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ABSTRACT. We consider a semi-Riemannian metric whose associated geodesic
flow either contains a non-hyperbolic periodic orbit or has infinitely many
hyperbolic periodic orbits. Under some conditions, we show that the metric
can be C2-perturbed such that the geodesic flow exhibits positive topologi-
cal entropy, there are infinitely many non-lightlike closed geodesics, and their
number grows exponentially with respect to the length.

1. INTRODUCTION

Semi-Riemannian geometry extends Riemannian geometry by relaxing the re-
quirement that the metric has to be positive definite. In this broader framework,
many geometric structures remain valid. However, certain results, such as those
related to the geodesic flow, object of this work, do not carry over as easily. For
instance, in Riemannian geometry, the Lyusternik-Fet theorem guarantees the ex-
istence of closed geodesics on closed manifolds. On surfaces, the number of closed
geodesics is infinite, and in higher dimensions, this holds generically, as shown by
Rademacher’s theorem.

In contrast, the semi-Riemannian case presents a more complex picture (cf. [12]).
We mention here some results for the particular case of Lorentzian metrics. For
closed orientable Lorentzian surfaces, it has been proven that at least two simple
closed geodesics exist, one of which is either timelike or spacelike [29]. There are
examples of surfaces that only have those two closed geodesics. For the other
surfaces, whether additional closed geodesics exist remains an open question, as
does the case for Lorentzian manifolds in dimensions greater or equal than three
(see [121[17] and references therein for some partial results).
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In the following, we demonstrate that the existence of even one elliptic closed
geodesic is sufficient to find a nearby metric with infinitely many closed geodesics.
This results from the presence of a hyperbolic set, which introduces significant
dynamical complexity, as indicated by positive topological entropy. A similar con-
clusion holds under some conditions if the number of hyperbolic closed geodesics is
infinite. Note that periodic orbits of the geodesic flow project to closed geodesics
on the manifold.

Theorem 1.1. If the geodesic flow of a C? semi-Riemannian complete metric on
a smooth closed manifold has a quasi-elliptic periodic orbit, then the metric can be
C™>-perturbed such that it has a non-trivial non-lightlike hyperbolic basic set.

Starting with a non-hyperbolic non-lightlike periodic orbit, we can use the version
of Franks’ lemma for semi-Riemannian metrics (see Theorem [3.0]) to reduce to the
previous case.

Corollary 1.2. If the metric has a non-hyperbolic non-lightlike periodic orbit, then
it can be C?%-perturbed such that it has a non-trivial non-lightlike hyperbolic basic
set.

We now deal with the case of hyperbolic periodic orbits. Notice that if they
are lightlike, by hyperbolic stability there are also non-lightlike hyperbolic periodic
orbits.

Let H be the set of C? semi-Riemannian complete metrics on a smooth closed
manifold whose geodesic flows satisfy the following properties:

(1) all non-lightlike periodic orbits are hyperbolic,
(2) there are infinitely many non-lightlike periodic orbits with infinitely many
different periods.

Denote by F* the C?-interior of H.

Theorem 1.3. For any metric in F* the closure of the set of periodic orbits con-
tains a non-trivial non-lightlike hyperbolic basic set.

A C? semi-Riemannian complete metric belongs to P if its geodesic flow has
a quasi-elliptic periodic orbit, a non-hyperbolic non-lightlike periodic orbit or it
belongs to F*. The above results imply that any metric in P can be perturbed to
create a non-trivial non-lightlike hyperbolic basic set.

Recall that a non-trivial hyperbolic basic set for the geodesic flow of a metric g
is a hyperbolic, infinite, transitive and locally maximal set (see e.g. [21]), which is
C?-stable. Such a set contains a transverse homoclinic point, thus the topological
entropy hiop(g) is positive and there are infinitely many periodic orbits. Moreover,
the number of periodic orbits grows exponentially with the period (cf. [2I, Theorem
18.5.1]). By the relation between the period T of the periodic orbit of the geodesic
flow and the length of a closed non-lightlike geodesic v(t), t € [0, T,

T
ty(y) = / VIgGO @) dt.

we have the following consequence.

