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Abstract
The inverse transmission problemof scattering an acoustic wave by a penetrable object has several
applications in various fields such as radar, sonar, geophysical exploration,medical imaging and non
destructive testing. Herewe propose a numerical hybridmethod to inverse acoustic scattering by
penetrable obstacles from far-field data in two-dimensions, that extends an iterative decomposition
method to the transmission problem. The proposedmethod starts by reconstructing the scattered and
interior field by imposing the far-field equation and one of the transmission conditions and, in the
second step it uses the second transmission condition to update the position of the approximated
boundary, by linearization. Also, we compared two approaches for the linearization step: aNewton-
typemethod; and a gradient-typemethodwith a penalty term for high oscillations of the solution.We
also support themethods by a convergence result for a related optimization problem.Numerical
results from eight incident directions show themethod is feasible, though sensitive to noise.

1. Introduction

The time-harmonic far-field data inverse acoustic problem is tofind the location and shape of the unknown
obstacle that scatters one ormore incident acoustic fields from themeasurement of the asymptotic behavior of
the scatteredfield, some examples of application can be found in [6, 8, 9, 15, 39]. Threemajor families of
methods to solve inverse acoustic problems by impenetrable objects were developed over the last years [9],
mainly since the 1960’s with thework of Tikhonov about regularization schemes [40]. Decompositionmethods
[21–23] andNewton typemethods [17, 20, 26]first and later Sampling and Probemethods [11, 33] gave
interesting results and accurate reconstructions of the scatterer for several domain shapes. Decomposition
methods break the inverse problem into two steps to deal separately with the ill-posed and non linear nature of
the problem. Taking into account Rellich’s lemma (e.g. [12]) that assures that the far-field data uniquely
determines the scattered field, themethod reconstructs the scatteredfield from the far-field pattern data in an ill-
posedfirst step; then itfinds the solution as the locationwhere the boundary condition is satisfied in a nonlinear
second step. Instead,Newton typemethods rely on the linearization of the operator thatmaps the boundary
condition to the far-field, dealing in an iterative waywith the ill-posedness and nonlinearity of themap at the
same time. Reconstructions are usually better than decompositionmethods.However, in each iteration it is
necessary to solve a set of direct problems to get the boundary update, which has a higher computational cost.
Hybridmethods [18, 30, 31, 36, 37] appeared as a combination of these twomethods, being able to deal with ill-
posedness and nonlinearity in two different steps in each iteration to get good reconstructions with a low
computational cost. The hybridmethod can be seen as an iterative decompositionmethod, in the sense that it
reconstructs the scattered field from the far-field data in afirst step and then linearizes the reconstructed field to
update the boundary from the boundary equation, iterating both steps until some stopping criteria is achieved.
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Concerning inverse acoustic problems by penetrable objects, that is inverse transmission problems,Newton
typemethods [2, 32], or samplingmethods [14, 19]were usedwith effectiveness, but decompositionmethods
cannot be applied to this case since theywould need to reconstruct both the scattered and interior field from the
far-field data without knowing the exact position of the boundary of the obstacle. Our aim in this paper is to
extend the hybridmethod for the transmission problem,with the necessary adaptations having inmind that this
implies iterating a decompositionmethod at each step. As a general gist of the proposedmethod, at each
iteration, the proposed hybridmethod considers a current approximation of the boundary of the scatterer.
Then, as a decompositionmethod, the scattered field is reconstructed from the far-field data and by imposing
one of the transmission conditions at the current boundary, the interior field is reconstructed. In a second
nonlinear step, one defines an operator that forfixed exterior and interior fieldsmaps the current boundary
approximation to the trace of the remaining transmission condition and solves the linearized equation in a
Newton’smethod spirit. The two steps are iterated until some stopping criteria is achieved.

In a series of papers, Altundag andKress [1–3] presented a procedure that also combines ideas ofNewton’s
and decompositionmethods using integral layer representations of thefields. However their approach is
different fromours since it linearizes the layer representation as a boundary integral with respect to the
boundarywhilst in ourmethod one linearizes the reconstructed fields. Lee [32] considers also a different
approach that uses aDirichlet-to-Newtonmap that transforms the problem into an exterior boundary value
problem followed by an iterativemethod. Bothmake use of quadraturemethods to discretize the layer
potential’s integral equations to numerically solve the problem.

Our paper is organized as follows. In section 2, we present the transmission problem and the ansatz for the
solutions of the problem, also addressing howwe obtain the synthetic far-field data for the input of the inverse
transmission problem. In section 3, we present a related optimization problem and prove a convergence result to
support our approach. In section 4, we introduce the hybridmethod and detail its application. In section 5, we
present some numerical results of themethod. Finally wewill discuss some conclusions and future directions of
research.

2. The transmission problem

The Inverse Transmission Problemof scattering a time-harmonic acoustic wave by a penetrable obstacle in an
homogeneous backgroundmedium consists in finding the location and shape of the scattererD fromknown
far-field data. Paving theway to solve the inverse problemwewillfirst spend some lines on the direct problem
and a forward solver to set the foundation for our approach to numerically solve the given inverse scattering
problem.

