiating (6),
and then replacing it into system (4). We then change the time scale t — 7 by letting

dt

3= (3a2)" (logr)' . %

Considering ¢ > 1 we have a well defined change of variables, and defining

x(7) :=Ci(1(7)) and y(7) := Co(¢(7)),

and denoting % () by ()" we finally obtain an equation for (x,y):

X =1
8
¥ = &(r)(1 - xy— &(z)y), ®
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where
&(t) = c(1(r)) == (9) "3 (1(7)) "'/ (log1 (7)) **,

and
d(t)=d(t(1)) := ¢*(1)(3/2logt(7) + 1).

In [4] we have seen that for @ > —1/2, the change of variables corresponding to
(7) can be explicitly solved; for @ = —1/2 we do not have an explicit expression
for ¢ as a function of 7, and we will use some preliminary results to obtain what we
need: the asymptotic relationship between the two time scales.

For t € [1,+eo] we have dz/dr = (302)" (log#)!/3 > 0; since lim, oo d7/dt =
+oo, we can conclude that 7(z) (resp. #(7)) is a strictly increasing function of # (resp.
7). This allows us to conclude that T — +-co (resp. t — +oo) as t — +oo (resp. T —
+o0). To get a better estimate on the asymptotic behaviour of 7(¢), using integration
by parts, we obtain from (7)

(1) = (30 logr) /3 (1+0(1)) as t — oo,

This allows us to write #(7) = T(3a*log7)~'/3 (140(1)) as T — oo
We also have as 7,t — +oo that

() =0 (t(logt) '/3) and 1(7) = O (T(logr)’]B) ,

and also
&(t)=0 ((nog 7)71/2) and d(7) =0 (z7").

In the next Section, we will study the bidimensional system (4); then in Section
3 we will study the long time behaviour of solutions, and in Section 4 we will study
the existence of self-similar behaviour.

2 The bidimensional system

Since we are only interested in non-negative solutions to (4), by solution we shall
mean non-negative solution. The main result of this section concerns the asymptotic
behaviour of ¢y and c;.

Theorem 1. Ler @ > 0, and (cp, c1) be any solution of (4). Then

1. 302) 713 (logt) ™ co(t) = 1 ast — +oo
2. (a/3)" 13 2 (logt) ey (1) — 1 as t — oo,
3. (3/alogt)?3t (=12 —coer) — Last — +oo.

To prove this theorem we use two propositions. These propositions follow closely
what was done in a series of lemmas in [5] and [4], and the proofs differ mainly
because now we have a log term and also, as mentioned already, because we do not
have an explicit expression for the change of variables defined by (7). We start by
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showing that non-negative solutions to (8) remain non-negative as T — oo, then
we show how the x and y boundedness are closely related, and finally we show that
every solution to (8) with positive initial data is bounded.

Proposition 1. For the system of equations (4) the following holds

1. The first quadrant {x > 0, y > 0} is positively invariant for (8).
2.y (resp. x) is bounded <= x (resp. y) is bounded away from zero.
3. Every solution to (8) with positive initial data is bounded.

An immediate consequence of Proposition 1 is that solutions to (8), with positive
initial data, are bounded and bounded away from zero; we also have that the conclu-
sions of Proposition 1 still hold if the initial condition is nonnegative. Proposition 1
also implies that every orbit of (8) is bounded and bounded away from zero. We are
now ready to study the @—Ilimit set of (8). We start by showing that the w—limit set
of every orbit is contained in the hyperbola {xy = 1}, then we fully identify it by
showing that both x and y converge to 1, and finally we establish the convergence
rate of x(7)y(T) as T — 0.

Proposition 2. For the system of equations (8) the following holds

1. Let (x,y) be any solution to (8) then x(T)y(t) = 1~ as T — 0.
2. limr 400 x(T) = 1 and lim;, 1 y(7) = 1.

1-a(ep(e) _

3. Let (x,y) be any solution to (8) then we have lim;_, ; 200)

Recalling the definition of x, y and ¢, Theorem 1 follows from the last two statements
in Proposition 2.