Corollary 1.4. Any metric g€P can be C*approzimated by a C? semi-Riemannian
metric g such that

. 1
TETOO T log P(T) > 0,

where P(T') is the number of non-lightlike closed geodesics v of § with {z(y) <T.
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The proofs of the theorems above follow the foundational ideas of Contreras-
Barandiardn and Paternain [16] for geodesic flows on Riemannian surfaces, as well
as the significant advancement presented in [14], which extends these results to
arbitrary Riemannian manifolds. A similar result was later obtained for billiard
maps in bodies [3], and more recently, an analogous version was established for
Tonelli Lagrangians [15].

In Section 2] we review some concepts of semi-Riemannian manifolds and their
associated geodesic flows. Section [ discusses four key perturbative results: the
bumpy metric theorem, the Klingenberg-Takens theorem, the Kupka-Smale theo-
rem, and Franks’ lemma. We conclude by proving Theorem [Tl in Section @ and
Theorem [[.3] in Section

2. PRELIMINARIES

2.1. Semi-Riemannian geometry. Let M be a smooth manifold of dimension
m. A C"-metric g on M, r € N :={1,2,...}, is a C"-tensor field of type (0,2)
such that, for every € M, the bilinear form g, : T, M x T, M — R is symmetric,
nondegenerate, and the index of g, is the same for all . Recall that the index of
gz is the largest dimension of a subspace of T, M on which g, is negative definite.

We denote by SR, (M) the set of C"-metrics on M with index v. Naturally, we
also denote

SR (M) = [ SRy(M).
reN

A semi-Riemannian manifold of class C" is a pair (M, g), where M is a smooth
manifold and g € SR}, (M) for some index v. If v = 0, the metric is called Rie-
mannian, and (M, g) is called a Riemannian manifold. If v = 1, the metric is called
Lorentzian, and (M, g) is called a Lorentzian manifold. More details can be found
in the literature e.g. [124].

Notice that SR{(M) is always non empty as Riemannian metrics always exist.
On the other hand, there are topological obstructions whenever v > 1, in particular
SR, (M) is empty for some manifolds [7,28]. On the other hand, if SR] (M) # 0
for some 7, then SR (M) # () for any £ € N (cf. [7]).

If (U,x',...,2™) is a local chart on M, then g can be written as

qg= g‘”d.’ljZ 024 d.’L’j,

where g;; = g(0;,0;) € C"(U) are the components of g on U and 0; is a shorthand
notation for the coordinate vector fields 9/0z¢, and we are using the Einstein’s
summation convention. Note that, since ¢ is nondegenerate, the matrix [g;;(z)] is
invertible for all z € U. If we denote its inverse by [¢*/(z)], g*/ are also C" functions
on U.
A vector v € T,, M is said to be

o timelike if g, (v,v) < 0;

o lightlike if g,(v,v) =0 and v # 0;

o spacelike if g, (v,v) > 0 or v =0.

A curve v: I — M is called timelike, lightlike or spacelike if +/(¢) is respectively
timelike, lightlike or spacelike, for all ¢ in an interval I. In particular, a point
(z,v) € TM is called timelike, lightlike or spacelike if v is respectively timelike,
lightlike or spacelike.
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2.2. The geodesic flow. Fix a C? semi-Riemannian closed manifold (M, g) with
g € SR, (M) complete. Given a tangent vector v € T, M at a point x € M, denote
by

Voo R— M

the geodesic such that 7, ,(0) = = and 4, ,(0) = v, as in the Riemannian case,
cf. [24]. The geodesic flow of g is the one-parameter family of diffeomorphisms on
the tangent bundle

@\ TM — TM
(z,v) = (Ya,0(t)s a0 (1)) -
Since geodesics travel with constant speed it is enough to consider three energy

levels corresponding to positive, zero and negative constant values. So, for o = 41,0
or —1, the o-tangent bundle is defined by:

SgM = {(z,v) € TM: g,(v,v) = 0}.

Clearly, each S§ M is preserved by gog. Moreover, as M is compact so is Sg M.

By writing the canonical projection m: SM — M, geodesics v on M lift to
orbits of the geodesic flow 7 =1y C SgM.