2.1.Direct problem
In time-harmonic low-frequency acoustic scattering the acousticfields aremodelled usually by theHelmholtz
equation. The scattering of an incident planefield u i by a penetrable domainD defined in an homogeneous
backgroundmediumproduces a scattered field u s outside the obstacle and an interior field uD inside the
obstacle. The Transmission Problemmodels the impact of the presence of a penetrable obstacleDwith different
sound velocity from the homogeneous backgroundmedium, and is defined as follows for the exterior field
u= u i+ u s and interior field uD.

Problem1.Direct ProblemLet D 2Ì  , be a simply connected bounded open domainwith aC2 boundary. For
a given incident planefield u i, find the scattered field ( ⧹ ¯ ) ( ⧹ )u C D C Ds 2 2 2Î Ç  and the interior field

( ) ( ¯ )u C D C DD
2Î Ç satisfying

( ) ( ) ⧹ ¯ ( )u x u x x D0, , 12 2kD + = Î 

( ) ( ) ( )u x u x x D0, , 2D D D
2kD + = Î

( ) ( ) ( ) ( )u x u x u x x D, , 3i s
Dl+ = Î ¶

( ) ( ) ( ) ( )u
x

u
x

u
x x D, , 4

i s
D

n n n
¶
¶

+
¶
¶

=
¶
¶

Î ¶

whereκ andκD are the correspondent wavenumbers for the exterior and the interiormediums, respectively,
withκ> 0 and Dk Î , ( )Re 0Dk > and ( )Im 0Dk > ,

D
l = k

k
is the transmission coefficient, ν is the unit

outward normal vector and the normal derivative is defined as in [12], the Sommerfeld radiation condition for
the scatteredfield is also required
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equations (1) and (2) represent theHelmholtz equation outside and inside the domain, respectively, and (3) and
(4) are the transmission conditions.

Sommerfeld radiation condition (5) ensures uniqueness of the solution and forces the asymptotic behavior
of the scatteredfield as an outgoing spherical wave as

( )
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uniformly in all directions x̂ Î W, with ˆ
∣ ∣

x x

x
= , where u∞ is the far-field pattern [12] defined in the unitary

circumference centered at the origin,Ω, andwill be the given data for the inverse transmission problem ahead.
For a uniqueness result for the direct problemwe refer to [3], where a single layer potential was used to represent
the solution and the problem is formulated as a boundary integral equation problem, provided thatκ is not a
Dirichlet eigenvalue of the negative Laplacian for the domainD. In [10]we can find uniqueness and existence
results for three dimensions.

Wewill use a combination of layer potentials as a representation for the unknownfields

( ) ( )
( )

( ) ( ) ( ) ( ) ⧹ ( )u x
x y

y
y x y y s y x D

,
, d , , 7s

D
1 2
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¶F
¶

+ F Î
¶

where the fundamental solutionΦκ to theHelmholtz equation in 2 is defined by

( ) ≔ ( ∣ ∣) ( )( )x y
i

H x y,
4

, 90
1 kF -k

and ( )H0
1 is theHänkel function offirst kind and order zero [12]. The fundamental solutionΦκ( · , y) is a radiant

solution to theHelmholtz equation (withwavenumberκ) in ⧹{ }y2 .
Assuming one incident plane field u i(x)= e iκx· d, ⧹x D2Î  with direction d, the combined layer potentials

are solutions to the transmission problem 1, providedjj, j= 1, 2 are solutions to the boundary integral
equations

( ) ( ) ( ) ( )·K K S S e1 2 2 2 10D D
i x d

1 1
2

2l j l j l j+ + - + - = - k

( ) ( ) ( ) · ( ) ( )·T T K K i d x e1 2 2 2 , 11D D
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2 1 2* *l j j l j k n+ - - - - = k

in terms of the standard layer potentials S,K,K*:C(∂D)→C(∂D) andT:C1,α(∂D)→C(∂D), as defined in [12]
by
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The corresponding far-field for the scattered field can then be defined by

( ˆ) (( )( ˆ) ( )( ˆ)) ˆ
∣ ∣

( )u x
e

K x S x x
x

x8
, . 12

i
4

1 2kp
j j= + =

p

¥ ¥ ¥

with the far-field layer potentials defined by
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For the numerical solution one can consider the quadrature rules in [27, 28] as applied in [12, 25, 30].

2.2. Inverse transmission problem
The inverse problem can be stated as follows and this will be our problemof interest throughout the rest of the
paper.
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Problem2.Under the same conditions of Problem1, given the far-field patterns u u u, , , n,1 ,2 , d
¼¥ ¥ ¥ of the

scattered fields u u u, , ,s s
n
s

1 2 d
¼ for afinite number nd of directions d d d, , , n1 2 d

¼ of plane incident fields and the
interior and exterior wavenumbersκD andκ, respectively, determine the position and shape of the scattererD.

For positive wavenumbers, Isakov [16] proved uniqueness for the inverse transmission problem in 2 and in
3 . Later Kirsch andKress [24] simplified Isakov’s proof andRamm [35]proved the uniqueness ofD,λ andκD.

For complexwavenumbers we refer to [3], where a proof for a dielectric disk is presented. Also, it can be shown
that in the conditions of Problem1 and 2, there are no transmission eigenvalues [3, 41]. The inverse
transmission problem is ill-posed, since the solution does not depend continuously on the data, whichmeans
that little perturbations in far-field datamight result inmajor changes in the solution. In this way, having in
mind that in applicationsmeasurement data is affected by errors, the numericalmethods considered for
problem at handmust consider stable ways to numerically solve the problem. Also, as the inverse problem is
nonlinear, this has to be also taken into account for the numerical solution. In the next sectionwewill introduce
an optimization problem that is relatedwith the proposed hybridmethod for impenetrable obstacles.

