A survey on Bogoliubov generating functionals
for interacting particle systems in the continuum

Dmitri L. Finkelshtein and Maria Jm Oliveira

Abstract This work is a survey on Bogoliubov functionals and theirlagions to
the study of stochastic evolutions on states of continuofiisiie particle systems.

1 Bogoliubov generating functionals

Let I := Iza be the configuration space ovef, d e N,
r= {yc RY: |ynA| < o« for every compact ¢ Rd},

where|-| denotes the cardinality of a set. As usual we identify eaeh™ with the
non-negative Radon measyfg-, & on the Borelo-algebraz(RY), wheredy is the
Dirac measure with mass &ty .o o := 0. This allows to endow with the vague
topology, that is, the weakest topology brwith respect to which all mappings

Moy (fy) = /Rddy(x)f(x): £(x)
are continuous for all continuous functiofison RY with compact support. In the

sequel we denote the corresponding Baredlgebra o™ by Z(I").

Definition 1. Let i be a probability measure @i ,. 2(I" )). The Bogoliubov gener-
ating functional (shortly GFB,, corresponding tq is a functional defined at each

Dmitri L. Finkelshtein
Department of Mathematics, Swansea University, Singleton Barinsea SA2 8PP, United King-
dom, e-mail: d.l.finkelshtein@swansea.ac.uk

Maria J&@o Oliveira
Universidade Aberta and CMAF, University of Lisbon, P 1649-Q048bon, Portugal, e-mail:
oliveira@cii.fc.ul.pt



2 D. Finkelshtein, M. J. Oliveira

%(RY)-measurable functiol by
B,(6) = [ du(y) [](1-+603) ®

provided the right-hand side exists @, i.e.,By(|6]) < .

Observe that for each > —1 such that the right-hand side of (1) exists, one may
equivalently rewrite (1) as

Bu(0):= [ du(y)e" o),

showing thaB,, is a modified Laplace transform.

From Definition 1, it is clear that the existenceR)f(6) for 6 # 0 depends on
the underlying probability measuge However, it follows also from Definition 1
that if the GFBy, corresponding to a probability measyreexists, then the domain
of B, depends omu. Conversely, the domain @&, reflects special properties over
the measurg [23]. For instance, ifu has finite local exponential moments, i.e., for
all o > 0 and all bounded Borel sefs C R,

[ dutyen <,
i

thenBy, is well-defined, for instance, on all bounded functiéhsith compact sup-
port. The converse is also true and it follows from the faet,tfor eacha > 0 and
for each/\ described as before, the latter integral is equét(e” — 1)1, ), where
1, is the indicator function ofA. In this situation, to a such measyreone may
associate the so-called correlation meagyye
In order to introduce the notion of correlation measureaforn € Ng := NU{0}
let
rm:.—{yer:lyl=n},neN, r©:={o}.

Clearly, each” (", n € N, can be identified with the symmetrization of the set
{(X1, -, Xn) € (RYM 2% #£x; if i # j} under the permutation group ovgt, ...,n},
which induces a natural (metrizable) topology/of?) and the corresponding Borel
o-algebraz(I" (). Moreover, for the Lebesgue product meas{te)“" fixed on
(RN, this identification yields a measumé” on (I (", 2(r (")), This leads to the
space of finite configurations

fo:=||r®
n=0

endowed with the topology of disjoint union of topologicalases and the corre-
sponding Borelo-algebra% (), and to the so-called Lebesgue-Poisson measure
on (ro,@(ro)),

1 Of course, for any probability measugeon (I", %(I")) one has8, (0) = 1.
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A= Agxi= ZO m” O{0}) = (2)

Given a probability measurg on (I",2(I")) with finite local exponential mo-
ments, the correlation measysg corresponding t is a measure oo, %(lo))
defined for all complex-valued exponentially bound&d)-measurable functions
G with local suppor by

J deutmein) = [ duy) 5 Gin) ©

[n]<e

As a consequence, for every bound@R®)-measurable functiof with compact
support ands =g (9),

~ 0. nem\{0), e(0.0):=1

Xen

definition (3) leads to

6) = [ du(y) [1(1+609) = [ du(y eA(G,n)=/dpu(n)eA(9,n),
xey lo

\fl\<°°

yielding a description of the GB, in terms of either the correlation measygor

the so-called correlation functidg, := dﬁ“ corresponding tq, if p, is absolutely

continuous with respect to the Lebesgue-Poisson meadsure
Bu(0) = | dA(n)er(8,n)ku(n). (4)
0

