Let Us Use White Noise Downloaded from www.worldscientific.com
by 85.244.79.169 on 03/12/17. For personal use only.

Chapter 1
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The starting point of White Noise Analysis'! and?14716:20,21,34.39 jg 5
real separable Hilbert space H with inner product (-, ) and the correspond-

ing norm | - |, and a nuclear triple
N CHCN,

where N is a nuclear space densely and continuously embedded in H. Of
course, in a general framework, a priori there are several different possi-
ble nuclear spaces. However, in concrete applications, the application will
suggest the use of particular nuclear triples. For example, in the study of
intersection local times of d-dimensional Brownian motions it is natural to
consider the space H = L%(R,R?) =: L3(R) of all vector valued square
integrable functions with respect to the Lebesgue measure on R and the
Schwartz space N' = S(R,R%) =: S4(R) of vector valued test functions,
while in the treatment of Feynman integrals the spaces L?(R) := L?(R,R),
S(R) := S(R,R) are the natural ones.

Since nuclear triples are the basis of the whole White Noise Analysis,
we start by briefly recalling the main background of the theory of nuclear
spaces, due to A. Grothendieck.” For simplicity, instead of general nuclear
spaces, cf. e.g.,20:42:45:50 we just consider nuclear Fréchet spaces, which are

the only ones needed in this book. For more details and the proofs see
2,3,9,14
e.g.os,

1. Nuclear Triples

As before, let H be a real separable Hilbert space. We consider a family
of real separable Hilbert spaces H,, p € N, with Hilbertian norm | - |, such
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that
HOH1D...DOH, D ...
so that the corresponding system of norms is ordered:
BEIRE I N,

In addition, we assume that the intersection of the Hilbert spaces H,, de-
noted by
N =My, (1)
peN

is dense in each space H,, p € N.

Definition 1. The linear space A is called nuclear whenever for every
p € N there is a ¢ > p such that the canonical embedding H, — H,, is a
Hilbert-Schmidt operator.

From now on we shall assume that all spaces (1) are nuclear and fix on
N the projective limit topology, that is, the coarsest topology on N with
respect to which all canonical embeddings N < H,,, p € N, are continuous.
Or, in an equivalent way, a sequence (&, )nen of elements in A converges
to & € NV if and only if (&, )nen converges to £ in every Hilbert space H,p,
p € N. It turns out that a nuclear space N' endowed with the projective
limit topology is a complete metrizable locally convex space, meaning that
it is a Fréchet space. In order to mention explicitly this topology fixed on
N, we shall use the notation

N = prlimH
P peN P
and call such a topological space a projective limit or a countable limit of

the family (Hp)pen.
For each p € N, let now H_,, be the Hilbertian dual space of H, with

respect to H with the corresponding Hilbertian norm | -|_,. By the general
duality theory cf. e.g.,” we have
N =",
peN

where N is the dual space of N with respect to . Unless stated otherwise,
we shall consider N’ endowed with the inductive limit topology, that is, the
finest topology on N with respect to which all embeddings H_, < N’ are
continuous. As a topological space, we shall denote it by

N’ = indlimH_,
peEN
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and call it an inductive limit of the family (H_,)pen.
In this way, using the Riesz representation theorem to identify H with
its dual space H', we have defined a so-called nuclear or Gelfand triple:

NCHCN.

By construction, it turns out that the bilinear dual pairing (-, ) between
N’ and N is defined as an extension of the inner product on H:

(h,§) = (h,§), heM,EeN.

Example 1. (i) The Schwartz space S(R) of rapidly decreasing C°°-
functions on R endowed with its usual topology given by the system of
seminorms

w378

Jum , &€ S[R),m,neNy:=NU{0}

sup
u€eR

is a first example of a nuclear space. Indeed, given the Hamiltonian of the
quantum harmonic oscillator, that is, the self-adjoint operator on L?(R)
defined on S(R) by

2
(HE)(w) =~ 5 () + (2 + DE(w), weR,

we can define a system of norms | - |, by setting
&lp == [H"¢|, €€ SR),peN,

where the last norm is the one on L?(R). It turns out (cf. e.g.,'?*347) that
this system of norms is equivalent to the initial system of seminorms, and
thus both systems lead to equivalent topologies on S(R). In addition, the
completion of S(R) with respect to each norm |- |, yields a family of Hilbert
spaces H, and

S(R) = prli
(R) = prlim#,,
see e.g.,'*. Therefore, for the dual space S'(R) of S(R) (with respect to
L?(R)) of Schwartz tempered distributions we have
S (R) = indlim#H _,,.
(R) = in plg]l\{H »
(ii) The previous example extends to the space S4(R) of vector valued

Schwartz test functions for the operator H defined on Sy(R) by
(HE)(u) == ((HE)1(u), ..., (HE)a(u)), &= (&,...,&a),& € S(R) (2)
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with
d2£i 2 .