3. A related optimization problem

The inverse transmission problem 2 can be expressed in terms of an optimization problem that provides a
general convergence support for the proposedmethods in the next section.

We consider the boundary of the solution to be in the space of star shaped curves

{ ( ) ( )( ) - } ( )z t r t t t rcos , sin : is 2 periodic , 13rg p= =

where räU, with

{ ([ ]) ( ) ( ) [ ]}U r H r r t r r r t r t0, 2 : 0 , 0, 2l
1 2 1 2p p= Î <  ¢ ¢ ¢ Î   

where r r,1 2 Î + , r r,1 2¢ ¢ Î  andjjäHq(γr), for j= 1, 2 and r V¢ Î ,

{ }V r r U: ,= ¢ Î

considering ( )q 0 13

2
a a> + <  and l 5

2
> for the following theoretical results.From equations (3), (4),

(12) and the layer potential representation, one can formulate the inverse transmission problem as a
minimization problemof the regularized cost function

( )

( )
( ) ( ) ( )

( ) ( ) ([ ])
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1 2
2

2 0,2
2
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q
r

q
r l

2 2 2

1

j j h h j j j

h j h j h

L = - + + + - +

+ + + ¢

g g g g g

g g p

¥ ¥ W

-

for η1, η2> 0, where

F K S ,, , 1 , 2r r r
j j j= +g g g¥ ¥ ¥

( ) ( ) ( )B K K S S1 2 2 ,D D D, 1 1
2

2r
j l j l j l j= + + - + -g

( ) ( ) ( )B T T K K1 2 2 ,N D D, 2 1 2r
* *j l j j l j= + - - - -g

withj representing the pair (j1,j2), f1(x)= 2e iκx· d, f2(x)= 2iκd · ν(x)e iκx· d. Thefirst term in the cost function
(14) forces the far-field equation, the second and third terms force the boundary conditions, the fourth and fifth
stabilize the ill-posedness of the forward solver and the last termpenalizes high oscillations of the solution.

We define the parametrization r0 to be optimal if there exists a triplet (j1,0,j2,0, r0) thatminimizes
Λ(j1,j2, r; η1, η2) overH

q(γr)×Hq(γr)×U, i.e.

( ) ( )r m, , ; , , ,1,0 2,0 0 1 2 1 2j j h h h hL =

with

( ) ( )
( ) ( )

m r, inf , , ; , .
H H r U

1 2
, ,

1 2 1 2q q
1 2

h h j j h h= L
j g j gÎ Î Î

We start by showing existence of an optimal solution, for the following regularity assumptions.

Theorem3.Consider q 3

2
a> + , 0<α� 1 and l 5

2
> . Then for each pair (η1,η2) there exists an optimal r0äU.

Proof.We follow the same steps of [36, thm.6]. Suppose that the vector (j1,n,j2,n, rn) is aminimizing sequence
ofΛ(j1,j2, r; η1, η2), i.e.

( ) ( )r mlim , , ; , , .
n

n n n1, 2, 1 2 1 2j j h h h hL =
¥
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SinceU is bounded and räHl([0, 2π])with l 5

2
> , by the Sobolev compact embeddingHl([0, 2π])⊂C2([0, 2π]),

U is compact inC2([0, 2π]). Also,V is bounded and ([ ])r H 0, 2l 1 p¢ Î - with l 1 3

2
- > whence, again by the

Sobolev compact embeddingHl−1([0, 2π])⊂C1([0, 2π]),V is compact inC1([0, 2π]).
Therefore, without loss of generality, by the closeness of both sets, as n→∞we can assume

C2([0, 2π])-convergence of rn→ r0 inU andC1([0, 2π])-convergence of r rn 0¢  ¢ inV.
For η1> 0 and η2> 0we have
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As n→∞

( ) ( )r m, , ; , , ,n n n1, 2, 1 2 1 2j j h h h hL 

there exist anN and anM, such that for n>Nwe have
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2

1 2,
2

2 0,2
2q

r
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by the definition of limit and the fact thatm(η1, η2) exists, and sojj,n, j= 1, 2 are bounded sequences inHq(γr)

( )q 3

2
a> + and by the Sobolev embeddingHq(γr)⊂C1,α(γr) one can assume subsequencesjj,n→jj,0.

Then by continuity of the functionalΛ in all its variables, the result follows

( ) ( ) ( )m r r, lim , , ; , , , ; , .
n

n n n1 2 1, 2, 1 2 1,0 2,0 0 1 2h h j j h h j j h h= L = L
¥

,

Wenowhead to prove the convergence of the solution to the inverse problem as ηj,n→ 0, j= 1, 2. To this
end, we need to extend theorem5.16 in [12] to our particular case, as follows.

Theorem4. LetΓn represent a sequence of star likeC
2 surfaces which converges with respect to theC1,α norm to aC2

surfaceΓ asn→∞and let un and u be radiating solutions to theHelmholtz equation in the exterior ofΓn andΓ and
uD,n and uD be solutions to theHelmholtz equation in the interior, ofΓn andΓ, respectively. Assume that the
continuous boundary values ofun and uD,n onΓn, are L

2 convergent to the boundary values ofu and uD onΓ,
respectively. The sequence un, together with all its derivatives, converges to u uniformly on compact subsets of the open
exterior ofΓ, samewith the sequence uD,n in the interior ofΓ.