3 Long time behaviour of the system
Given a solution of (4), we introduce a new time scale
s(t):=co+ [ ci(s)ds, ©)

where ¢ is a positive constant, and we consider the new phase variables

¢i(g) =c;j(t(g)), (10)

where 7(g) is the inverse function of ¢(¢). When ¢ (¢) > 0, these are well defined
and ¢ is an increasing function of ¢. In these new variables, the equations for ¢; in
(3) now become

¢l =¢j1 ¢, Jj=2,

where (-) = % (+). This system of differential equations is a lower triangular linear

system and thus can be explicitly solved in terms of the function & (¢) starting from
the equation for j = 2 and applying the variation of constants formula recursively:
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J Jj—k 1 S )
¢i(g) :e‘gkg (jg_ k)!Ck(O) + m/o Flc—s)s%e¥ds. (1)

From now on we will only consider the new time scale defined by (9).
We now establish convergence results similar to those of Theorem 1 but for all
values of j, and in both time scales.

Proposition 3. With c;,¢ and ¢;(g) as given by (9) and (10)

1 ¢(t) = (8a/3) 3 1V/2 (logt) ™3 (1 +0(1)), as t — oo,
2. (1/2)!3(3/a)*3¢(log6)*3¢;(g) = 140(1),Vj > 1, as ¢ — +oo,
3 (0/3) B2 (logt) P ej(r) — 1,V > 1, as t — oo,

By definition we have d¢/dt = ¢(¢) and we already know from Theorem 1 the
asymptotic behaviour of ¢, hence we have the following estimates

Ve > 0,37Vt > Te, 1—e <12 (3logt/a) P ei (1) < 1+€
= 12 Blogt/a) P (1—€) < ci1(t) <172 (3logt/a) 3 (1+¢).

We are thus naturally led to estimate the integral [ s~!/% (log 5)"/3ds, ast — oo,
to obtain, as t — +oo

¢(t) = (8/3) 1'% (logt) ¥ (1+0(1)). (12)

Using equation (12) we obtain the following relation between the logarithms of (&)
and 7(¢)

1
logs (1) = 5 log(s)(1+0(1)),
and using this last equation,
1(6) = (4ar/3) 7 ¢* (log)** (1 +0(1)), (13)

as ¢ — 0. Using (13) we obtain the asymptotic behaviour of ¢;(¢)

lim (1/2)'7 (3/a)* ¢ (logg)**e1(g) = 1. (14)

G—rtoo

Using (14) and the representation of the ¢; given by (11) we can establish the be-
haviour of ¢; in terms of the original ¢ variable. To this end, letting

g(g) = (1/2)'3(3/a)* ¢ (logg)*?, (15)

we can write g(6)¢1(¢) = 1+0(1), as ¢ — +oo. Multiplying (11) by g(¢) we obtain

J J—k
8(6)ej(g) = 8(€)efgk§2 (ji k)!ck(o) + (f(gz))!

9 .
/ ci(g—s)s'2e7¥ds.  (16)
0
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The first term on the right hand side of (16), corresponding to the non-monomeric
initial data contribution, can be written as

J Jj—k .
c(logg)*3e ¢ Z ﬁck(O) =0 ((log g)2/3g’7167g> =0 (eflg> as G — oo,
k=2 \J T/
for every A < 1 and fixed ;.
For the second term in the right hand side of (16) we start by changing integration
variables s — y = s/g, which allows us to write the integral term as an integral over

the fixed interval [0, 1]. Defining the function

v() ==g()a(), A7)

we obtain

9 .
g(G) / éi(g—s)s/2e¥ds
- J0

_ ¢/ '(logg)*? /‘1 w(s(1—y))y/
(=2)!  Jo (1-y)(ogg(1—y))*?