Throughout this work we will consider GF defined on the whdle= L1(RRY, dx)
space of complex-valued functions. Furthermore, we wiluase that the GF are
entire. For a comprehensive presentation of the genermahttod holomorphic func-
tionals on Banach spaces see e.g. [1, 5]. We recall that diduatA : L1 — C
is entire onL! wheneverA is locally bounded and for alfp, 6 € L* the mapping
C >z A(By+20) € C is entire. Thus, at eadhy < L, every entire functionah
onL?! has a representation in terms of its Taylor expansion,

0

A(90+29):Z)i?d”A(GmQ,...ﬁ), zeC,0 el
Lol

Theorem 1.Let A be an entire functional on'LThen each differential\(6p; -),n €
N, 6 € L' is defined by a symmetric kernel

2 That i5,Gl\r, =0,Ta :={n €T :n C A}, for some bounded Borel satC RY and there are
C1,Co > 0 such thatG(n)| < C1e%1Ml for all € Io.
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3"A(60;-) € L™(RI") := L™ ((RY)", (dX)“")

called the variational derivative of n-th order of A at theipio8y. More precisely,

d”A(Go; 6, ..., Gn) = (90+ Z 9)
021 Zl S

= dxy...dx, 0"A(6o;xq,. .., %n) [ 6 (%
[

for all 61,...,6, € L1. Moreover, the operator norm of the bounded n-linear func-
tional d"A(6p; -) is equal to|| 6"A(6p; -) | = ran) and for all r > 0 one has

1
10A(B0; )| (re) <+ SUP |A(6o+6")] (5)
|6/ <
and, for n> 2,
e n
18°A(Bo; ) o oy < 11 () Sup A(Bo+6')]. 6)
’ ngr

Remark 11) According to Theorem 1, the Taylor expansion of an entirefional
A at a point8y € L* may be written in the form

n

n . a
A(Bo+6) = ZOHI/Rd G

= e dA (r’) 5nA(60! r’)e)\ (97 ’7)7
0
whereA is the Lebesgue-Poisson measure defined in (2).
2) Concerning Theorem 1, we observe that the analogoud idses not hold
neither for othetP-spaces, nor Banach spaces of continuous functions, ol&obo
spaces. For a detailed explanation see the proof of Theogerd Remark 7 in [23].

The first part of Theorem 1 stated for GF and their variatiaheivatives at
6o = 0 yields the next result. In particular, it shows that theuagstion of entireness
onlL'is a natural environment, namely, to recover the notion afetation function.

Proposition 1.Let B, be an entire GF on £ Then the measurg, is abso-
lutely continuous with respect to the Lebesgue-Poissorsureda and the Radon-

Pu

Nykodim denvauvelk_ is given by

ku(n) =3"'B,(0;n) forA-a.a.n e ro.

Remark 2 Proposition 1 shows that the correlation functitkﬂ% =Kylrm are the
Taylor coefficients of the GB,. In other wordsBy, is the generating functional for
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the correlation functionk&”). This was also the reason why N. N. Bogoliubov [4]
introduced these functionals. Furthermore, GF are alsta@lo the general infinite
dimensional analysis on configuration spaces, cf., e.d. [Radmely, through the
unitary isomorphisns, defined in [21] between the spaté(l,A) of complex-
valued functions and the Bargmann-Segal space oneBipdsS, (ky).

Concerning the second part of Theorem 1, namely, estima}esi@ (6), we note
that A being entire does not ensure that for every 0 the supremum appearing
on the right-hand side of (5), (6) is always finite. This widllti if, in addition, the
entire functionalA is of bounded type, that is,

Vr>0, sup |A(Bp+0)| <, Vlell

HGHL]_SI'

Hence, as a consequence of Proposition 1, it follows frona() (6) that the cor-
relation functionk, of an entire GF of bounded type art fulfills the so-called
generalized Ruelle bound, that is, for anyK® < 1 and anyr > 0 there is some
constantC > 0 depending om such that

e

ku(m) < C(Iniy**

r)'”‘, A—aanely. @)

In our caseg = 0. We observe that if (7) holds fer= 1 and for at least one> 0,
then condition (7) is the classical Ruelle bound. In term&Bfthe latter means that

[Bu(6)] < Cexp(?HGHLl) , as it can be easily checked using representation (4) and
the following equality [22],

/rod/\(n)eA(tn) =exp(./Rddxf(x)> . felk

This special case motivates the definition of the family ofi@zh spaces,, a > 0,
of all entire functionald® on L! such that

IBllq = sup (|B(8)|e &%) < oo, (8)
ocLl

cf. [23, Proposition 23], which plays an essential role ie 8tudy of stochastic
dynamics of infinite particle systems (Sect. 2).