Proof.Assuming the solutions (7) and (8) to the direct transmission problem, after parametrization on γr, setting
ψj,r(t) = jj(z(t)), g1,r(t) = g1(z(t)) and g2,r(t) = g2(z(t)), the systemof equations (10)–(11) can bewritten as

A g ,r rc c- =
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A
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By the Fréchet differentiability [12, 34] ofAr components
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for a constantCr depending on r, whereA
i, j, i, j = 1, 2 denotes each of the four blocks of thematrixAr. By the

adjoint operators of each of the blocks inAr, this inequality can be express also for the adjoint ofAr in L
2
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⎟

sinceχäHq([0, 2π])×Hq([0, 2π])wehave thatχä L2([0, 2π])× L2([0, 2π]) by the Sobolev embedding. Then
we have two adjoint bounded linear operators and |(ψ1,r,ψ2,r)|� ∥ψ1,r∥∥ψ2,r∥ in L2, then by Lax’s theoremone
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can conclude thatAr is bounded by the norm induced by the scalar product, so
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Thenwe have convergence for the densitiesjj,n→jj, n→∞ in L2. Substituting in (7) and (8) one gets the

convergence of un and uD,n, by applying theCauchy–Schwartz inequality. ,

Theorem5.Assume q 3

2
a> + and l 5

2
> . Letn→∞,ηj,n→ 0, j= 1, 2 and rn an optimal sequence. Suppose also

that the solutionΓ to the inverse transmission problem can be parameterized by some rΓäU. Then there exists a
convergent subsequence of rn. If u∞ is the exact far-field of the exterior solution u of the direct transmission problem,
then every limit point rδ represents a curve that is a solution to
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u u u 0
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Proof.The solution to the direct transmission problem (1), which is formulated as a combination of single and
double layer potentials, is determined by the solutions to the boundary equations, denoted asjj, for j= 1, 2. It is
assumed that u∞ represents the precise far-field. Thenwe have that

( ) ( )
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implies that for n→∞

( )mlim , 0n n
0, 0

1, 2,
n n1, 2,

h h =
h h 

By theorem 3, there exists a convergent subsequence of optimal rk(n). Denoting k= k(n), let rδ be the limit point
of that convergent subsequence and let u δ and uD

d be the solution to the direct transmission problemwith
boundary conditions (15) on γδ.

As each rk is optimal, there exists (j1,k,j2,k, rk) that

( ) ( )r m, , ; , ,k k k k k k k1, 2, 1, 2, 1, 2,j j h h h hL =

Taking uk
s and uD,k the solution for the direct transmission problem for γkwith densities (j1,k,j2,k), one has
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
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( ) ( )( ) F u m , 0. 18k L k k,
2

1, 2,2j h h- ¥ G ¥ W 
By (16) uk−λuD,k converges to u uDl-d d and, by theorem4 the far-field pattern of uk also converges to the far-
field pattern u d

¥ of u δ. From (18) onefinally concludes that u u=d
¥ ¥. ,

This convergence result for the given optimization problem supports our approach in a theoretical level,
though there is a gap between this optimization and the actual application of themethod. In fact, the proposed
hybridmethod splits the optimization in two steps, as detailed in the next section, while the convergence result is
for theminimization of all unknowns simultaneously.We are now in a position to present the proposed
generalization of the hybridmethod for the inverse transmission problem.
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4. The hybridmethod

The hybridmethod thatwewill generalize for the inverse transmission problem 2 can be seen as a combination
of decomposition andNewton-typemethods or as an iterative decompositionmethod. In fact, wewill consider
two approaches for the linearization, having this inmind.

At the iteration n of themethod, we consider the current approximation γn for the boundary. In the spirit of
a decompositionmethod, we start by recovering the scattered field u s and interior field uD from the far-field
pattern u∞ and one of the two transmission conditions, namely the theNeumann condition (4). Though
Rellich’s lemma ensures that the reconstructed scatteredfield u s is uniquely determined by the far-field pattern
u∞, the reconstructed interior field uD, in general, will not be exact, since the transmission condition is imposed
on an approximated boundary γn. Since the far-field equation is ill-posed, the use of Tikhonov regularization is
advised. This first step corresponds tominimization the cost function

˜ ( )

( )
( ) ( )

( ) ( )

   

   

r F u B f, ; ,

, 19

n n n n L N n L

n L n L

1 1, 2, 1 ,
2

, 2
2

1 1,
2

1 ,2
2

r r n

n n

2 2

2 2

j j h j j

h j h j

L = - + -

+ +

g g g

g g

¥ ¥ W

with the radial parametrization rn of γnfixed. Then, in the spirit of aNewton-typemethod, in a second step one
looks for the positionwhere the remainingDirichlet boundary condition (3) is satisfied, by linearization. This
corresponds tominimizing the cost function

˜ ( ) ( )( ) ([ ])   r B f r; , , , 20n n D n L L2 2 1, 2, , 1
2

2 0,2
2

r r
2 2h j j j hL = + + ¢g g p

with the densities (j1,n,j2,n)fixed. This defines an update of the boundary approximation γn+1 and one iterates
both steps, repeating this process until a stopping criteria is fulfilled.

