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Abstract. The normal probability distribution as assumption for financial returns
have been recognized as inappropriate, and a source of inaccurate estimation of Value
at Risk. Empirical evidence also have been shown that financial returns shows a more
accentuated leptokurtic distribution when compared with a Normal distribution and
also skewed. This is usually a cause of underestimated values of VaR, specially when
the quantiles are very low. Therefore it is necessary to focus on the tail of the
distribution and identify models to fit that behavior. We will highlight the differences
between the quality of fitting in the tails of the distribution and the fitting for all the
distribution.

This work compares and interprets the results obtained by applying mixture mod-
els as a method to estimate the behavior on the extremes for heavy tail data distribu-
tions. This results will be then used to describe an analytical solution of VaR under
mixture models.
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1 Introduction

Extreme value theory is used to model unusually low or high value data that
is observed in the tail of the distribution.

These unusual events represented by extreme data points are often complex
to model and requiring advanced techniques to fit a distribution that includes
the heavy tail with satisfactory results.

In statistics the concept of mixture distribution concerns the combination
of two or more distributions.

Mixture distributions are of importance in order to model complex processes
allowing for a more flexible approach than using a single distribution.

Gaussian mixtures are a possible choice to model this type of complex pro-
cesses and are formed by linear combinations of two or more Gaussian distri-
butions as a weighted sum of that Gaussian distributions in order to form a
new distribution.

One promising use case to apply mixture models is to model heavy tailed
distributions. Even though financial returns are usually modeled as normally
distributed this assumption proved to be inconsistent with empirical evidence.
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Asset returns are considered heavy tailed which means that extreme values are
more likely to happen in practise than suggested by a normal distribution. This
discrepancies could cause estimation errors of major impact if for example we
are using those assumption to build risk measures such as VaR. Then normality
assumption can lead to inappropriate risk management measures [10].

Some research work involving mixture models assumes that the several dis-
tributions are drawn from the same probability density functions. On other
hand heterogeneous mixture models can be a valid option for modelling more
complex phenomenons and improving modelling capabilities.

An option is to model asset returns distribution with a mixture of distri-
butions, a mixture of normal, a mixture of Gaussian and Gumbel and also
Gaussian and GEV as extreme value distributions.

The modelling approach presented explores the capabilities of a mixture
model in order to fit the financial returns [14].

In this work we will fit the financial returns with different models and
analyse the impact of each model to estimate Value at Risk (VaR).

2 Value at Risk

VaR is a central tool in risk, asset, and portfolio risk management and it
also plays a key role in systemic risk. VaR is defined as the maximum loss
an asset/portfolio/institution can incur in a given time period at a defined
significance level a.

This probability represents a quantile for risk. With a random variable X
and a distribution function F' that model losses, verified for an asset in a time
period. VaR, is defined as:

VaR, = F7'(1 - ) (1)

A VaR of d days at a% significance level means that on % of d days, we
won’t see a loss higher than the VaR, but for the (1 — «)% of times the loss
will be higher.

For example, a 1 day VaR at 99% confidence level of 5% means that only 1
of every 100 days we will see a loss higher that 5% of the initial capital [9].

The concept of VaR becomes central to the study of systemic risk, becoming
also a standard concept for the definition of several of the most significant
systemic risk measures mentioned in the literature. Yet this method faces
challenges dealing with the risk associated with events involving a volatility
component with dependencies between extremes values in distinct data sets
and modelling extreme values with volatility.

3 Financial Institutions Returns

3.1 The Data Set

Institution financial details frequently are not available on the public domain
and are informed only on a periodic basis, so this methodology is an option
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to obtain VaR based on market public data. As an assumption, the market
value, the market capitalization of each institution reflects the book value of
the assets.

The process could be summarised as follows:

e Obtain the data:
— collect stock prices, we will use weekly based stock prices (Friday’s
price)
market value of equity (MVE)
— stock price x shares outstanding

e Assume market value of assets (MVA)
(MVAI-MV A

getting returns as: X} = W’), for each financial institutions
i

Based on the list of banks that are part of the STOXX Furope 600 Banks index,
information on daily quotations for each title, public available for consultation
at hitps://finance.yahoo.com/.

3.2 Normal distribution assumption

There are an open ongoing discussion about the application of normal distri-
bution to model financial related data.