We say that (z,v) in S§M is a regular point if Xy(z,v) # 0, where X (z,v) 1=
%gpf]h:o(x,v) stands for the vector field of the geodesic flow at (z,v). Given a
regular point (z,v), we say that (x,v) is a periodic point of the geodesic flow go_f] if
@t (x,v) = (x,v) for some positive t. The smallest 7 > 0 satisfying the condition
above is called the period of (x,v). In this case, we say that the orbit of (z,v) is
a periodic orbit of period 7. The projection on M of a periodic orbit is called a
closed geodesic.

Notice that nontrivial closed geodesics on M for g are in one-to-one correspon-
dence with the periodic orbits of 902 except for the case of lightlike geodesics. In
fact, one could have a closed geodesic 7, i.e. y(a) = v(b), with 4(a) = A¥(b) and
A # 1. This is allowed since g(5,%) = 0 if the geodesic is lightlike. So, this closed
geodesic does not correspond to a periodic orbit. We refer to [2] for more on closed
geodesics in the semi-Riemannian setting.

It is widely known that the geodesic flow is the Hamiltonian flow of the Hamil-
tonian function (z,v) — % gz (v,v) on TM for a symplectic form depending on g.
This is related by the Legendre transform to a similar Hamiltonian function on the
cotangent bundle T*M with the symplectic form which does not depend on the
metric.

2.3. Periodic points. A transversal ¥ to the geodesic flow at a regular point (z, v)
in SgM is a (2m — 2)-dimensional smooth symplectic submanifold satisfying

(21) T(LU)S;’M = T($7U)E + RXQ(I, 1)).

Consider a C!-family of transversals 3; := ¥;(z,v) to the flow at ga_f](x, v),t >0,
and neighborhoods U; C Sg M of (z,v). The transversal Poincaré flow of g at (,v)
is defined to be the family of C''-symplectomorphisms

R;ZZOHUt—)Et

(y,u,t) (

given by Pj(y,u) = ga? y,u) with

O(y,u,t) = min{s > 0: p;(y,u) € ¥}
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We assume that Uy is sufficiently small such that, by the implicit function theorem,
O is C! and ©(Uy, t) is bounded for a fixed ¢ > 0.
The transversal linear Poincaré flow of g at (x,v) is the derivative of P} at (z,v),

DP;(J"7 ’U): T(I,U)ZO - Tép’g’(z,v)Zt-

Given a C%-metric g and a cpé—invariant, compact and regular set A C S7M,
we say that A is uniformly hyperbolic if there exist 6 € (0,1) and n > 0 and a
DP;—invariant splitting E3 @ E} of T¥x such that for any (z,v) € A we have

IDPy@. e, | <0 and D, "(¢(,o)les,, Il <0

Notice that this notion should refer to the tangent map D<p§. However, as proven
in [4] for Hamiltonian flows (hence also for geodesic flows), it is enough to deal with
the associated transversal linear Poincaré flow.

When (z,v) is periodic of period 7 > 0 we call P the Poincaré map and ¥ the
Poincaré section. The periodic point is degenerate if DP] (z,v) has an eigenvalue
which is a root of unity. That is, 1 is an eigenvalue of DP!;”(QU7 v) for some k € Z.
So, if €2™* is an eigenvalue, then A € Q. If all eigenvalues of DP](z,v) are £1,
it is called parabolic. A metric is called bumpy if all the periodic points are non-
degenerate.

It is simple to check that non-degenerate periodic orbits are isolated in the o-
tangent bundle. Moreover, these orbits persist under perturbation of the metric.
The same holds for the projected closed geodesics.

The periodic point (x,v) is called hyperbolic if its orbit is a uniformly hyperbolic
set. This means that all the eigenvalues of DP] (x,v) are outside the unit circle.
Recall that the eigenvalues are independent of the choice of the transversal and of
the point in the periodic orbit.