The second term in (20) stabilizes the solution r but its presence prevents the application ofNewton’s
method, since for η2> 0 the only solutionswith vanishing cost function (20) are circumferences. Therefore, for
the second stepwewill consider two numerical approaches. For η2> 0we consider a gradient-typemethod,
while for η2= 0wewill consider aNewton-typemethod in the spirit of the hybridmethod for impenetrable
obstacles [30, 31, 36, 37].We also note there is a gap between the optimization problem in section 3 and this
approach, since theminimization ofΛ in (14) is divided in two steps: theminimization of ˜

1L in (19) and the
subsequentminimization of ˜

2L in (20).

4.1. Numerical implementation
To avoid an inverse crime [12], since the far-field synthetic data is generated by a combined single and double
layer representation, wewill consider representations by themethod of fundamental solutions (MFS) in the
inverse problem, namely considering the ansatz

˜ ( ) ≔ ( ∣ ∣) ⧹ ( )( )u x a
i

H x s x D
4

, , 21s

j

S

j j
1

0
1 2å k - Î

=



˜ ( ) ≔ ( ∣ ∣) ( )( )u x b
i

H x s x D
4

, , 22D
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S

j D D j
1

0
1

,

D

å k - Î
=

where s Dj 1Î Ì , j= 1,K, S and ⧹s DD j, 2
2Î Ì  , j= 1,K, SD are the source points for the scattered field

u s and the interior field uD, respectively, and  j, 1, 2j = are closed smooth curves. The set of linear
combinations of fundamental solutions to theHelmholtz equation fromdifferent source points y in a closed
curve outside the domain is dense in the set of solutions of theHelmholtz equation [4, 38] so thismotivates the
use of linear combinations of fundamental solutions as ansatz for the approximation of the solution [5, 7, 13].
Moreover, computing the gradient of the fields needed for the second step at each iteration of our approachwith
anMFS representation is easier than considering the jump relations of the layer potentials, while assuming
accuracy. Also, it is known that the correspondent far-field for the scattered field ũs in (21) is given by

˜ ( ˆ) ˆ ( )· ˆu x
e

a e x
8

, . 23
i

j

S
j

i s x
1

j
4

å
pk

= Î Wk
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-
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Assuming one incident plane field u i(x)= e iκx· d, ⧹x D2Î  , with direction d, and a given current
approximation γnwith radial parametrization rn for the exact boundaryΓ at iteration n, thefirst step of the
hybridmethod consists in solving the systemof equations forM far-field data points andN collocation points
over the boundary given by

˜ ( ˆ ) ( )· ˆe
a e u x k M

8
, 1, , , 24
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byTikhonov regularization to determine the coefficients aj, j= 1,K, S and bj, j= 1,K, SD, with
f (x)= 4κd · ν(x)e iκx· d, where the artifical boundaries  Dn1, Ì and ⧹ Dn2,

2Ì  are chosen by scaling the
radial parametrization inwards and outwards of the obstacleD, respectively. So that the system is
overdetermined, one should considerM+N� S+ SD. This completes thefirst step of the hybridmethod, that
corresponds tominimizing (19).

For the second step one aims atminimizing (20), so, as previouslymentioned, wewill separate the approach
in two cases: Newton-typemethod for η2= 0 and gradient-typemethod for η2> 0.Wewill consider that the
radial parametrization r in (13) is a trignometric polynomial given by

( ) ( ) ( ) ( )r t qt qtcos sin , 26
q

N

q q0
1

r

åa a b= + +
=

with 2Nr+ 1 real coefficients to be determined.

4.1.1. Second step: newton-typemethod (η2= 0):
Let ( ˜ ˜ )∣G u u:D Dg l- g . It can be shown thatGD is Fréchét differentiable [30, 36], with Fréchét derivative
given by

( ) · ( ˜ ˜ )∣G h h u ugradD Dg l= - g
¢

where the gradient of the field can be explicitly determined by differentiation of (21). As onewants tofind the
locationwhere theDirichlet boundary condition is satisfied, that is γ such thatG(γ)= 0.One linearizes this
equation in aNewton’smethod spirit, at the current approximation γn, to solve

( ) ( )G h GD n D ng g= -¢

in order to obtain the newupdate parametrized γn+1= γn+ hwith some abuse of notation, since the sum is
made in the radial parametrization as rn+1= rn+ rh.We note that this is similar tofinding theminimumof the
cost function (20) in the case η2= 0, since in this case theminimum is foundwhenGD(γn)= 0. Formore than
one incident wavewe solve simultaneously the correspondent linear systems.

Remark 1.Obstacle with unknown centerWewould like to remark that in the previous lineswe considered that
the parametrization of the boundary of the obstacle is given by

( ) ( )( ( ) ( ))z t r t t sin tcos , ,=

which corresponds to a parametrization of the boundary centered at the origin.However, theNewton-type
approach can be easily extended for the casewhere the center ( )c c c,1 2

2= Î  of the obstacle is unknown,
namely by considering

( ) ( ) ( )( ( ) ( ))z t c c r t t sin t, cos , .1 2= +

Note that in this case the derivatives in c1, c2 are simply given by each of the components of ( ˜ ˜ )∣u ugrad Dl- g , so
this can be easily incorporated in theminimization step.