For more details and proofs and for further results conogr@F see [23] and
the references therein.

2 Stochastic dynamic equations

The stochastic evolution of an infinite particle system rhigh described by a
Markov process orf, which is determined heuristically by a Markov generator
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L defined on a suitable space of functions/onlf such a Markov process exists,
then it provides a solution to the (backward) Kolmogorovaqn

d
aFt = LFtv Ft|t=0 = FO (9)

However, the construction of the Markov process seems tdtbe a difficult ques-
tion and at the moment it has been successfully accomplishigdor very restric-
tive classes of generators, see [16] and [24].

Besides this technical difficulty, in applications it turogt that one needs a
knowledge on certain characteristics of the stochastituéen in terms of mean
values rather than pointwise, which do not follow neithenirthe construction of
the Markov process nor from the study of (9). These chariatites concern e.g. ob-
servables, that is, functions defined onfor which expected values are given by

<F,u>:/r du(y)F(y),

wherep is a probability measure of, that is, a state of the system. This leads to
the time evolution problem on states,

%(E pe) = (LR, k), el _o = Ho. (10)

Technically, to proceed further, first we shall exploit ditiom (3), namely, the
sum appearing therein, which concerns the so-cafladansform introduced by
A. Lenard [26]. That is a mapping which maps functions defiordy into func-
tions defined on the spade. More precisely, given a complex-valued bounded
%(Ip)-measurable functio® with bounded suppott(shortly G € Bys(p)), theK-
transform ofG is a mappindKG: I — C defined at eacr€ I" by

(KG)(y)= Y G(n). (11)
ncy
<o

It has been shown in [20] that thé-transform is a linear and invertible mapping.
Thus, definition (3) shows, in particular, that for any proitisy measurep on
(I, 2(I)) with finite local exponential moments, one hBgs(Io) C LY(Io, py).
Moreover, on the dense s&s(lo) in LY(Io,pu) the inequality [[KG|| 1,y <
”GH'-l(Pu) holds, which allows an extension of tiketransform to a bounded op-
eratorK : LY(Io, py) — LY(I", 1) in such a way that equality (3) still holds for any
G € LY(Io, py). For the extended operator the explicit form (11) still fldow
U-a.e. This means, in particular,

3 That is, G| ))E 0, I’/f”) ={nerl:ncAnr®, for someN € Ny and for some

rO\(UN:o’—/En
bounded Borel set C RA.
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(Ker () () =[]A+ (X)), p-aayerl,

Xey

for all (RY)-measurable functionf such thag, (f) € L1(lo, py), cf. e.g. [20].

In terms of the time evolution description (10) on the state®f an infinite
particle system, these considerations imply thatFdoeing of the typeF = KG,
G € Bps(l0), (10) may be rewritten in terms of the correlation functidps= ky,
corresponding to the statgs, provided these functions exist (or, more generally, in
terms of correlation measurps:= py,), yielding

d

a <<G7 kt>> = <<I:Ga kt>>a k( |t:0 = kuoa (12)

wherel := K~1LK and((-,)) is the usual pairing

(G,k) == | dA(n)G(n)k(n). (13)

)

Of course, a stronger version of (12) is
d i *
aktzl— kt7 kt|t:0:k[.lo7 (14)

for L* being the dual operator @fin the sense defined in (13).