In order to evaluate the integral in (18) we split the interval of integration at the
y = 1 singularity as (0,1 —¢) and (1 —¢, 1), for a fixed € € (0, 1) . For the integral
over (1 —¢g,1) we know that since ¢; is continuous and goes to zero at infinity, by
(14), there exists a positive constant M satisfying 0 < & (x) < M for x € [0, 4o[ and
hence

e dy.  (18)

. 1 . ) 1
¢/(logg)*? / e1(s(1—y))y/2e <dy < ¢/(logg)**M / e <dy (19)
1-¢ 1-¢
= Mg/~ (logg)*?e ¢ (exp(1 —€) — 1),

and this term is exponentially small when ¢ — +oo.

For the integral over (0,1 —¢), we use the factthaty < 1—€ = ¢(1 —y) > ge —
+o0 as ¢ — +oo, then for ¢ sufficiently large, we can use (14) and (17) to conclude
that y = 1+0(1) in the interval we are considering, and thus

V61 > 0,373 (61):Vg > T1(61), w(g(l—y)) € [1— 61,1+ 6],

and hence as ¢ — +oo we have

(1-s(g)< [ Uoee sl 2

J0 (1 *y)(logg(l 7y))2/3 efgy(ly < (] +61)Ij(g)7 (20)

where
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Fory € [0,1 — €[, we now have that

log(1—y)\ "’
V8, > 0,372(82):V¢ > Ta(6), (1 n logg) - 8148,

a2
Hence for ¢ sufficiently large, it is enough to estimate the integral fol € yljfye’gydy,
which, using Watson’s lemma, is equal to

I—¢ yj=2 rg-1 1
Y7 gy LU of L -
/0 1_ye y v + o , @8 G — oo,

Putting this last expression in (20) results in

-1l 2/3 —y))y/ 2
¢ / (logg)“"y(g(1—y))y e Ydy=1+0(¢ ) as¢— 4oo. (21)
0

(j—2)! (1-y)(logg(1—y))?/3
Gathering (19) and (21), we have the following generalization of (14), as ¢ — oo
(1/2)'(3/@)* g(log6)*&;(g) = 1+0(1),¥j > 1,

or in the original ¢ variable (using (12)), as t — oo
"2 (31ogt /o) P e(t) = 1,V > 1.

This concludes the proof of Proposition 3.

4 Self-similar behaviour

We can now turn to the results concerning convergence of solutions to self-similar
profiles.

Da Costa and Sasportes [4] showed that when the input of monomers is given
by Ji(t) = ar®, with @ > —1/2 we have a similarity profile @; , : R*\ {1} - R
defined by

w—1
1—n)et2 if0 1
(D],w(n)::{é n)ot ;fn<>q<

The following result states that choosing @ = —1/2, the function @; _, 2 is still a
similarity profile for the solutions to (2) along non-characteristic directions.

Theorem 2. Let () be any non-negative solution of (2) with initial data satisfying
dp >0,u>1:Y,cj(0) <p/j*. Let g(t) and ¢;(g) be as in (9) and (10), respec-
tively. Then for 1 = j/¢ fixed and 0 < 1 # 1, we have

im (172)!172(3/@)* ¢ (1og 6)*¢(¢) = @11 ja(m).
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Monomeric initial data

For monomeric initial data, the representation formula for ¢; (given by (11)) shows
that we only have the integral term, and multiplying (11) by g(¢) we have

~ 8(g) / ¢ J=2.—s
G = — ¢1(c—s)s/ “e’ds. 22
8(6)i6) = 7=y J, G1(6 =) 22)
In order to evaluate the right hand side of (22) we replace the discrete variable j
by a continuous one x, allowing us to use Stirling’s asymptotic formula for the I"
function. Let ¢; on [2,00) X [0,00) be defined by

g(g) /g ~ 5x72 —s
== - ds.
o1 (x,6) a1 Jo ci(g—s)s e 'ds
When x > 2 is an integer, the function ¢ clearly satisfies ¢ (x,¢) = g(5)éx(g), and
we shall use @ instead of the definition of ¢;. Using Stirling’s asymptotic formula
I(x) = e 1221 (14+0(x7")) as x — oo, the recursive relation I'(x — 1) =
I'(x)/(x—1), letting 1 := x/g, and changing variable s — y = s/¢, we can write,