Finally, the periodic point is g-elliptic if it is non-degenerate and non-hyperbolic
and DP/ (z,v) has exactly 2¢ non-real eigenvalues with modulus 1, 1 < ¢ <m — 1.
The remaining eigenvalues have norm different from 1. When ¢ = m — 1 we call it
totally elliptic. Notice that, from the above, a bumpy metric only has hyperbolic
or g-elliptic periodic orbits.

2.4. Invariant manifolds. Consider any distance d on S§M coming from a Rie-
mannian metric. The stable manifold of the hyperbolic periodic point (z,v) is the
set

s (A T ¢ Eia )
W (z,v) = {(&,0): t_1}+mood(<pg(x,v), ©,(7,0)) = 0}.
Similarly, the unstable manifold is given by

(2.2) W (z,v) = {(&,0): tlir}lood(gaf](x,v),npf](i,ﬁ)) = 0}.

We obtain the weak stable and unstable m-dimensional Lagrangian manifolds of the
orbit 6 := {J,cp ¢} (x,v) by taking

W (0) = | @b (W2 (2,0) and WPH(9) = | oL (W"(,v)).
teR teR

Given two hyperbolic periodic points (z1,v1), (z2,v2) € SgM with orbits 6,
and 03, as both W*#(6;) and W™"*(f2) are contained in a (2m — 1)-dimensional
manifold, we may wonder whether their intersection is transversal.
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We say (z,v) € W¥(601) N W¥" () is a heteroclinic point. It is transversal if
(2.3) T(x,U)WwS(Gl) -+ T(x7U)WwS(92) = T(%U)S;M.

If 8, = 65 we call it homoclinic point.

Using (2.I) we rewrite ([2.3) as
T(w,v)Ws(gl) + T(xﬁv)WS(QQ) + RXQ(.’E, ’U) = T(w,v)SgM.

We say that W*#(0;) and W**(0s) intersect transversally, denoted by W™?(6,) rh
W™¥(fy), when all the points in W*#(6;) N W™**(6s) are transversal. As common
practice, when W*5(61)NW™*“(f3) = () we also say that both submanifolds intersect
transversally.

3. PERTURBATIVE LEMMAS FOR SEMI-RIEMANNIAN METRICS

3.1. C"-topology. Given a closed manifold M such that SR} (M) is non-empty,
we fix an atlas

{(U@, (pz): le I}.
Recall the Whitney C™ topology, r € N, given by the norm

p— D?"/ . —1
lgller = jmax max max ' max [[D"(g: 00, )@
for any g in SR, (M), which is therefore a Baire space.
The union of the C™-open sets of SR,° (M) for r € N form a basis for the Whitney
C*>-topology, making this also a Baire space.

3.2. Bumpy metric theorem. Fixing any 7 > 0, it is known that for an open and
dense subset of semi-Riemannian metrics, the geodesic flow yields only elliptic or
hyperbolic periodic ponts with period less than 7 (see below). This is a consequence
of the semi-Riemannian bumpy metric theorem:

Theorem 3.1 ([8, Theorem 3.14]). The set of bumpy semi-Riemannian metrics
(i.e. all periodic points are non-degenerate) is generic in SR, (M), r > 2.

Corollary 3.2. There exists a residual set O C SR, (M) such that for g € O and
any T > 0, the set of periodic orbits of pg on SgM with period < T s finite.

Proof. Suppose there are infinite periodic orbits with period < 7. Take a point
in each of these periodic orbits. Since S§M is compact, there is an accumulation
point. This point sits in a periodic orbit because the orbits of the approximating
periodic orbits are all bounded by 7. Therefore, there is a non isolated periodic
orbit which is degenerate. Theorem [3.1] completes the proof. ([l

3.3. Klingenberg-Takens theorem. The Klingenberg-Takens theorem for semi-
Riemannian geodesic flows gives a way to perturb semi-Riemannian metrics in order
that the jets of Poincaré maps of closed orbits belong to a given invariant open
dense set. This allows us to conclude that generically the 1-jets of Poincaré maps
of periodic orbits are hyperbolic or elliptic. Moreover, it allows also the use of the
third derivative of the map (3-jet) to establish the weakly monotonous property,
crucial to study the local behaviour of weakly monotonous elliptic points. This
plays a major role in the proof of Theorem [[T]