Representation (4) combined with (12), (13) gives us a wayiden the dynam-
ical description towards the GB, := By, corresponding tq [13, 23], provided
these functionals exist. Informally,

7} 7} N
530 = [ dAmen©.n) Fkin) = | dr(m)(Ler(@)mk(n).  (19)

lo

In other words, given the operatardefined atB(6) := Jr,dA(n) e (8,n)k(n),
k:To— [0,+), by

(LB)(O) := A dA(n) (Lex (8))(n)k(n), (16)

heuristically (15) means th&, t > 0, is a solution to the Cauchy problem

17} ~
EB[ = LBt; B[ ’t:O = B[Jo- (17)

According to the considerations above, there is a closeamimn between the
Markov evolution (10) and the Cauchy problems (12), (14F)(More precisely,
given a solutiony, t > 0, to (10), if additionally the correlation functidk, cor-
responding to each stafg exists, therk; := k;, is a solution to (12). Similarly,
the informal sequence of equalities (15) shows that if theBgFexists for each
timet > 0, thenB; := By, solves (17). Conversely, given a solutikrto (12), or to
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(14), or a solutiorB, t > 0, to (17), fork,, andBy, being, respectively, the cor-
relation function and the GF corresponding to the initiatetiy of the system, an
additional analysis is needed in order to check that éachesp.,B;) is indeed a
correlation function (resp., a GF) corresponding to somasueey;. If so, then,
by constructiony, t > 0, is a solution to (10) ankt = k;, (resp.,B; = By,). For
more details concerning the aforementioned analysis spd1€)] for the case of
correlation functions, and [23, 25] for the GF case.

Remark 3 Although correlation functions appear in this work as a s&taark, we
note that the study of the properties of correlation funtiof a dynamics is a clas-
sical problem in mathematical physics. In order to analfieesikistence of solutions
to (12), (14), and the properties of such solutions, somecgmbes have been pro-
posed. One of them is based on semigroup techniques, whidhirtb-and-death
dynamics has been accomplished in e.g. [7, 10, 12, 18, 19kamuarized in a
recent article [11]. Another approach is based on the ded@vsyannikov tech-
nique and it has been successfully applied in the analydigtbfand-death as well
as hopping particle systems (on a finite time interval), sge[2, 3, 6].

In most concrete applications, to find a solution to (17) oraa&h space seems
to be often a difficult question. However, this problem maysimeplified within the
framework of scales of Banach spaces. We recall that a s€&armch spaces is
a one-parameter family of Banach spad@s : 0 < s < s} such thatBy C By,
|-1l¢ < |- ll¢ for any pairs, s” such that 0< §' < " < 55, where|| - ||s denotes the
norm inBs. As an example, it is clear from definition (8) that for eagh> 0 the
family {&y : 0 < o < ap} is a scale of Banach spaces.

Within this framework, one has the following existence amiqueness result
(see e.g. [27]). For concreteness, in subsections belowilhenalyze two examples
of applications.

Theorem 2.0n a scale of Banach spac€Bs: 0 < s< 5} consider the initial value
problem
du(t)
dt
where, for each & (0,5) fixed and for each pair'ss’ such that s< s’ < §’ < 5,
A: By — By is a linear mapping so that there is an MO0 such that for all ue By

=Aut), u(0)=up € By, (18)

M
Ay < 5= luls-
Here M is independent of s’ and u, however it might depend continuously os3.s
Then, for each & (0,%), there is a constand > 0 (which depends on M) such
that there is a unique function [0, (s —s)) — Bs Which is continuously dif-
ferentiable on(0,3(sp — 5)) in Bs, Au€ Bs, and solveg18) in the time-interval
0<t<d(s—9).
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2.1 The Glauber dynamics

The Glauber dynamics is an example of a birth-and-death hdukre, in this spe-

cial case, particles appear and disappear according tdtardéaidentically equal to
1 and to a birth rate depending on the interaction betwedicles. More precisely,

let @: RY — RU{+o} be a pair potential, that is, @ (R%)-measurable function
such thatp(—x) = @(x) € R for all x ¢ RY\ {0}, which we will assume to be non-
negative and integrable. Given a configuratyon I, the birth rate of a new particle
at a sitex € RY\ y is given by exp—E(x, y)), whereE(x, y) is a relative energy of

interaction between a particle locatedkatnd the configuratiog defined by

E(Xa V) = Z (p(xiy) € [07 +°°}' (19)
yey

Informally, in terms of Markov generators, this means thatlbehavior of such an
infinite particle system is described by

LeF)W) = Y (FOADH —F (1) +2 [, dxe B9 (F(yu{x) —F (), (20)