1 9o \'3 ..~
Pi1(sn,g) = T (Mz) N2 56126 (log g)*3

x (1+0(g‘1))/0161(g(1—y))exp(g("k’fzy”"))dy. (23)

In order to make clear the asymptotic behaviour of ¢ (g) we multiply (and divide)
inside the previous integral by g(g(1 —y)), as defined in (15) and (17), and we obtain

1 ' 3-ng 1/2 3 9 - -1
<p1(gn7g):ﬁ 2) MCs ¢(logg) o2 g X

1
L+ 0(c | _oy_exp(s(nlogy —y+m))
(0 et Ri—

Simplifying and grouping the logarithmic terms we obtain

1 3
<p1(€n,g):Enf‘"ggl/z(HO(s‘l))X
1 log(1 )\ > exp(g(nlogy —y+n))
X/O v(s(1-y) <1+10gg) V(1) dy. (24

Rearranging the last expression, the proof reduces to the asymptotic evaluation as
G — oo of the function (7, ) defined by

1(n,g) :=¢'n MM
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: log(1—y)\ "/ exp(g(nlogy —y))
< vty (141802 TreRERIon )y, o

We start by showing that for 11 > 1 we have I(n,6) — 0, as ¢ — +oo. In order to
study the behaviour of ¢; we first split the interval of integration as (0,1 — €) and
(1—¢,1), forafixed € € (0,1).
-1
In (0,1 —¢€) both y(g(1—y)) and (l + 10“;'(5;1;?’)) are 1+ o(1) for large values
of ¢, and hence to evaluate (25) it is enough to estimate

gl/Zn—ngegn /1_8 exp(g(n logy—y))d

0 y(1-y)
1—€ 2 _
:gl/zn’ngexp(gn)/ y “exp(g(nlogy y))dy
0 (1-y)
l-¢
< gl/Znngexp(gn)exp( max g1(l‘)>/ —dy
1€[0,1—¢] 0 1—y
=€1/2n”geXp(€n)eXp( max g1(t)>logsl, (26)
re[0,1—¢]

where g (z) := (¢n —2)logt — gt. For ¢ > 2/(n — 1) and ¢ < 1, the function g,
satisfies g1 (1) = (¢n —2)/t —¢ > (N —2) —¢ =¢6(n —1) —2 > 0, and hence
ga1t) <gi(l1—¢€)=—-¢(l—e—nlog(l —¢))—2log(1 — €). Plugging this result
back in (26) we have
c!/2pnsesn exp( max gl(t)> loge™!
re(0,1—¢]
12100~
- g(l—ii)ze)(p (—g(nlogn —n+(1—¢€)—nlog(l—¢))),

and so it is enough to check that we have nlogn —n+ (1 —€)—nlog(1—¢) >0
forg>2/(n—1)andn > 1. But

Nnlogn—-n+(l—¢e)—nlog(l—€) >0« (1—¢)—n > nlog
1- 1-

& —8—1 >log—8,
n n

and, letting z = (1 — €)/n, this last inequality amounts to z > logz+ 1 which holds
for all z # 1, and that is the case since n > 1 =- 11 # 1 — €. This concludes the proof
in the interval (0,1 —¢).