4.1.2. Second step: gradient-typemethod (η2> 0):
In this case, the cost function (20) does not vanish in general. So instead of looking for vanishing roots of the cost
function, onewants tofind itsminimum. Therefore, itmakes sense to apply a gradient-typemethod directly to
the cost function ˜

2L in (20). This can be obtained in terms of the partial derivatives of the cost function in terms
of the parameters of the radial parametrization (26), that is,

{ }
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for q= 1,KNr, with
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One then updates the position of the approximated boundary γn to γn+1 in a least squares sense by
considering a shift in the radial parametrization parameters (26) of ( ˜ )grad 2d- L with some fixed factor δ> 0. If
one considersmore than one incident wave, then the cost function is given by the sumof each of the cost
functions for each incident direction.

In the next sectionwe present some numerical results to illustrate the feasibility and performance of the
method.

5.Numerical results

Wenowpresent some numerical results to illustrate the feasibility and accuracy of the hybridmethod and to
compare both approaches for the second step.

As in [1], we consider as data the far-field for 8 incident fields

( ) ·u x e j, 1, ,8,j
i i x dj= = ¼k

with different incidence directions ( )( ) ( )d cos , sinj
j j2

8

2

8
= p p

, j= 1,K, 8. Our experiments showed that the

method does not present consistent results with fewer incident directions.We considered afixedwavenumber
κ= 1 for the background, while we consideredκD= 2+ 3i for the scatterermedium in the first three examples.
We also add example 5.1.1 to examine the influence of η2 on the accuracy of reconstructions of the gradient type
method and example 5.4with an interior wavenumberκD= 10+ 10i for the kite shaped obstacle.

Asmentioned in section 4.1, to avoid an inverse crime, for each of the 8 incident directions the synthetic far-
field data was computed inM= 120 equidistant points on the unit circumferenceΩ by the layer potentials
representation (7)–(8) considering 64 collocation points at the exact boundaryΓ, while for the inverse problem
we considered 100 equidistant collocation points and anMFS representation (21)–(22)with S= 100, SD= 80
source points over the artificial boundaries 1 and 2 obtained by scaling the radial parametrization rn by a factor
of 0.9 and 1.1, respectively. To test the stability of themethodwe also added 1%and 2%noise in themaximum
norm to the far-field datawith a uniformdistribution.

9

Phys. Scr. 100 (2025) 045228 J Paixão and P Serranho



In each iteration thefirst step is solvedwith a Tikhonov regularizationwith a regularization parameter
η1= 0. 8n−1× 10−10 for exact data and η1= 0. 8n−1× 10−2 for noisy data. For the second step of the gradient-
typemethod (GTM) the constrain for r ¢ in (20) is defined by η2= 0. 8n−1 for exact data and η2= 0. 8n−1× 10−1

for noisy data. Alsowe considered a parametrization space of the form (26)withNr� 20. As the stopping
criteria, we stop as soon as ˜ ( ) ˜ ( )n n2 1 2g gL > L+ , that is, as soon as the cost function (20) increases with n.We note
thatwe considered the same parameters for all presented examples, not adapting them to each particular case,
this strengths the robustness of the proposedmethod.

For each scatterer considered, each iterative approach considers the same initial guess for the different types
of data: a circumference centered at the originwith radius 1.5. In all the following figures, the dashed red line
represents the exact solution, the full blue line the initial guess, the thick green line the boundary reconstruction
with the gradient-typemethod and the thick yellow line the boundary reconstructionwith theNewton-type
method.

5.1. Rounded corner triangle
We start by considering a domain inside the considered approximation space, that is the rounded corner triangle
parametrized by

( ) ( )( ) [ ]z t t t t t2 0.3 cos 3 cos , sin , 2, .p= + Î

Table 1. Sequence of values of ˜ ( )n2 gL with respect to the iterationnby theNewton-typemethod
(NTM) and the gradient-typemethod (GTM) for the rounded corner triangle scatterer in section5.1.

Nonoise 1%Noise 2%Noise

n NTM GTM NTM GTM NTM GTM

1 88.88571 88.88571 53.52459 53.52459 53.56856 53.56856

2 9.60783 16.27506 2.01980 0.95438 2.25792 1.33625

3 0.01118 9.15335 0.80680 0.92095 1.24224 1.32915

4 0.00084 5.40017 0.81141 0.90362 1.31681 1.39479

5 0.00076 3.28564 0.90362

6 0.00074 2.06037 0.91397

10 0.00067 0.44938

15 0.00055 0.12212

20 0.00044 0.04133

25 0.00040 0.01452

30 0.00562

34 0.00480

Figure 1.Reconstructions for the rounded corner triangle in section 5.1 by both approaches for the second step of theHybridmethod.
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Numerical results withNr= 5 for each iterativemethod are presented in table 1 andfigure 1 for theNewton-
typemethod (NTM) and the gradient-typemethod (GTM).We considered an update factor for theGTMof
δ= 10−3 for exact and δ= 5× 10−3 for noisy data.

5.1.1. Influence of η2.
The influence of η2 does not seem to affectmuch the accuracy of reconstructions of the gradient-type
minimizationwith exact data, as we can see in table 2 andfigure 2 for a rounded corner triangle. However, the

Table 2. Sequence of values of ∥BDj+ u i∥ and ˜
2L with respect to iteration n for different values of η2

by the gradient-typemethod (GTM) for the triangle shapewith no noise
COLUMNSTYLESBEGIN=ES1lES2cES3cES4cES5c=COLUMNSTYLESEND.