XEy

wherez > 0 is an activity parameter (for more details see e.g. [13). I¥jus, ac-
cording to Sect. 2, the operatiog defined in (16) is given cf. [13] by

(LB)(6) = — /]R ,0x0(x)(5B(8;%) ~7B(0e ) e ) 1) ). (21)

The Glauber dynamics is an example where semigroups theorpe apply to
study the time evolution in terms of correlation functiosege e.g. [10, 12, 19].
However, within the context of GF, semigroup techniquesrsde not work (see
e.g. [17]). This is partially due to the fact that given theumal class of Banach
space,, the operatot g maps elements of a Banach spagea > 0, on elements
of larger Banach spaceé$,, 0< a’ < a [14]:

. a’ lola o
ILcB|lar < o l1+zoe @ IIBlla, Be&s.

However, this estimate of norms and an application of Thea2dead to the fol-
lowing existence and uniqueness result.

Proposition 2.[14, Theorem 3.1] Given amo > 0, let By € &g,. For eacha €
(0, ap) there is a T> 0 (which depends oa, ap) such that there is a unique solution

- 0 ~ .
Bi,t€[0,T), to the initial value problem% = LgB,, (21), Biy—o = Bo in the space
éa.
Remark 41) Concerning the initial conditions considered in Propiosi2, observe
that, in particularBoy can be an entire GBy,, on L! such that, for some constants
ao,C >0, [By,(0)| < Cexp(%) for all 6 € L1. As we have mentioned before, in
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such a situation an additional analysis is required in oimlguarantee that for each
timet € [0, T) the solutiorB; given by Proposition 2 is a GF. If so, then clearly each
B; is the GF corresponding to the state of the particle systaheadtmet. For more
details see [14, Remark 3.6].

2) If the initial conditionBy is an entire GF or.! such that the corresponding
correlation functiorky (given by Proposition 1) fulfills the Ruelle bourkd(n) <
211, n e Iy, wherez s the activity parameter appearing in definition (20), tken
local solution given by Proposition 2 might be extend to eglmone, that is, to a
solution defined on the whole time interJal +). For more details and the proof
see [14, Corollary 3.7].

2.2 The Kawasaki dynamics

The Kawasaki dynamics is an example of a hopping particleeinatiere, in this
case, particles randomly hop over the sp&€eaccording to a rate depending on
the interaction between particles. More preciselyaleRY — [0, +o) be an even
and integrable function and lgt: RY — [0, +] be a pair potential, which we will
assume to be integrable. A particle located at axsitea given configuratiory € I
hops to a sitey according to a rate given bg(x—y)exp(—E(y, y)), whereE(y, y)

is a relative energy of interaction between the sitend the configuratiory de-
fined similarly to (19). Informally, the behavior of such afinite particle system is
described by

LR = 3 [ dyax-yje S EWAGUH-F1),  (22)
Xey

meaning in terms of the operatbg defined in (16) that
(LkB)(8) (23)
= [ ax [ dyax—y)e #*¥(6(y) ~ 6(x)3B(Be * ) e 9V~ 1),
R
cf. [13]. In this case the following estimate of norms holds

lols o
|EkBllgr <267 g 1alulBlla, Beéa,a <a,

which, by an application of Theorem 2, yields the followirtgtement.

Proposition 3. [15, Theorem 3.1] Given amg > 0, let By € &,. For eacha €
(0, ap) there is a T> 0 (which depends oa, ao) such that there is a unique solution
B, t€[0,T), to the initial value probleng: B, = Lk B, (23), Bi—o = Bo in the space
ga .
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3 Vlasov scaling

We proceed to investigate the Vlasov-type scaling propas§g] for generic con-

tinuous particle systems and accomplished in [9] and [2]tlier Glauber and the
Kawasaki dynamics, respectively, now in terms of GF. As aix@d in these ref-
erences, we start with a rescaling of an initial correlafiomction kg, denoted, re-

spectively, b}kg 2), kfé{,, € > 0, which has a singularity with respectamf the type

kgg(n),kf(‘?)(n) ~ &1Mlrg(n), n € Iy, beingrg a function independent af. The
aim is to construct a scaling for the operakey (resp.,Lk) defined in (20) (resp.,
(22)),Lg¢ (resp.,Lk.¢), € > 0, in such a way that the following two conditions are

fulfilled. The first one is that under the scalihg- Ly ¢, #= G,K, the solutiorkéi),
t>0,to '

