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Abstract

We are interested in solving the inverse problem of acoustic wave scattering
by sound soft cracks in two-dimensions. Therefore, we present a method to
approximate the position and shape of a two-dimensional sound-soft crack from
a given incident field and the corresponding far-field pattern of the scattered
wave. The method is based on a recent paper by Chapko and Kress, where a
hybrid method is presented for the reconstruction of sound-soft domains. The
method can be seen has a hybrid between a regularized Newton method applied
to a nonlinear operator equation, where we consider the operator that maps the
unknown curve (representing the crack) on the solution of the direct problem,
and a decomposition method, in the spirit of the Kirsch and Kress method.
As well as in the method developed by Chapko and Kress, the method does
not require a forward solver for each Newton step. The theoretical background
of the method is based on the minimization of a cost function, where we add
an additional penalty term in order to recover the crack tips. The method
is illustrated by numerical examples, showing its feasibility and stability with
respect to noisy data.

1 Introduction

Non destructive obstacle detecting trough low frequency wave propagation orig-
inates mathematical and numerical problems with several applications in in-
dustry, as radar and sonar or medical imaging. Among this problems, we are
interested in numerical methods for recovering cracks in materials from the
knowledge of the incident field and the scattered field at large distances (far
field pattern). We confine ourselves to the case of time harmonic acoustic waves
and the scattering from sound soft cracks.

Given a crack I' C B C R?, with B an open bounded domain, and given an
incident field u?, the direct problem consists in finding the total field u = uf+u*®,
which is the sum of the incident field u® and the scattered field u*¢, such that
both the Helmholtz equation

Au+Kku=0 inR\T, (1)
where k > 0 is the wave number, and the boundary Dirichlet condition
u=0 onT (2)
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are satisfied. Concerning well-posedness, one also needs to impose a condition
to infinity. We consider the Sommerfeld radiation condition

. ou .\ _ _
Tlggo\/?_‘ (5 - zku) =0, r=]|z| (3)

where the limit is satisfied uniformly in all directions. It is known (cf. [2]) that
the solution u satisfies

u(z) = % (um(@) +0 (ﬁ)) o] = o0,

where & = z/|z|, so the behaviour of the solution w to infinity is completely
determined by the far field pattern wqo-
Among all the methods that were developed to solve the problem, we would
like to focus on regularized Newton’s methods and decomposition methods.
For a fixed incident field, the solution of the direct problem defines the
operator
F:T'> ug

that maps the crack I' onto the far field. We can formulate the inverse problem
as finding the solution of the nonlinear and ill-posed (cf. [2]) operator equation

FT) =uw

for the unknown crack I'.

Regularized Newton’s methods have been studied and used in this problem
over two decades. It is reasonable to apply them because one loses the non-
linearity and, by regularization, the ill-posedness. These methods rely on the
differentiability of the total field or far field pattern in relation to variations of
the scatterer. The reconstructions obtained by this methods are usually very ac-
curate, however for each step of the Newton’s method one needs to compute the
forward solution of the direct problem. A good a priori initial approximation
is usually also required.

Decomposition methods take care of the ill-posedness and the nonlinearity of
the equation separately. In a first step the function u is reconstructed given the
far field, by representing it in a single layer potential over a line v, which shall
be viewed as an approximation of the crack I'. In this way we reconstruct the
density over v using Tikhonov regularization. Then in a second step we try to
find a line where the boundary condition (2) is satisfied in a minimization sense.
Though this method does not need the solution of the forward problem, the
reconstructions obtained are not highly accurate. There is also a gap between
the theoretical background and the numerical implementation, in what concerns
uniqueness and existence of solution of the minimization problem involved.

Chapko and Kress [1] have suggested a hybrid method that combines ideas
of the two groups of numerical methods previously mentioned. In this paper we
extend the method to the case of sound soft cracks.