In fact, the use of of normal distribution in order to model financial returns
is considered a traditional assumption in finance since Markowitz developed his
portfolio theory in 1952, as it is the backbone of traditional (mean-variance)
premise [4].

Despite that, some recent research work have been rejecting this assumption
based on the study of skewness, kurtosis and in special in heavy tail in the
distribution of financial returns [8].

Even though is noticeable that financial returns distributions are at least
close to a bell shaped curve, even if this does not translate directly for a normal
distribution.

By using the graphs bellow, we can notice a bell shape pattern on the
returns of financial institutions. We also can notice an heavy tail behavior,
best described in this case, in terms of extreme tails by the ¢-Student curve
than by the normal curve.

An additional complementary graphical analysis in order to compare the
behavior of the returns across the distinct quantiles and compare that behavior
with the expect behavior for a Normal population is to use a Q-Q plot.

The Q-Q plot, or quantile-quantile plot, is a type of graph that allow us
assess if it is plausible to assume that a data set came from some theoretical
distribution such as a Normal. Even if it is just a visual check, and somewhat
subjective, it allows us to see at-a-glance if our assumption is plausible, and
how the assumption is eventually violated and which data points cause that
violation.

By applying a simple normality test to financial institution returns series,
it seems to show up very clear that we should strongly consider other options
to model the financial institution returns.
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(a) HSBA returns Q-Q plot vs normal dis-(b) BBVA returns Q-Q plot vs normal dis-
tribution tribution

Lets start by applying some conventional statistical tests for normality such
as Shapiro-Wilk’s test and Kolmogorov-Smirnov (K-S) normality test.

”Financial Institution W statistic K-S statistic W p-value K-S p-value”

HSBA 0.94344 0.06652 2.2e-16 0.00017
BBVA 0.93228 0.07789 2.2e-16 5.249e-06
BARC 0.77149 0.11839 2.2e-16 2.565e-13

Table 1: Normality testing

Based on the above results, we should consider the financial institutions
returns (and financial system returns too) as not normally distributed.

However it is also know that normality tests are in fact very sensitive to
what happens on in the extreme tails. This fact can then restrain all the
conclusions based on those type of tests.

As we have a relatively large sample of data on our data set it will also
worthwhile try a visual approach to investigate normality. Lets then compare
the histogram of returns for some financial institutions and the system.

It become also clear we have a different behavior on extreme tails of returns
distribution, and in the tail it is not following a normal behavior. This pattern
must be included in the modelling.

3.3 Heavy Tails Distributions

In statistics the term heavy tail is associated to distributions with a relatively
height probability of extreme outcomes.
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Even thought there are not a definitive and formal definition of heavy tail
usually is assumed that a distribution has a heavy tail when the probability in
the tail is thicker when compared with a normal distribution.

Taken as example Cauchy distribution we can notice a ticker tail in Cauchy
when compared with a normal.

Fig.2: Heavy tail distribution versus normal

Cauchy among others, like ¢-Student for example are know as heavy tailed
distributions.

In order to close the gap in terms of modelling the extreme tail of financial
institution returns as first approach we will study an approach of univariate
fitting were we will include the modelling of the tails of the distribution.

To evaluate how heavy tails impacts our financial data set, we will compare
results from fitting three theoretical distributions: Normal, Cauchy and t-
Student.

3.4 Cauchy distribution

In probability theory, Cauchy distribution is the probability distribution whose
probability density function is defined by:
1
f(I) - 7T(1 +£C2)

with x € R in Cauchy standard form, when it mean is 0, and the and first and
third quantiles are 1 and 1 respectively.

Cauchy distribution then is defined as any distribution that belongs to this
family and, if X is random variable with standard Cauchy distribution then,
let & € R be an arbitrary value and o > 0. The random variable Y, defined as:

Y=p+oX
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also follows a Cauchy distribution with median p and whose first quantile is
i — o and the third quantile is g + 0. The probability density function is
therefore defined as:

1
mo(l+ f(w;‘m)

Standard Cauchy distribution can also be defined as a ratio of two normal
distributions. Let X and Y be two independent random variables. If X ~
N(0,1) an Y ~ N(0,1) then:

X
v~ Cauchy (0, 1)

In addition to its application in physics, Cauchy distribution is commonly
used in models in finance to represent deviations in returns from the predictive
model [7]. The reason for this is that practitioners in finance are wary of using
models that have light-tailed distributions as Normal, on their returns, and they
generally prefer to go the other way and use a distribution with very heavy tails
as Cauchy. The history of finance has a vast record of catastrophic predictions
based on models that did not have heavy enough tails in their distributions.
The Cauchy distribution has sufficiently heavy tails as its moments does not
exist, and so it is an ideal candidate to give an error term with extremely heavy
tails [5].