7 i *
Ekﬂ(:t) = L#,Sk#('f‘i)7 ki#?‘t:o = ki(:())

preserves the order of the singularity with respeet that is,k,Eft) (n)~ 5“'7|r#7t(n),

n € . The second condition is that the dynamigs- r; preserves the Lebesgue-
Poisson exponents, that isrifis of the formrg = €, (po), then eachny, t > 0, is of
the same type, i.ety; = € (pxt), wherepy; is a solution to a non-linear equation
(called a Vlasov-type equation). As shown in [8, Exampld®],in the case of the
Glauber dynamics this equation is given by

2 po1() = —poy() +2e PO, xR, (24)

wherex denotes the usual convolution of functions. Existence agsital solutions
0 < pgi € L” to (24) has been discussed in [6, 9]. For the Kawasaki dyrartiie
corresponding Vlasov-type equation is given by

% Pt (%) = (pr g+ @) (e PP — gy (x) (axe PP (x), xeRY, (25)
cf. [8, Example 12], [2]. In this case, existence of cladssodutions 0< px t € L*

to (25) has been discussed in [2].
Therefore, it is natural to consider the same scalings,rotgrims of GF.

3.1 The Glauber dynamics

The previous scheme was accomplished in [9] through thes dcahsformations
z+— £ 1zand — g of the operatot.g, that is,

(LeeF)() = 3 (F\ D) —F () += /Rd dxe *EXY (F(yu {x}) — F(v)).

Xey



12 D. Finkelshtein, M. J. Oliveira

To proceed towards GF, let us consukéﬁ) defined as before arkﬁ;t en() =
e"”kqt . In terms of GF, these yield

BEL(6) == [ dA(me (6.n)KE(M).
0
and
BGtren /d/\ nex(6,n thren :/I_Od/\(n)e)\(se,n)kgz(n):Bg}(se),

leading, as in (16), (17), to the initial value problem

0
ot B(Gz ren — LG g, fenBEBi ren BEB% rent—q B(G )O ren (26)

where, for allg € L1,

[ —£p(x—) _
(LeerenB) (6 / dx8(x (58 (6,X%) —ZB(Ge £p(x— )+e“::|->>7

cf. [14]. Concerning this operator, it has been also showfidn Proposition 4.2]
that if B € &, for somea > 0, then, for allf € L1, (Lg ¢ renB)(0) converges as
tends zero to

(EGNB)(B) = —/Rddxe(x) (0B(0;x) —zB(6 — p(x—+))).

Furthermore, fixed & o < ao, if B € &, for somea” € (a, ag), then{Lg ¢ renB, Loy B} C
&y foralla < o’ < a”, and one has

~ (o (s} lell 1
||L#B||a/ S m <1+ Zaoe a 1 ||BHUH7

wherels = Lg ¢ renOr Ls = Ly That is, the estimate of norms b ¢ ren, € > 0,
and the limiting mappinth,V are similar. Therefore, given aer,O,Vng,)o,ren €
Eagr € > 0, it follows from Theorem 2 that for eaah € (0, ap), there is a constant
6 > 0 such that there is a unique solutlsfgft ren: [0,0(00—0)) = &, € >0, t0

each initial value problem (26) and a unique soluti&y v : [0,0(ao— o)) — &g
to the initial problem

0 -
EBGtV LevBetyv, Betvii_o=Bcov: (27)
In other words, independent of the initial value problemenmmbnsideration, the so-
lutions obtained are defined on the same time-interval atid wailues in the same
Banach space. Therefore, it is natural to analyze underhmtoaditions the so-
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lutions to (26) converge to the solution to (27). This folkoévom the following
general result [14]:

Theorem 3.0n a scale of Banach spacég®s : 0 < s < 59} consider a family of
initial value problems

dug(t)

at =AcUg(t), Ug(0)=ug; By, €>0, (28)

where, for each & (0,5) fixed and for each pair'ss’ such that s< s < ¢’ < 5,
A¢ : By — By is a linear mapping so that there is an M0 such that for all uc By

M
1Acully < G5 llulls-

Here M is independent a&f,s',s” and u, however it might depend continuously on
s, p. Assume that there is agN and for eache > 0 there is an N > 0 such that
for each pair § s/, s< 9 <5’ < s, and all ue By

p
[Acu—Aoulls < Z kHullgf

In addition, assume thdim,_,oN; = 0 andlim¢_,||us(0) — up(0)||s, = O.