This paper is organized as follows. In section 2 is given an overview of
the direct problem of scattering by cracks, pointing out what are the main
differences to scattering by open domais. In section 3 we formulate the inverse
problem we want to solve - to find the position and shape of a two-dimensional
sound soft crack given an incident field and the corresponding far field - while
in section 4 is made an overview of the numerical implementation. A related
minimization problem is presented in section 5 as the theoretical background
for the method, where a cost function is introduced with a new penalty term
to allow better crack tips reconstruction. Finally, we present numerical results
which show the feasibility of the method, even with noisy data.

2 Direct Problem

In order to solve the direct problem introduced in the previous section, we
use a single layer representation of the solution. We introduce the single layer
operator S, : L?(T',) — L?(R?) given by

(S.0)(x) = / (e, y)py)dSy, © € B, (4)

where ¢ € L?(T) is a density and the fundamental solution ® is given by
)
B(a,y) = (Hy (Klz—y)), @ #y,

in terms of the Hankel function Hél) of the first kind and order zero. We can
now represent the solution u as

w(@) = (S:9)(2) +u'(z), zeR.
By the boundary condition (2) we want to solve the integral equation
(S:¢)(z) = —u'(z) onT ()

in order to the unknown density . The density ¢ is assumed to have the form

P(a)
= , zeT\{z_{}U
o(z) o= alz—7a] ° \{z—1} U {21}
where ¢ is a bounded function and z_;,2; are the crack tips. Therefore ¢
might have singularities at the endpoints of the crack I'. In order to lose these
singularities one uses the cosinus substitution (cf. Yan, Sloan [8]) and introduces
the operator S, : L?[0,2n] — L?[0, 27] given by

27
(S:0)(t) = [ H(t,7)y(r)dr, tel0,2a]. (6)
0
where ¢ € L?[0, 27] is now a bounded 27 —periodic even function (cf. Kress [5])
given by
»(t) = p(z(cost))|z'(cost)|| sint]|



and .
H(t,7) = %Hél)(ldz(cost) — 2(cosT)|), t#T.

From (5) one wants to solve the equation

(S:9)(t) = —u'(z(cos(t))) ¢ € [0,2n] (7)

in order to ¢. As the kernel H(¢,7) has a logarithmic singularity at t = 7 we
need to use a proper integration rule. We use the same proceeding as in [5],
that is, we consider trignometric interpolation of the density 1 and use an exact
quadrature rule on the trignometric interpolation polynomial which considers
explicitly the logarithmic singularity of the kernel.

Afterwards, one can approximate the solution of the problem using

i

u(z) = - /Oﬂ HV (k|z — 2(cos7))(r)dr + ui(z), = €R. (8)

4
Introducing the far field operator F, : L2(T,) — L?(Q), where
Q={z:2eR,|z| =1},

given by

e'i
Vv8rk Jr,

and using once more the cosinus subtitution, one introduces the new operator
F, : L([0,27]) — L?(Q) given by

(F.o)(2) = e MYp(y)dSy, €N 9)

o
~ eta

(FL) (&) = — e~ ika-2(Cos )y (Vdr, & e Q. (10)
0

One can now represent the far field by
Uoo(®) = (Fo9)(8), &€
where 9 is the solution of (7).

We are interested in solving the inverse problem related to the previous direct
problem, i.e., given u? and the far field pattern u.,, we want to determine the
position and shape of the crack T, knowing that (1), (2) and (3) are satisfied.

3 Inverse Problem

Given the far field pattern g, which may be perturbed, we want to approximate
the position and shape of the crack. We introduce the operator G defined by

G:v > ul,

that maps a line v € R? onto the trace of the total field u on 7.