We now show that the integral over (1 — €, 1) also goes to 0 as ¢ — 0. Since ¢
is continuous and goes to 0 as ¢ — oo it is bounded in [1 — &, 1], and so there is a
constant M > 0 such that &, (¢(1 —y)) < M,Vy € [1 —¢g, 1]. Now we have to estimate
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_ 1 €X lo —
n ng§3/2(logg)2/3/l_£ p(s(n ygzy y+1l))dy
1 exXpl(— lo —nlo —
¢ (log ¢)?3 /178 p(—¢(n g'ly277 gy+y ”))dy

‘1 exp(—gh
:g3/2(]0gg>2/3/178 p( yg (Y))dy

1o
3/2(1og c)2/3 _ A / 24
<¢7*(logg) eXP( S, foin (t)) e 7Y

:g3/2(10g€)2/31feeXP(—€h(1))’ @7)

where h(t) := nlogn — nlogt 4+t — 1 has a unique minimum at 7 = 1, and since
h(l) =nlogn+1—mn,and nlogn +1—mn > 0 for n # 1 the expression in (27) is
exponentially small as ¢ — +oo. This concludes the proof for n > 1.

For n < 1 we use a similar approach, but the situation being slightly more deli-
cate, since now the (unique) maximum of 1 logy — y is attained at an interior point
(1 >n €(0,1)), we need to split the integral by writing it as a sum of integrals
over (0,¢€), (¢,1 —¢) and (1 —¢,1). With g and y defined as above, for every € > 0
we split the integral over [0, 1] as the sum of three integrals: I; over (0,€), I, over
(e,1—¢€) and I; over (1 —g,1). We will show that both 7; and I3 go to zero, and that
the only non zero contribution comes from the integral over (€,1 —¢€). Given n < 1,
we choose € > 0in such a way that 1 € (¢,1—¢€), for instance € < min{n /a,1—n},
with a > 1.

-1
For the integral over I}, we now have that both y(g(1—y)) and (1 + %)

are 1+o0(1) when estimating the integral for large values of ¢; and hence to evaluate
the integral over I} we can use an argument similar to the one we already used in the
N > 1 case. To evaluate /; it is then enough to estimate, as ¢ — +oo, the value of

€
1/2,,-1G 6N exp(g(nlogy—y))
s /o T N

Asin (0,1 —€), using g;(t) = (gn —2)logt —¢t, we have 0 <t < € < n/a<n
and hence for ¢ >2/(1 —1/a)n, we can conclude that g/ satisfies 18} (t) = g(n —
t)—2>0,since ¢ >2/(n—n/a)>2/(n—t) and hence g;(t) < g1(€) = —¢(e —
nloge) —2loge. We then have the following estimates

€ £
1/2.,—M6 6N eXP(Q(nlogy—y)) _ ~1/2-Ng gn/ exp(gl(y))
¢''m "ve /0 V(1 —y) dy=¢/"n "e 01—y dy
€ 1
< ~/2p—n5een / _
<g'/Pn e eXp(trggi]gl(t)) TV

= ¢'/2n M exp(gn +g1(€)log(1 —¢) !

= 12 210g(1 — &) Lexp(—c(nlogn —n + & —nloge)).
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And so we only need to check that nlogn —n + & —nloge > 0, which is true since
this last expression is always positive, except for 1 = € where it is zero, and we
chose € < n.Hence I} — 0, as ¢ — +oo.

For I, the integral over [1 — &, 1], we have 0 < ¢(1—y) < g¢, and we use equation
(23), which involves &1, and we have to evaluate, as ¢ — oo,

_ ‘1 ex logy —y+
n 11gg3/2(10gg)2/3/17‘S p(s(n ;ézy y n))dy.

This can be done as before, by showing that the function A(y) := nlogn —n —
Nnlogy+y is always positive for y € [1 — g, 1], remembering that we picked € <
1 —n, and hence y > 1 — € > 7, when evaluating /3. And so recalling that i(y) > 0,
and A(y) > 0 for y # 1, we conclude that I is also exponentially small as ¢ — +-co.