η2= 0. 8n−1 η2= 0. 8n−1× 0.5 η2= 0. 8n−1× 0.1

n ∥BDj+ u i∥ ˜
2L ∥BDj+ u i∥ ˜

2L ∥BDj+ u i∥ ˜
2L

1 88.88571 88.88571 88.88571 88.88571 88.88571 88.88571

2 15.43602 16.27506 15.43602 15.85554 15.43602 15.51992

3 8.26262 9.15335 8.11631 8.57933 8.00174 8.09722

4 4.57108 5.40017 4.41027 4.85178 4.28557 4.37840

5 2.55774 3.28564 2.41954 2.81315 2.31561 2.39942

10 0.16297 0.44938 0.12563 0.28240 0.11041 0.14418

15 0.02187 0.12212 0.00835 0.06198 0.00664 0.01799

20 0.00714 0.04133 0.00148 0.01935 0.00106 0.00477

25 0.00302 0.01452 0.00074 0.00666 0.00050 0.00171

29 0.00178 0.00655 0.00075 0.00319 0.00073 0.00123

30 0.00179 0.00562 0.00075 0.00270

32 0.00194 0.00441 0.00152 0.00277

33 0.00202 0.00399

34 0.00322 0.00480

η2= 0. 8n−1× 0.05 η2= 0. 8n−1× 0.01

n ∥BDj+u i∥ ˜
2L ∥BDj+ u i∥ ˜

2L
1 88.88571 88.88571 88.88571 88.88571

2 15.43602 15.47797 15.43602 15.44441

3 7.98757 8.03549 7.97627 7.98588

4 4.27025 4.31695 4.25804 4.26742

5 2.30308 2.34531 2.29313 2.30163

10 0.10956 0.12661 0.10906 0.11249

11 0.06068 0.07446 0.06069 0.06347

12 0.03410 0.04519 0.03439 0.03663

13 0.01956 0.02847 0.02000 0.02179

14 0.01156 0.01869 0.01204 0.01347

15 0.00709 0.01280 0.00756 0.00870

20 0.00130 0.00316 0.00156 0.00194

25 0.00064 0.00124 0.00073 0.00085

29 0.00068 0.00093 0.00065 0.00070

30 0.00094 0.00098

Figure 2.Reconstructions for the triangle scatterer in section 5.1with different values for the constrain η2 for the gradient-type
method.
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use of a gradient-typemethod for a penalized cost function slightly affects the results with comparison to a non
penalizedNewton-approach for noisy data, as seen in the shown examples. Having this inmindwe consider
η2= 0. 8n−1× 10−2 for exact data and η2= 0. 8n−1 for noisy data.

5.1.2. Obstacle with unknown center. TEXT
Following remark 1, we now consider a domainwith an unknown center, namely a rounded corner triangle
centered at (− 1, 1) parametrized by

( ) ( ) ( )( ) [ ]z t t t t t1, 1 2 0.3 cos 3 cos , sin , 2, .p= - - + + Î

Numerical results for theNewton-typemethod are presented in table 3 andfigure 3. In each iteration thefirst
step is solved by Tikhonov regularizationwith a regularization parameter η1= 0. 8n−1× 10−8 for exact data and
η1= 0. 8n−1× 10−2 for noisy data. For the first boundary approximationwe considered a circumference
centered at the origin, with radius 1.

5.2. Peanut
Wenow consider a peanut shaped domain (outside the approximation space) parameterized by

( ) ( ) [ ]z t t t t t t2 cos 0.25 sin cos , sin , 2, .2 2 p= + Î

Figure 3.Reconstructions for the rounded corner triangle with displaced center in section 5.1.2 by theNewton-type approach for the
second step of theHybridmethod.

Table 3. Sequence of values of ˜ ( )n2 gL with respect to the iteration n by theNewton-typemethod
(NTM) for the rounded triangle shaped scatterer with displaced center in section 5.1.2.

n nonoise 1%noise 2%noise

1 100795.04138 507.84726 504.04643

2 23643.35049 227.18687 225.39684

3 7764.25337 73.57654 73.37209

4 1542.00411 7.70284 8.61337

5 377.09520 1.16315 2.39499

6 119.54710 1.01890 2.61771

7 31.70973 1.03298

8 0.85288

9 0.17083

10 0.15890

11 0.14076

12 0.15223
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Numerical results withNr= 5 for each iterativemethod can be found in table 4 andfigure 4 for the gradient-
typemethod (GTM) and for theNewton-typemethod (NTM).We considered an update factor for theGTMof
δ= 10−3 for exact and δ= 5× 10−3 for noisy data.

5.3. Kite
Wenow consider amore changelling geometry, namely the kite shape parameterized by

( ) ( ) [ ]z t t t t tcos 0.65 cos 2 0.65, 1.5 sin , 2, p= + - Î

Numerical results withNr= 20 for each iterativemethod can be found in table 5 andfigure 5for the gradient-
typemethod (GTM) and for theNewton-typemethod (NTM).We considered an update factor for theGTMof
δ= 10−3 for exact and δ= 5× 10−3 for noisy data.