Our goal is to find v such that
G(v) =0,

according to the boundary condition (2). Considering a parametrization z of 7
we can rewrite the previous equation as

G(z)=0

where we use the same symbol for the operator G, though this operator is now
defined in a parametrization space. By linearizing the equation, we are led to

G(z+h) = G(2) + G'(2) h + O(h?)
and, as the Frechet derivative of G is obviously given by
G'(z)h = gradul,.h,
we get the linearized equation
u|, + gradul,.h = 0, (11)

once, given a z, we want to find h such that G(z + h) = 0, in a minimization
sense.
Considering that I' is our exact solution, it is important to notice that for
every line v C I" we have
uly =0

and therefore it might be expected that the solution from (11) will lead us to
a line v C T that is not the crack itself. To prevent this we need to impose
some condition on the length of the new crack I',;,. So instead of looking for
a solution of (11) we will look for A that minimizes

|lu + gradu.h||p2(r,) — V||T 24l (12)

for some small constant v > 0.

This is the main idea for each iteration of our method. Given an initial guess
z, one minimizes (12) to get h and establishes z + h as the new guess, repeating
this process iteratively.

4 Numerical Implementation

Let

L,={z2@t):te[-1,1]}
be a crack defined by z : [—-1,1] — R?. We will only consider parametrizations z
in the bounded subset V C H![—1,1] which are admissible. We want bounded

cracks, i.e., bounded lines in R?, which do not intersect themselves. Therefore
we need the following definition of admissible cracks.



Definition 1. Letz € ', andt, € [0, 7] such that x = z(cost,). A parametriza-
tion z is called e— admissible if for every x € T', and every 0 < n < € there exists
t1,12 € [0,7‘[’], t1 < ty < to, such that

I'.NB(z,n) ={z(cost) : t; <t < ta}.

It is easy to show that for each € > 0 the space of e—admissible parametriza-
tions is closed.

We consider an initial crack I', and according to the previous section we want
to find h such that (11) is satisfied. Therefore we need to have an approximation
of the total field and its gradient on T',. Given the far field g, one starts by
solving the equation ~

(F9)(2) = 9(2), 2€9 (13)
in order to ¥ by applying the Nystrom method to the Tikhonov regularized
equation.

Then we can now approximate the total field u by the single layer represen-
tation (8). To approximate the gradient we use the decomposition in the normal
and tangential derivative of the total field u, that is,

ou ou

gradu(z) = 55 5¢ + n

where s, and n, are the tangential and normal unit vectors to the crack on

its point . For the tangential derivative we use trignometric differentiation

of u(z(cost)) for t € [0,7], that is, we use the derivative of the trignometric

interpolation polynomial of the previous function on the nodes considered in

the Nystrom method as approximation of the tangential derivative of the total

field, multiplying it by the jacobian of the variable transformation. Concerning
the normal derivative, one knows that

Ny

ou z) i [0 ou?
5 (@) = ;‘9(2 )4 Z/0 5 Ho' (K|z = 2(cos T))(r)dr + 5 —(2), z €T,
where, by definition,

o(2(cost)) = 40, t €10, 7. (14)

[/ (cos(®))] |sin(t)]

Once more one needs to be careful with the quadrature rules used because both
kernels involved have singularities. For details we refer to [2].

Considering a finite n-dimensional parametrization subspace V,, C V, we
want to minimize (12) in order to the parametrization h. The minimization is
made by a Levenberg- Marquardt step.

Remark 1. At each point considered in the minimization approximation, one
needs to decide which value of the gradient of the total field to choose. As
we want u to be zero, we choose the side in which the normal derivative of the
absolute value of the total field has the steepest descent, according to the quantity

0 2 _ _Ouy
%|ui| = 2Re (u W) .



Remark 2. At the endpoints of the crack the normal derivative might have
singularities according to (14). Therefore, once the Newton method uses the
gradient of u to move the current approrimation to the next one, it might me
expected that the successive approximations do not move in the normal direc-
tion near the crack tips. To prevent this problem, we introduce a weight in the
minimization with decay

V(e —21)(z - 21)

as x € I',  goes to the endpoints z_1 and z;. However, this may bring less
accuracy at the crack tips reconstruction.