For the integral I,, we use again the fact that for y € (g,1 — €), we have

N\ —2/3
(1 + %) — 1 as ¢ — +oo, and so we rewrite (23) as

—1/3 _
V2R i(gn,¢) = (202/9) P 32 el 2¢ (log 6)3 %

X (1 +0 (gil)) /eliggl(g(l _y))exp(G(rl 10)%2)1_y+n>>dy

— n3/27ngg1/2 X

B I-e (logg)?3exp(¢(nlogy —y+1))
<(1+0(s7) [ wist ) SRR

— n3/2—nggl/2 (1 +O (g—l)) X

e logg  \*? exp(g(nlogy—y-+n))
X v(s(1-y)) (logg(l—y)> V1 —y) dy:

€

2/3
Since in this case y(g(1 —y)) and (%) are 1 +o(1) when ¢ — oo, it holds
that

2/3
Y8 > 0,37(8):¥¢ > T(8), w(g(1—y)) (k)glgo(glg_yﬂ €[1-6,1+8]

It is then enough to study the limit, as ¢ — oo, of the function

- 1-¢ logy —y+
J(,¢) =2 n€g1/2/ exp(g(nzogy y n))dy’
€ y (1 _)’)

since we can write (1 —03)J(n,¢) <L < (1+8)J(n,g), for ¢ sufficiently large.
Applying Laplace’s method for the asymptotic evaluation of integrals [1, pg 431]
to the integral

I=eexp(—g(y—nlogy—m)) . [1"Fexp(—co(y))
I O Ml e
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where ¢ : (0,1) — R defined by ¢(y) :=y—nlogy — 1, is smooth and has a unique

minimum, attained at y =1 € (€,1 — &) with value ¢(n) = —nlogn and ¢” (1) =
1

n~', we obtain, as ¢ — oo,
/1‘8 exp(—¢(y—nlogy—m)) . _
€ y(1-y)
_ V27mn/gexp(gnlogn) +O(exp(gnlogn)> 28)
n*(1-n) G/ ‘

Now from (23) and (28), we obtain for n < 1, as ¢ — +oo

1
Pi1(gn.6) = \/27;13/2 s¢!/2exp(gnlogn) 7 \/Zﬂn/ +0(¢7h)
1

This concludes the proof in the monomeric case.

Non monomeric initial data

If the initial condition is not monomeric we have the contribution from the sum term
in the right hand side of (11). Multiplying it by g(g) we now have to prove that

J j—k
lim g(g)e™® ,g]ick(O) =0,n=j/¢ fixed, and n # 1.
Jig—rtee k=2 (J—k)!
Since we want to show the limit is zero, we will drop the constants in the definition
of g, and so we only consider the terms ¢ (log g)z/ 3. The proof is based on the same
argument used in [5, Section 5.2]. Defining v := n~!, letting ¢ = jv, and using the
assumption on the initial condition in Theorem 2, namely ¢;(0) < p/j*, we then
have

k

§(10g§)2/367€zj‘, .gjik cx(0) < pjv(logjv)?3exp(—jv) zj:L
= (j—k)! = (j—k)kH

= p@(v, )

Our goal is to prove that @,(v,j) — 0 as j — oo, for all positive v # 1. We can
adapt the results in the study of ¢, presented in [5, Section 5.2], noticing that we
only need to multiply all the estimates in [5, Section 5.2] by 1/jv(log jv)*?. The
estimates show that now in order for ¢, to converge to zero we need to consider
initial data satisfying ¢;(0) < p/j*, but in this case with u > 1. The logj term
growing much slower than +/j has no influence on the convergence of ¢, to zero.
This completes the proof of the theorem.
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On the self-similar behaviour along the characteristic direction

In the case with input ot® with @ > —1/2, we have seen [4] that for values of @ < 1
the singularity of the self-similar solution &; ¢ can be dealt with by considering a
different similarity variable and a different time-scaling, allowing us a sort of inner
expansion for the characteristic direction 1 = 1, and we obtained a function @ 4
satisfying

&j(g) ~ gl 4 ((j—6)/V/3).