Then, for each & (0,%), there is a constand > 0 (which depends on M) such
that there is a unique solutiorgu [0,0(so—S)) — Bs, € > 0, to each initial value
problem(28) and for allt € [0,0(sp—S)) we have

lim ue (t) — to(t)]ls = O

We observe that if & @ € L1 NL*, then, givenag > a > 0, for all B € &,
a” € (a,apl, one finds [14, Proposition 4.4]

19l 7@l 2a0 4a8
|||-GsrenB LGVB”a’ < SZ”(p”L“”B”O{”e a ( a’—a’ + (U”— a/)ze

for all a’ such thata < a’ < a” and alle > 0. Thus, given the local solutions
B(Gg‘z,ren’ Bgtv, t €[0,0(ag—a)), in & to the initial value problems (26), (27),
respectively, WithBE?O rers BG,OV € Eag, if limg_o ||Bg§,)o,ren* Beov|lag = 0, then,
by an application of Theorem 3, Il,m,oHBG“en Bgtvl|la = 0, for eacht €
[0,6(ap— a)). Moreover [14, Theorem 4.5], Be ov(0) _exp(fRd dxpo( )6(X)),

6 € L1, for some function & po € L® such thaf]po||L~ < =, and if ma>{ z} < %
then, for each € [0,0(ao— a)),

_au

Beiv(0) = exp(/ﬂ%ddxp[(x)e(x)) , Bell
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where 0< p; € L* is a classical solution to equation (24) such that, for daeh
[0,8(a0—a)), ||At[lL= < £. For more results and proofs see [14].

3.2 The Kawasaki dynamics

In this example one shall consider the scale transformagien €@ of the operator
Lk cf. [2], that is,

LeeF))i= 3 [ dyac—y)e =0 (F(y\ (U {y) —F(v)-

XEy

To proceed towards GF we considké‘?%, ki(f_z’ren andBff} defined as before, which
lead to the Cauchy problem ’

0
0t BE( 1 Jren—

LK €, renBE< 2[ rem Blti,ren‘tzo = BI(< 2) ren (29)
with

(CcrenB)(6) = [ dx [ dyax—y)e = ¥(6(y) - 6(x)

—EQ(y—) _
x OB <6e‘£“’(y") f& - . 1;x) :

forall e > 0 and allg € L. Similar arguments show [15] that giverBae & for
somea > 0, then, for allg € L1, (Lk.e,renB)(0) converges as tends to zero to

(LevB)(8):= [ ax [ dyalx—y)(6(y)~ 6(x))3B(8 — ply—):X).

In addition, given 0< a < a, if B € &, for somea” € (a, ag], then{ Lk ¢ renB, Lk vB} C
&y foralla < a’ < a”, and the following inequality of norms holds

Qo

ol 1
_—— e a
(a// _ a/)

wherely = Lk ¢ renOr Ly = L v. Now, let us assume that0 ¢ € L'NL* and let
ao > a > 0 be given. Then, for aB € &,», a” € (a,ap], the following estimate
holds [15, Proposition 4.3]

4Bl < 2]/l s

|| IN—K s.renB - I:K.V B”a’

lol 1 ao 1 8a3
<2£||aHL1||(p||L°°7||B||D{”e a ((29|(P||L1+e> a—a a’)2>

a// _
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forall o’ such thatr < a’ < a” and alle > 0, meaning that one may apply Theorem
3.

Proposition 4.[15, Theorem 4.4] Given ad < a < ap, let Bff}’ren? Bktv,t€[0,T),
be the local solutions i#y to the initial value problem£29),

EBK,t,V =LkvBkty, Bkivi_o=Bkov;

With B rem B0 € ag. If 0< @ € LENL® andlime_0 |[Bi b ren— Br.owllap = O,
then, for each € [0,T), Iimg_>o||Bff27ren— Bk.tv|la = 0. Moreover, if B ov (0) =
exp( fra dXpo(X)0(x)), 6 € L1, for some functio® < pg € L™ such that||po||L» <
aio, then for each £ [0,T), Bx1v(0) = exp( fza dxp(X)0(xX)), 6 € L1, where0 <
P € L™ is a classical solution to equatiqi25).
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