5 Minimization Problem

In this section we will consider a minimization problem that is related with the
hybrid method presented in the previous sections.
We introduce the cost function u(.,.,a,v) : L?[0,27] x V — R defined by

/J/('Qbazaa; V) = 0‘||¢’||%2[0,27r] - V||FZ||2 + :ul(w’z) + /J/2(¢7z)

where ~
(9, 2) = ||F () — ool 72(0)
and
p2 (1, 2) := ||S: (¢ o arccos oz ™) + u™ |72 p ).

Our goal is to minimize g in order to z and %, given some fixed small o and v.
We introduce the following definition.

Definition 2. A crack T, is called optimal if there exists a function 1 € L?[0, 27]
such that the pair (¢, z) minimizes the cost function pu over L?[0,2n] x V.

We can now establish the following results, which are related with the exis-
tence and uniqueness of the minimum of the cost function .

Theorem 1. Assumel > 5/2. Then for each g € L*>(Q) and each regularization
parameters o and v there exists an optimal curve.

Proof. We will follow Chapko, Kress [1]. Consider (¢, 2,) a minimization se-
quence in L?[0,27] x V, i.e.,

im p(Yn, 2n, a,v) = M(a,v)

n—oo

where

M = inf .
(o, v) %Lz[g}gﬂ’zevu(tﬁ, z,a,v)

By the Sobolev imbedding theorems, one knows that under the assumptions
on I, H'[0,2r] C C?[0,27]. As V is bounded, one can assume convergence
Zn = 2z as n — o0 in C? norm. Clearly we have that z € V and that

Jim [|T, || = [T



Once o > 0 and
al|YnllZ20,20) < #(W¥ns 2n, @, v) + [Tz, || = M(a,v) +v[[T.]], n— oo,

we have that the sequence (1) is bounded. Therefore, one can assume weak
convergence ¥, — Y as n — oo.

Since both F, : L2[0,2x] — L*(S?) and S, : L*(I",) — L?(T',) are compact
operators and Frechet differentiable, from the convergence z, — z € C? one
gets operator norm convergence (cf. Colton,Kress [2])

HILII;O||FZ _anllLZ(Q) =0 and nli—{go“Sz_Sz"”Lz(F) =0.

From the limits, using the triangle inequality and the boundedness of the se-
quence (1,,) one gets 3 }
lim F,, (¢n) = F;(¥)

and
lim S, (1, o arccosoz™!) = S, (¢ o arccos oz ™).
T— 00

Hence we have convergence

all¥nllZop0,2m = M(@) = pa(p, 2) = pa(p, 2) + VIIT:|? < @]l 20

for n — oo. It follows from the previously established weak convergence that
nlggo [[¢n — ¢||i2[0,27r] = nh_{go ||¢n||i2[0,27r] - nh_{%o ||¢||i2[0,27r] <0,

which means we also have norm convergence 1, — 9, n — 00. By continuity
one can now establish the result. O

Theorem 2. Assume I > 5/2 and let (o) and (v,) be two null sequence
and (z,) be the corresponding sequence of solutions to the optimization problem
with regularization parameters «,, and v,. Assume that g is the exact far field
pattern of the solution of the Dirichlet Problem for the crack ', with z € V.
Then, every limit point z* of z, represents a crack on which the total field
vanishes.

Proof. Since we can represent the solution of (1) and (2) using a single layer
potential by (8) using the solution % of (13) for T',, and once g is the exact far
field pattern one clearly gets pi (%, 2) = pa(1), z) = 0, which means

M(a,v) = a||¢[|72p0,20,) — ¥IIT:11> =+ 0, a—=0,v—0.

As in the previous proof one can assume that there exists a C? convergent
subsequence z,x) — 2%, k — oo, where z* € V. Let u* be the solution to
the problem considering the crack I',«. As 2 is optimal for the parame-
ters (), Vn(k), there exists ¥,y € L?(0,2) such that

/J’(lpn(k) s Zn(k)s Cn(k), Vn(k)) = M(an(k) ) Vn(k))a k=1,2,....