Given r € N the set of r-jets at 0 and fixing 0 formed by symplectic automor-
phisms of R™~! @ R™~1! is denoted by JI(m — 1). We say that Q C JI(m — 1) is
invariant if cQo~! = Q for all ¢ C J7(m — 1) which is invertible. In brief terms
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linearized Poincaré maps are 1-jets J!(m — 1) and also elements of the Lie group

Sp(m — 1, R).
We present below the semi-Riemannian version of the Klingenberg-Takens the-
orem:

Theorem 3.3 ([8 Corollary 4.2]). Let r € N be fized and let Q be a dense open
and invariant subset of Ji(m —1). Then, for every £ > r or £ = oo, the set Mq of
all metrics g € SRE (M) such that:

(i) all closed geodesics are non-lightlike and non-degenerate,
(ii) given any closed geodesic 7y, the ' jet of the associated Poincaré map P,
belongs to Q,

is generic in SRL(M).

3.4. Kupka-Smale theorem. The classic Kupka-Smale theorem is a generic re-
sult displaying two parts. It first states that periodic orbits are hyperbolic or elliptic.
Recall that hyperbolic periodic orbits of 902 exhibit a decomposition of the tangent
bundle into two Lagrangian m-dimensional subspaces (Section [2.4]). In addition, it
says that all heteroclinic points of hyperbolic periodic orbits are transversal.

The theorem is mainly a result about transversality of submanifolds. The first
part follows from Theorem [3.3] since (Q can be obtained from the linear symplectic
matricial theory which states that hyperbolic and elliptic matrices are open and
dense among the symplectic ones. So, we are left to prove the following statement
on transversal heteroclinic intersections.

Theorem 3.4. For a C"-residual set R C SR, (M), r > 2 or r = 0o, all hetero-
clinic points of hyperbolic periodic orbits are transversal.

The rest of this section is dedicated to the proof of Theorem 3.4l
Let K% C SR, (M) be the subset of semi-Riemannian metrics such that given
two hyperbolic periodic points v and n with period < N, we have

Wx*(v) h Wi (n) # 0,

where W*(v) is given by those points 6 € W"*(vy) with dyws(4(0,7) < N (anal-
ogous definition for W*(n)). By Corollary B2l generically there are only a finite
number of those hyperbolic periodic points.

Since the stable and unstable manifolds of a periodic orbit depend continuously
on compact parts in the C' topology, we conclude that K’ is an open subset of
SR, (M). If we prove that K} is a dense subset of SR, (M), then the residual
subset of Theorem [B.4]is defined by

R= ) Ki-
NEN
The proof that K is dense in SR, (M) follows the same lines of [I6] where the
fundamental key ingredient is the construction of a local perturbation of the metric
that guarantees the transversality [L6, Lemma 2.6]. Since that lemma cannot be ap-

plied to our semi-Riemannian context, we use Lemma [3.5] instead, which completes
the proof of Theorem [3.4]

Lemma 3.5. Let g € SR, (M), r € NU {oc}, with hyperbolic periodic orbits =y
and n in SgM, o € {+1,0,—1} and 6 € W"(y). If the projection m of W*(v) is
a diffeomorphism in a neighborhood of 8, for every sufficiently small neighborhoods
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feVcCcVcUCc SgM such that w(U) does not intersect any closed geodesic of
period < N, we can find g € SR, (M) verifying

(1

(2
(3
(4

) G is arbitrarly C"-close to g,

) g =3 outside n(U),

) v and n are still periodic orbits for g,

) the connected component of W (~v)NV containing 6 and W*(n) are transver-
sal.

Proof. We follow closely the proof of [16, Lemma 2.6], focusing on the differences
coming from the semi-Riemannian setting.

Locally around 6 in the unstable manifold of v, using the Legendre transform,
the geodesic flow is the Hamiltonian flow in the form H(z,y) = g% (x)yy; defined
in the cotangent bundle T*M with the canonical symplectic form > dz; A dy;.