3.5 t-Student

Also t-Student is an option to deal with heavy tails and have been an option
for researchers too [16].

The ¢-Student distribution can be defined as a variable Z ~ N(0,1) and a
variable W ~ X2 then the standardized quotient of the two follows a ¢-Student
distribution with v degrees of freedom:

Z
T:\/B.th

t-Student distribution could be very useful for financial analysis as we can
adapt to the tail behavior of the data. In its conventional form, ¢-Student could
not be a very flexible model because of the absence of a location and a scale
parameter. An alternative definition can then be described as:

T ~t, =8 =p+ AT ~t,(u, \?)

with 1 as location parameter and A2 ( —5) as scale parameter. The tail decay

is therefore polynomial, that is, the density function goes to zero proportional
to =1 for 2 — co. For low values of v this is a much slower rate than for
the Gaussian [17].

Since the typical assumption involving the Gaussian distribution had failed
and is now hardly accepted due to the probabilities at the extremes are much
larger than those supported by Gaussian distributions. This invalid assumption
is specially dangerous for risk management related application.
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4 Best fit for returns

If it has been established that financial returns shows heavier tail and peaked
than Gaussian it was not yet established which distribution better fit those
financial return, remaining as research field. In the process of fitting the data
to a theoretical distribution, one could found that usually more than one dis-
tribution would be of interest.

The importance of correctly model financial returns and identify distribu-
tions that are able to adjust and fit financial return series have been putted
at the spotlight every time a new financial crises is faced. Recent crises were
not exception and it become even more clear that the typical assumption with
Gaussian distributions was anymore acceptable.

The financial return series, like the example below, has phases where it
exhibits different volatility. While small returns occur more frequently, there
are phases were positive and negative returns are persistently larger as well.
This is mentioned as volatility clusters and is understood as characteristic of
financial data [18].

| | '|
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Fig.3: HSBA weekly returns

However, when working with longer return series, we neglect the exact times
of occurrence of each return, and focus on the distribution of returns only.

Starting with HSBA returns series as example, and fitting this series, after
normalization to a the three above mentioned distributions: Normal, Cauchy
and ¢-Student, the resulted fit are as showed in the figure:

By visually analyse this results one can notice some differences in the quality
of the adjustment, depending on the quantile we take. Due to this fact it
becomes harder to identify a single distribution that performs well across all
quantiles.

In this particular case, if we take the global results of the fit, we can see
that even though, Normal and Cauchy have clear distinct shapes, in terms of
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Fig. 4: Fit of HSBA weekly returns

”Goodness—of—ﬁt statistics Cauchy Normal t—Student”

Kolmogorov-Smirnov ~ 0.0552  0.0652  0.0739
Cramer-von Mises 0.7421 1.6626  2.2699
Anderson-Darling 8.8937 10.2788 13.9965

” Goodness-of-fit criteria ”

|| BIC 3043.091 3013.615 2931.064 ||
Table 2: Goodness-of-fit

Goodness-of-fit it turns that the results are quite similar only with a short
advantage over Cauchy. However our concerns are more with the behavior on

the tail of the distribution, and the following image can proportionate a closer
look at the more extreme quantiles in detail:
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Fig.5: Fit of HSBA weekly returns

Using the image above, is now easier to identify some limitation on this
approach to model extreme values in the tails. There a relevant density on re-
turns series that is not captured by Normal (neither by ¢-Student), and Cauchy
estimate it far for excess.

4.1 Modelling financial returns with a mixture of normal
distributions

As empirical evidence and results suggests, the normality assumption of fi-
nancial institution returns is not verified as it is heavy tailed, and modelling
this behavior using only one distribution have shown limitation, one option is
consider an approach that uses more than one distribution.

Heavy tailed distributions can be modeled instead by a mixture of distri-
bution. In this case we will first approach the problem by applying a mixture
of normal distributions.