5.4. KitewithκD= 10+ 10i
Finally wemaintain the kite, but increase the interior wave number toκD= 10+ 10i. Numerical results for each
iterativemethod can be found in table 6 andfigure 6 for the gradient-typemethod (GTM) and for theNewton-

Figure 4.Reconstructions for the peanut shaped scatterer in section 5.2 by both approaches for the second step of theHybridmethod.

Table 4. Sequenceof values of ˜ ( )n2 gL with respect to the iterationnby theNewton-typemethod
(NTM) and the gradient-typemethod (GTM) for the peanut shaped scatterer in section5.2.

no noise 1%noise 2%noise

n NTM GTM NTM GTM NTM GTM

1 18.93199 18.93199 14.76495 14.76495 14.78338 14.78338

2 0.26731 11.23584 0.83283 3.09606 0.83563 3.14217

3 0.00971 7.94393 0.31658 1.22527 0.33294 1.26491

4 0.00597 6.04503 0.28118 0.68321 0.30363 0.72579

5 0.00580 4.79789 0.26402 0.47827 0.29817 0.52593

6 0.00566 3.91113 0.25113 0.38267 0.29907 0.44033

8 0.00535 2.72684 0.23195 0.29746 0.39242

9 0.00518 2.31150 0.22531 0.27517 0.40024

12 0.00467 1.45834 0.22179 0.24660

13 0.00452 1.26145 0.24855

21 0.00374 0.44003

22 0.00365 0.39008

23 0.00395 0.34663

24 0.30860

30 0.16034

37 0.09118

38 0.09171
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Figure 6.Reconstructions for the kite shaped scatterer withκD= 10+ 10i in section 5.4 by both approaches for the second step of the
Hybridmethod.

Figure 5.Reconstructions for the kite shaped scatterer in section 5.3 by both approaches for the second step of theHybridmethod.

Table 5. Sequenceof values of ˜ ( )n2 gL with respect to the iterationnby theNewton-typemethod
(NTM) and the gradient-typemethod (GTM) for the kite shaped scatterer in section5.3.

no noise 1%noise 2%noise

n NTM GTM NTM GTM NTM GTM

1 28.61171 28.61171 18.26275 18.26275 18.56501 18.56501

2 6.14036 17.53459 3.73916 5.32985 4.05677 5.96212

3 0.69547 14.14543 1.18561 2.40052 1.80321 3.05500

4 0.23123 11.41312 1.16016 1.66871 1.86970 2.40778

5 0.17288 9.22041 1.20261 1.47066 2.30618

6 0.15497 7.56645 1.43195 2.38020

7 0.14883 6.20041 1.46149

8 0.14996 5.12504

9 4.24806

10 3.53494

20 0.70429

30 0.24349

35 0.20610
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typemethod (NTM).We considered an update factor for theGTMof δ= 10−3 for exact and δ= 2.5× 10−3 for
noisy data.

6. Conclusion and furtherwork

In this paper we generalized a hybridmethod for inverse transmission problems and showed convergence for a
related optimization problem. There is, however, a gap between the theoretical results and the practical
application of themethod, since the hybridmethod divides the optimization in two steps, withfixed parameters
in each, whichmay lead to a differentminimum than if the optimizationwas performed for all the parameters at
once.Nonetheless, numerical results seem to be feasible.

Also, we considered aNewton-type approach for the linearization of the second step and also a gradient-type
method considering a penalization termon the oscillations of the solution.Numerical results show this term as
few effect on the reconstruction, though reconstructions are feasible for both cases. This effect ismore clear in
figure 4 andfigure 5 since the kite has a higher oscillating boundary. The paper was successful in extending the
hybridmethod from impenetrable to penetrable obstacles which can be seen as an iterative decomposition
method for the transmission problem.However, the price to pay is that the transmission problemneeds at least 8
incident directions for the hybridmethod to performwell, while for the impenetrable case a unique incident
directionwas enough for accurate results [30, 31, 36, 37].

Futureworkmight include extending themethod to recover also a possibly unknown interior wavenumber
κD, alongwith the shape of the scatterer, adapting the cost functionwith an extra input to this end. Extending the
approach to 3Dor other equationsmay also be challenging.
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Table 6. Sequence of values of ˜ ( )n2 gL with respect to the iteration n by theNewton-typemethod
(NTM) and the gradient-typemethod (GTM) for the kite shaped scatterer in section 5.4.

no noise 1%noise 2%noise

n NTM GTM NTM GTM NTM GTM

1 30.09142 30.09142 17.14029 17.14029 17.29702 17.29702

2 7.76490 16.03483 4.21090 9.67171 4.23511 9.74979

3 1.86152 12.72052 3.16301 6.40780 3.09767 6.42674

4 1.15053 10.17757 3.05030 4.79135 2.98908 4.78308

5 1.16862 8.22575 2.98537 3.92285 2.95562 3.91160

6 6.67985 2.93572 3.41665 2.92961 3.42234

7 5.47770 2.83310 3.09640 2.88002 3.13757

8 4.52179 2.74819 2.88032 2.85371 2.97501

9 3.76217 2.67801 2.73200 2.86543 2.89842

10 3.15437 2.62286 2.63589 2.89215

11 2.66538 2.60477 2.58515 2.94889

12 2.27004 2.61588 2.57504
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20 0.83198

30 0.38029

37 0.30049
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