The matrix G = [¢¥] is symmetric but might not be positive definite. If so,
consider the eigenvalues \; which can be positive or negative. Thus, there are
symmetric matrices G1,G2 > 0 such that G = G1 — G2 (just take G1 = G + t1,
Go = t1, both symmetric, with £ > 0 such that G; > 0 because its eigenvalues are
Ai+t which are all greater than zero for sufficiently large ¢). Therefore, H = H; —H,
with Hg(x,y) = %yTGk(x)y, k = 1,2, that is positive for y # 0.

Recall that § € H~1(0/2). As in [16, Lemma 2.6] we want to perturb the metric
in 7(U) so that W*(v) becomes the graph G of the one-form p: 7(U) — T M
and there is no perturbation to the periodic orbits.

Let aj, = Hi(6) and thus a3 — ag = 0 /2. Take G = [g¥/] where

g (x) = ( ))géj(l‘% z e n(U),

ij
1w ) e
and §¥(z) = g"(z) otherwise. Notice that g/ is C"-close to g/ from the closeness
of G and W"(vy), as we only need to estimate ||Hg(-,p(-)) — ar||cr. Therefore, by
relating the norm of the difference of the inverse matrices, g is C"-close to g. The
perturbed Hamiltonian is H = H; — Hy with Hy(z,y) = %yT@k(az)y.
Finally, G is inside the energy level set since

H(z,p(z)) = Hi(z,p(x)) — Ho(z,p(7)) = 0y — ag = 0/2.

Moreover, G is a Lagragian submanifold, hence it is invariant by [16, Lemma A.1].
O

3.5. Franks’ lemma. The original Franks’ lemma asserts that perturbations of
the derivative of a diffeomorphism at a finite set can be realized as derivatives of
a C'-close diffeomorphism. The C' setting is crucial, as the result no longer holds
in the C? topology [25]. First proved by John Franks in [18, Lemma 1.1], this
lemma has become an essential tool for establishing many fundamental results in
the stability and genericity theories of dynamical systems.

The first version of Franks’ lemma for geodesic flows appeared in [14], with
subsequent extensions provided in [23]. In the context of geodesic flows, the per-
turbations are made to the metric, which are inherently non-local in phase space.
This poses a significant challenge, making these adaptations considerably more dif-
ficult to achieve. Similar difficulties arise in the versions for planar billiards [30]
and for billiards in bodies [3].
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In this section, we present Franks’ lemma for semi-Riemannian metrics, whose
proof follows a straightforward adaptation of [23] Theorem 1.1], originally formu-
lated for the Riemannian case.

Let g be any Riemannian metric of M. We use it to define a tubular neighbor-
hood in M with radius p > 0 of a curve I':

Co(T,p) ={x € M: dy(z,T) < p}.

Notice that in [23] g = g since both are Riemannian, whilst in our present setting
we need to distinguish them.

Theorem 3.6 (Franks’ lemma for semi-Riemannian metrics). Let (M, g) be a
smooth compact semi-Riemannian manifold of dimension > 2. For every T > 0
there exists o, T, K > 0 such that the following holds. For every non-lightlike
geodesic vp: [0,T] = M we can find t € [0,T — 77| and p > 0 with

Ca(vo ([, T+ 721),7) N6 ([0, T]) = 70 ((t, + 71)),
such that for every 0 < & < dp for each A € Sp(m — 1) satisfying
A= Py()(T)Il <0

and for every 0 < p < p there exists a C*> semi-Riemannian metric h on M that
is conformal to g in the form h = eBg with B € C>®(M), such that:

(1) v9: [0,T] = M is still a non-lightlike geodesic of (M, h),

(2) Supp(B) € Cq(vo([t,T + 7)), p).

(3) fle” = o= < K70,

(4) Pu(y)(T) = A.

The proof in [23] relies on an abstract control theory result [23] Proposition 2.4]
that is applied to the Jacobi equation. For semi-Riemannian metrics we also obtain
the Jacobi equation since all the involved geometric structures are also valid in this
more general context (cf. [24]). On the other hand, the above result is restricted
to non-lightlike geodesics, because Fermi coordinates are only available for such
geodesics.