Assuming the returns are following a stochastic process for a financial in-
stitution 7 as:

where R% ~ N(pia,0q), Rﬁ ~ N(0,03), and A is 1 with probability p and
0 otherwise.

These three random variables RS}, RZ and \;; are independent each other.

Depending on A and with probability p the distribution to apply will be
N (o, 04), for example for the most normal situations. With probability (1 -
p), A will be equal to 0 and the distribution to apply is N (0, o) and it could
be interpreted as an exceptional case.

The challenge now is with the estimation of the parameters involve; p, ftn, 0w, 3.
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Despite several alternative methods that are possible to use to estimate the
parameters of a mixture of normal distribution, if we consider the traditional
maximum likelihood method, it could then be formulated as:

2
(R — Na) 1 (R2)
S S R G
l((p,,ua,aa,agﬂR t) zt:log[ga exrp %2 + P exp —_
Due the existence of both poles and saddle points, the maximization of the
mixture of normals likelihood could be challenging and the global maximum
for that function could not exist [6].
This problem however could be described as an incomplete data problem
since the data we observe in our sample can be viewed as a subset of the
“complete” data.

4.2 Expectation-Maximization Algorithm

The Expectation-Maximization (EM) Algorithm is an appropriate tool for that
type of problems. EM Algorithm is an approach for maximum likelihood esti-
mation in the presence of latent variables and can be used to predict the latent
variables values with the condition that the general form of the probability
distribution governing those latent variables is know.

The algorithm is implemented as an iterative procedure given a set of in-
complete data and considering a set of starting parameters will iterate on two
steps

e Expectation step (E — step). Using the available observed data and the
current model parameters the missing or latent variables are estimated by.

e Maximization step (M — step). After estimate missing values, this step
will be used to update the parameters by compute the parameters that
maximize the expected log-likelihood of the model based on the values
estimated on E-step.

EM Algorithm includes statistical considerations to compute the maximum-
likelihood (ML), source distribution that would have created the observed data,
including the effects of counting statistics. Specifically, it assigns greater weight
to high-count elements of a profile and less weight to low-count regions [3].

4.3 EM Algorithm and mixture of Gaussians

Taken the case of a mixture of Gaussians let x = (x1, X2, ...,X,) be a sample
of n ii.d. observations of a mixture of two Gaussian and z = (z1, 29, ..., 2,)
the latent variables that determine the component where the observation orig-
inates[15].

Xil(Zi = 1) ~ Ny(py, 1) and  Xi|(Z; = 2) ~ Na(pey, X2),
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where

P(ZZ:]-) =T a/nd P(Z,LZQ) = To = 1_7-1

The goal of this process is to estimate the parameters for the mixture of
Gaussians:

0= (T7N17u2721722)

The likelihood function therefore is:

n 2
L(6;x,2) = expq Y Y Tz = j)[log7; — $log | %] — §(xi — ;) "5 (xi — ;) — § log(27)]

i=1 j=1

The result of the application of EM Algorithm to HSBA financial returns
come as a mixture of two normal distributions:

Fig. 6: Fit of HSBA weekly returns: the two components of the mixture

In order to represent correctly the join density of the mixture distribution
we have to build the mixture distribution according to 7 parameter as estimated
by EM Algorithm. In this case the estimated 7 value was 0.761.
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Fig. 7: Fit of HSBA weekly returns with a mixture of Normal

With the two normal mixture model we obtained a BIC criterion of 2871.93,
what makes this fit slightly better than the fit provided by Cauchy, Normal and
t-Student, according to BIC criterion. The results on the tail still not being
the as good as desirable,

Fig. 8: Fit of HSBA weekly returns with a mixture of Normal

4.4 Extreme Value Mixture Models
The idea behind the use of Mixture of Extreme Value distribution is to combine

the flexibility of using a distribution to capture the main component (the bulk
distribution), that could be for example a Normal, and also the tails, as extreme
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values. With this mixture model one will get an entire distribution function by
splitting the distribution in a bulk component and a tail components.

There are several approaches that consider only one tail and also approaches
that consider both upper and lower tail. In this case the mixture function will
be compounded potentially by a mixture of distribution from distinct families.

In our case we are specially interested in explore a mixture of a Normal
distribution as bulk distribution with two Gamma tail distribution in both
upper and lower tail. MacDonald et al. (2011) [12] proposed a two tailed
mixture model where the standard kernel density estimator is spliced with two
extreme value tail models.