It is worth noticing that for @ > —1/2 the similarity variable was independent of o,
and the exponent of the time scaling variable, although w—dependent was always
half the exponent used for @; ;. Now we also have a singularity at 17 = 1 and so it
is natural to check if this similarity variable also gives rise to a solution, and if that
is the case, one for which n = 1 is no longer a singularity.

Choosing the similarity variable (j —g)/,/¢ and replacing ¢ by ¢'/? in the ex-
pression in the limit in Theorem 2

¢!/ (1og(g)'/*)* = (1/2)23¢"/* (10g 6)*?,

and letting P, _; /> : R — R be defined by

_g2 foo Lo g
D, _1pp(6)i=e 5/2/0 yle &2,
we hope it is equal to the limit for § = (j —¢)/,/G fixed and § € R, of

lim Cag'?(logg)?3¢(s), (29)
JsG—rtoe
where Cy > 0 is a constant that only depends on ¢. We now show that this limit
does not exist.
Following a strategy similar to the one we used in [5] for @ > —1/2, for
monomeric initial data we have to estimate

(logg)*¢'/2
rgG-1u

as ¢ — oo, j = foo, (j— )/ /3 fixed.
We define the function @3 in [2,00) X [0,00) by

1 /2 ¢ . ]

S .
(10g€)2/3€1/25j(€) = / ¢i(g—s)s/ e ¥ds,
0

2/3
3(x,6) ==

and using the similarity variable & = (j —¢)/,/S(= (x —¢)/./G) We rewrite @3 as

(l()gG)mgl/z/g“ _ €+5\/§—2 -5
¢3(€+5\@,€)—F(g+€\/§_1) [ ails—s)s e ds.
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If 2<x=jeN, we have ¢3(j,6) = (logg)z/3 '/2¢;(g), and hence we need to
evaluate the limit

Jim g3(6+8v5,0). (30)

Changing variables s — w := /,/G —s/,/G, in such a way that ¢ —s = \/sz and
ds = —2,/¢wdw, we obtain

(logg)**¢'2
r+sve—1)
1/4

y /0 L (VEn) (g — v EWR) S TEVE 2 exp(—c + En?)2Ewdw: (31)

$3(6+816,6) =

Using (17), and letting D = 2(05/3)2/3, we rewrite (31) as

2/3

o 1/2 1/4 B
F((lgg—fé N [ Gog(van) P (vaw) ! x

XW(y/ew?) (g — Vaw')SToVE R exp(—g + y/ow?) y/Gwdw

L GETeVET3 26 /91/4 4logw 23 2
“Prcveg ok 'Y vivew)x

(s +8y6,6) =D

logg
w2\ $Teve-2 5 1
x| 1—— exp(y/gw”)—dw.
(=) e
Using Stirling’s asymptotic expansion for the Gamma function we can write
1 ! exp(¢ +8+/5)

F(€+§\E*1) = \/E(g_’_é\/g)ﬁg\/g,yz(]-f—o(]))a

as ¢ — +oo, and hence @3 can be written, as ¢ — oo,

D ¢stVE32exp(£,/2)
V21 (g+§\/§)g+5\/§*3/2

G/ Alogw\ 23 w2 c+&5-2 |
X/o (1+ g ) l,l/(\fng)<1—) exp(\/ng);dw.

P3(s+8S,6) = (1+0o(1))x (32)

logg s
To estimate the multiplicative prefactor in (32) as ¢ — +oo we can write it as
c+8vE-3/2 2
S exp(éﬁ) — exp _i (1+0(1)), (33)
(6+Eye)TEvEn 2

where in (33) to compute the limit as ¢ — 4o we use the change of variables ¢ —

2
x:=&/,/3 to obtain (e(1 —i—x)’l/x)é /¥ and then we apply L’Hopital’s rule twice.
Using this last expression we can write (32) as ¢ — 4o in the following way
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Ps+EVE6) =~ exp(—E2/2)(1+0(1)x G4
1/4 w -2/3 w2 c+&6-2
X /Og (1 + 411)0ggg > w(v/ow?) (1 - \E) exp(\fng)idw.