4. PROOF OF THEOREM [I.1]

In this section we show that if there is an elliptic periodic orbit, then there is
a C'*°-perturbation of the metric so that the geodesic flow has a horseshoe. This
is done by considering Kupka-Smale metrics and reducing the dimension of the
problem using a general result by Contreras, Herman and Arnaud for symplectic
twist maps associated to the Poincaré map. This shows the existence of a transversal
heteroclinic orbit. We follow closely [I4] as the adaptation only requires the use
of the version of the Klingenberg-Takens theorem for semi-Riemannian metrics
(Theorem [B.3]).

Take a g-elliptic periodic point. If it is lightlike, by persistency of elliptic periodic
points, there is a nearby non-lightlike g-elliptic periodic point (z,v). Let P} be the
transversal Poincaré flow of g € SR, (M), r € {2,3,...,00}, at (z,v). We restrict
it to the center manifold W¢(z,v) in a small enough neighborhood of (z,v). In
appropriate coordinates, it is a C"~!-diffeomorphism f: R?? — R27 preserving the
canonical symplectic form wy and fixing the origin. If the origin is 4-elementary,
then we say that (z,v) is a 4-elementary totally elliptic fixed point. So, using the
Birkhoff normal form, if (z,v) is weakly monotonous, then this symplectomorphism
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can be conjugated to a weakly monotonous (twist) map on T? x R?. Notice that
this is related to the 3-jet of the map, so by Theorem [B.3] we obtain the following.

Proposition 4.1. There is a C®-residual set Ry C SR2(M) such that for any
g € R1 any periodic orbit is either hyperbolic or 4-elementary weakly monotonous
nonlightlike q-elliptic for some 1 < g < d.

We now find conditions for the existence of a 1-elliptic periodic point nearby
a g-elliptic one. This follows from the fact that the Birkhoff normal form can be
put in new coordinates so that it is C'-close to a weakly monotonous completely
integrable exact symplectomorphism on a strip around T? x {0} (cf. [14]). We can
now apply the following result.

Theorem 4.2 ([14, Theorem 4.1]). If F': T?9 x R? — T? x R? is a Kupka-Smale
weakly monotonous exact C*-symplectomorphism C'-close to a completely inte-
grable symplectomorphism, then it has a I1-elliptic periodic point and a nontrivial
hyperbolic set near T? x {0}.

Finally, the above discussion completes the goal of this section stated in the next
theorem, and also Theorem [ 1] follows.

Theorem 4.3. Let g € SRS (M) be Kupka-Smale. There is a C*-perturbation
such that it has a 1-elliptic periodic point and there is a nontrivial hyperbolic set.

5. PRoOOF oF THEOREM [L.3]

The set of the non-lightlike periodic orbits of the geodesic flow gog is denoted
by Pery(g). Let g € F* so that the set Pery(g) contains only hyperbolic periodic
orbits (see condition of the definition of F* in Section ).

We proceed along the same lines as in [B[6L10,20L27]. Following [11l Corollary
2.18] (see also [13]) and the fact that there are infinitely many different periods (see
conditionof the definition of F*), we get the following dichotomy: either there is
a uniform dominated splitting on Pery (g), or by Franks’ lemma (Theorem[36]) there
is a semi-Riemannian metric with a non-hyperbolic and non-lightlike periodic orbit.
Since this is not allowed in F*, Pery(g) exhibits a uniform dominated splitting.
Recall that in the symplectic case this implies that Pery(g) is partially hyperbolic
(see e.g. [ Theorem 11]).

By restricting the tangent map to the central subspace of the splitting and
employing a Jordan normal form for symplectic matrices [19,[22], we once again
achieve a partially hyperbolic splitting according to the aforementioned dichotomy.
This results in an increase in the dimension of the stable and unstable subspaces
of the original tangent map on Pery(g). By repeating this procedure, we conclude
that Per4(g) is indeed hyperbolic, and the same applies to its closure because of
partial hyperbolicity.

According to Smale’s spectral decomposition theorem (see e.g. [26] page 385]),
the closure of the set of periodic orbits A is a union of finitely many pairwise
disjoint basic hyperbolic sets. Since A is infinite, at least one of the basic sets must
be nontrivial.
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