Therefore

12 (Un(kys Znky) < M(@Qn(ry Vak)) + Vni) Tzl = 0, k& — 00,

From this and from the fact that «* = 0 on I',+, by the continuous depen-
dence of the solution of the problem on the crack in the L? sense, we get

|IF:

Zn (k)

() — ulll7e(szy = 0, k= o0
where v’ holds for the far field pattern of u*. As we also have that
||Fz(¢) - 9”%2(52) < M(an(k)ayn(k)) + Vn(k)HFZn(k) || - 07 k — o0

we conclude that
g=u’, onS?

and so u = u* as a consequence of the Rellich Lemma. Therefore
w+ut=0 onT,
which completes the proof. O

In practice, the hybrid method does not minimize globally the cost function
. The minimization is divided in two parts. One starts by minimizing the
function

a|[¥[L2@y + (¥, 2)

in order to % for a fixed z, and then minimizes the function

pa (9, 2) — V|||

in order to z, for ¢ the solution of the first minimization problem, using a
Levenberg-Marquardt step. Therefore this theoretical background still needs
some work.

6 Numerical Examples
We will now present a few numerical examples of the method presented in the

previous sections.
As space of parametrizations we choose

2

N
Ve =1420) = D aTi(), Y bTi() | s aj,b5 € Rlaj| < C,Jbj| < C
Jj=0 Jj=0

where T holds for the Chebyshev polynomial of degree j, that is, parametriza-
tions which both components are linear combinations of Chebyshev polynomials
of degree less or equal to N. The choice of Chebyshev polynomials is natural,
since the parametrizations are defined in [—1,1], and it allows to approximate
a great variety of cracks.



In the examples through this section we will consider the incident plane field
given by . _
ul (x) — e’l Z.
where the wave number is £ = 1 and the propagation direction is d = (0,1). We

will use Chebyshev polynomials of degree less or equal to N=5.

We use 40 points for reconstruct the density ¢ in (13) and 30 points for
the minimization by the Levenberg-Marquardt step of (12). In the examples
shown, the parameter v in (12) is settled to be v = 10~2. Numerical experiments
showed us that this choice should be made such that the minimum of the cost
function is close to zero, which requires more a priori information on the length
of the crack.

We start by presenting a reconstruction of a parabolic crack defined by

2(t) = (t,7)

in figure 1. The approximation is very good, even with a perturbed far field
pattern.

Figure 1: Comparison of the approximation (in black) obtain with the given initial guess
(dashed line) with no noise (left) and 5% noise (right) and the exact crack (in grey) .

In figure 2 we present a reconstruction of a crack that can not be given by
a graph of a function, with parametrization

2(t) = (t + 13t +t1/2).

We note that in this case, due to the extreme curvature near one of the crack
points, the quality of the approximation depends greatly on the initial guess
given. The reconstruction presented is also very good, both in shape and posi-
tion of the crack.

As last example, we present a reconstruction of a crack that is out of the
approximation space Vy ¢, with parametrization

z(t) = (t,sin(1.51)).

The results are presented in figure 3. This example shows also what was pointed
out in remark 2, as the reconstruction in the middle of the crack is much better
than in its endpoints.

10



Figure 2: Comparison of the approximation (in black) obtain with the given initial guess
g
(dashed line) with no noise (left) and 5% noise (right) and the exact crack (in grey).

Figure 3: Comparison of the approximation (in black) obtain with the given initial guess
(dashed line) with no noise (left) and 5% noise (right) and the exact crack (in grey) .

The results show that the method gives accurate reconstructions of the crack,
even with noisy data, though a good choice of an initial guess is needed. However
the approximation of the crack tips still needs improvement, once, in some cases,
it is not so accurate as in the middle part of the crack.
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