In the case where @ > —1/2 in [5] the proof continued with a study of the inte-
gral term in (34) by considering first w (and also \fng) close to zero, and then w
away from zero, and showing that the integral, for small values of w, could be made
arbitrarily small, while the remaining integral, for w away from zero converged as
G — +oo. In the case at hand we no longer have convergence, essentially due to the
singularity arising from 1/w in the integrand of (34). We now consider € > 0 arbi-
trarily smalland 1 < T < gl/ 4 and we show that the integral over [¢, T] can be made
arbitrarily large. We start by splitting the integral over [0, cl/ 4]in (34) as a sum over
3 intervals [0, €], [¢,T] and [T, ¢'/*]. The integrals over [0, €] and [T, ¢'/4] are both
non negative and for w € [e,T] we have \fng > \@82 — o0 as ¢ — +oo, and s0

-2/3
as by (14), (15), and (17), it follows that (1 + ‘ﬁlg’g‘o’;v) W(\/?WZ) =1+0o(l) as
G — Hoo.
This means that for w € [g,T] the integral we want to evaluate is asymptotically

equal to
T w2\ §+6v6-2 1
(1 —I—o(l))/‘s (1 — \/§> exp(\fng);dw.

To estimate this last integral we have as ¢ — +oo

2 N
()5

where (35) is obtained by first changing variables ¢ — x = 1/,/¢ and then apply-
ing L’Hopital’s rule. From (35) we conclude that there exists a continuous func-
tion g(w,¢) defined for ¢'/* > £ and w € [¢,T] and satisfying 1+ g(w,¢) > 0 and
g(w,¢) — 0 as ¢ — oo for each fixed w, such that

W
exp(,/gw?) :exp(—7—§w2> (1+0(1)), (35)

2 NV
(-2

We now estimate the integral

exp(y/gw?) =exp(—w*/2—Ew?) (1+g(w,g)).  (36)

T 1
/E exp(—w*/2—Ew?) (1 +g(w, g));dw. (37)
Using (36)
2 _
1+g(wg) = (1 — \v;g)ﬁéf 2exp(\fng—&-w4/2—|—§w2),
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NG
which implies, as ¢ — oo, (1 _ Wi) Ve

= exp(—w?&) and

vV
NI—

Gﬁo—zéf@yﬁzéwmﬂwpy

-2
Since (1 — %) > 1 we have

w? \ §+615-2

and hence the integral in (37) can be estimated as

exp(y/EW + (0 /2) +Ew?) > J exp(—w*/2),

/wwm_wﬁz—@ﬁx1+ﬁmgnimvz%ATam_Muﬁwgimv

€

T
>m/gmm (38)
e W

where L; = L1 (€, T) := exp(—T* — ET?) /4. The integral in (38) can be made arbi-
trarily large, since we can choose € > 0 suitably small, and hence since the integral
in (34) is (strictly) larger than the integral in (37), this concludes the proof that the
limit in (30) [and hence in (29)] does not exist.

5 Concluding remarks

We studied the addition model with input J; = oz /2 and showed the existence of
self-similar behaviour along non-characteristic directions.

Along the characteristic direction we considered a different similarity variable,
E=(j—9)/ /G- This new “layer” variable of width /¢ around j = ¢ provides a
kind of expansion of the singularity of the scaling transformation <151’_1 /2 For this
similarity variable, we concluded that &, _;/, does not scale like gl/ 2(log g)z/ 3,
Whether there is some similarity variable and some constants a and b such that the
similarity function scales like ¢¢(log ¢)” remains an open question.
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