This model uses a kernel density estimators to estimate the non-extreme
value distribution and Generalized Pareto distribution (GPD) to estimate the
tail distribution. A boundary-corrected kernel density estimator is also used in
the case of a population with bounded support. This kernel density estimator
assumes a particular kernel, in this case the normal density, which is centered
at each data point, and uses only one parameter to define bandwidth. The
model uses also the standard cross-validation likelihood to define bandwidth,
combined with the likelihood for the peaks over threshold tail model, to give
a full likelihood for all of the observations. The term tail fraction refers to
the proportion of the distribution above the threshold. This parameter will be
identified by @,and u represents the threshold.

The distribution function comes as:

burl — G(—x| — w, o0, €1) <y,
F(z|®©) =< H(z|u,o) w <x<u,

(1 - ¢ur) + ¢ulG($|uT; Our, Er) T > Uy

where ¢,; = H(w|p,0) and ¢, =1 — H(uy|p,0) and H(.|p, o) is the nor-
mal distribution with mean p and standard deviation o. G(.| — u;, 04, €) and
G(.| — tur,0ur, €-) are GPD distributions for lower and upper tails respectively.

By applying the methodology to HSBA returns series we obtained the fol-
lowing estimates for the parameters:

The graph bellow shows the results for a mixture of a normal N (-0.00084,0.023)
bounded at left by parameter u; =-0.0354 and on right by parameter w, = 0.025.

The Gamma parameters obtained are respectively:

left tail right tail
¢ur = 0.120 ¢or = 0.119
m = 0.133 p, =0.0743
o1 =0.593 o, =0.728

The goodness of fit for this model is also slight better than previous ones
with an BIC criterion value estimated as 2860.661. The advantage and flexi-
bility of this mixture model is essentially in the tails of the distribution as it is
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able to take advantage of the capabilities of Gamma distribution to adapt to
the tail. The graphs obtained for the extreme value mixture are as follows:

e

Fig.9: Fit of HSBA weekly returns with a mixture of Gamma-Normal-Gamma

By visual analyse of the graph obtained with the Gamma-Normal-Gamma
(GNGQG) fitting it is possible to identify a very close adjustment.

Also in the tail of the distribution we can notice a good approximation
including a decay of the distribution function when it goes further on the left.

Fig. 10: Fit of HSBA weekly returns with a mixture of GNG on the left tail
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5 Value at Risk Estimation

Based on the results we will compare the impact of the different models tested
in terms of the estimates obtained for VaR.

Based on the quantiles for each model, Cauchy, Normal, ¢-Student and
extreme value mixture GNG we estimate the VaR for several levels using several
a values in a range between 0.001 and 0.1 as showed in the table bellow.

|| 01% 1% 25% 5% 10% ||

Cauchy -5.7016 0.5702 -0.2278 -0.1133 -0.0554

Normal -0.1139 -0.0856 -0.0720 -0.0603 -0.0468

t- Student -0.1541 -0.1023 -0.0823 -0.0667 -0.0503

GNG -0.1820 -0.0992 -0.0728 -0.0547 -0.0383

Historical VaR -0.1610 -0.0975 -0.0717 -0.0548 -0.0384
Table 3: VaR estimates

The values showed in the table above represent the percentage of the value
of each institution at risk for each one of the risk levels (0.1% to 10%).

In this example is also visible the issue by using Cauchy as model in extreme
values as the VaR estimate is to high and value is not reasonable. In general
Cauchy based estimates are to excessive when compared with historical VaR
value. In this case we can conclude Cauchy consistently overestimate the risk
and is not also a good option for risk management application.

6 Conclusion

The results obtained by comparing the goodness of fit obtained by applying
distinct statistics modelling techniques, highlighted a concern regarding the
quality of the global adjustment versus the quality of the adjustment on the
tails of the distribution. In certain applications the analyses of the tail of the
distributions is of major importance, as for example in risk analyses. The
results obtained for VaR estimates for each model implemented also showed
that more complex model could be advantageous as they are more flexible in
adapt to the tail of the distribution providing better adjustments.

Complex phenomenons requires also more complex models and the com-
plexity of certain phenomenons like behavior of financial returns requires more
complex and versatile models.
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