(HE)i(w) i= — () + (u® + D& (w) = (HE)(w), i=1,....dueR,
This leads to the following system of increasing Hilbertian norms | - |,
peN,

d d

€l =16l = D IHPGP, €= (€1, &a). & € SR),i=1,....d, (3)

i=1 i=1

where the last sum in (3) is the square of the L2(R)-norm of (2), and to
the corresponding Hilbert spaces H,, defined by completion of Sq(R) with
respect to the norms (3). As in (i), we have

o . / . .
Sa(R) = pr})ler%?—[p, SL(R) = 1nd11)1é111\17'[_p,

being S/ (R) the space of vector valued Schwartz tempered distributions.
(iii) Example (i) also extends to the Schwartz space S(R?, R) of smooth
functions on R, d > 2, of rapid decrease (shortly S(R?)) and to its dual
space S’(RY) of Schwartz tempered distributions. In this case, the usual
topology on S(R?) is given by the family of seminorms indexed by multi-

indices (a1,...,aaq), (B1,...,B4) in N&,

sup ult.ug? (8151 ...85%) ()|, ¢&eSRY,

u=(uy,...,uq) ER4

where 9;, i = 1,...,d, is the partial derivative on R? with respect to the i-
th coordinate. Given the Hamiltonian of the quantum harmonic oscillator,
that is, the self-adjoint operator on L?(R% R) =: L?(R?) defined on S(R%)
by
(HE)(w) = —(A&)(w) + (lu]* + 1)¢(u), ueR?
being A the Laplacian on R?, we define a system of norms | - |, on S(R?)
by
el = [HP€], €€ SRY),peN,

where the last norm is the one on L?(R%). As in Example (i), it turns
out cf. e.g.,'24347 that such a system is equivalent to the above system of
seminorms, leading then to equivalent topologies on S(R?). In addition,
cf. e.g.,'* we have

S(R?) = prli
(RY) = prlim#,,
where each H,,, p € N, is the Hilbert space obtained by completion of S (R%)
with respect to the norm |- |,. Thus
S'(RY) = indlimH_,.
(R?) =in pler%?-[ »
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2. Gaussian Space

Given a nuclear triple N' C H C N7, let C,(N”') be the o-algebra on A’
generated by the cylinder sets

{J? EN’ : (<x7§01>7"'5<x5¢n>) S B7§017"'7§0n EN7B S B(Rn)7n S N}7
where B(R™), n € N, is the Borel o-algebra on R™.

Theorem 1. (The Minlos Theorem?”) Let C be a complez-valued func-
tion on N fulfilling the following three properties:

(i) C(0) =1,
(ii) C is continuous on N,
(iii) C' is positive definite, i.e.,

Z C(fl —fj)zlzz 0, &i,....&, 6./\/,21,...,2” eC,neN.
ij=1
Then, there is a unique probability measure pc on (N”,Co(N")) which char-
acteristic function is equal to C, that is, for all £ € N

[ expitw.€)) ducta) = C1€). (@)

For a presentation of the Minlos theorem, including support properties
of the probability measure given by this theorem see.'?

Remark 1. The analogous statement of the Minlos theorem for the nuclear
space N replaced by the finite dimensional space R? is the well-known
Bochner theorem. Because of this, in the literature Theorem 1 is quite
often called the Bochner-Minlos theorem as well.

Consider now the following particular positive definite continuous func-
tion defined on A by

o) = (5 6°). e 5)

Then, by the Minlos theorem, we are given a (Gaussian) measure p on

(N',Co(N")) defined by (4) and (5).

Definition 2. We call the probability space (N',Cy(N’), u) the Gaussian
space associated with A and H.

In particular, if V' = S(R?) with the topology described in Example 1,
the space (S’(R%),C,(S'(R%)), u) is called white noise with d-dimensional
time parameter. If d = 1, we simply call it white noise.
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Definition 3. For short we set
(L?) := L*(N",Co (N"), 1)
for the complex L? space.

In applications of White Noise Analysis, the space (L?) plays an essen-
tial role. In order to distinguish clearly the inner product (-,-) and the
Hilbertian norm || on the real space H from those defined on the complex
space (L?), we shall denote the inner product on (L?) by ((-,-)) and the
corresponding norm by || - ||. Furthermore, we shall assume that ((-,-)) is
linear in the first factor and antilinear in the second one, that is,

(F1, F2)) == . Fi(x)Fy(x)du(x), Fi, Fp € (L?),
where F is the complex conjugate function of F.
From the definition of the Gaussian measure p given by (4) and (5),
it follows straightforwardly that for every £ € N, (-,£) is a normally dis-
tributed random variable with variance |£|?. Thus, for all £ € N, £ # 0,

+oo 2
1661 = [ 92y = i [ " ae (g ) du=lef

Moreover, again by (4) and (5), the real process X defined on N’ x A/
by X¢(z) = (x,€) is centered Gaussian with covariance

[ 0@ &) dute) =5 (166 + IP ~ 14,0 = 16 &) IP) = (61, 2).

As we have mentioned above, in this book we shall mostly choose A to
be the Schwartz space S(R?), S4(R), or S(R) of test functions and H to be
LY(RY), L(R), or L%(R), respectively. In all these cases, \ is dense in H.
This is an assumption fixed on general N" and H from the very beginning.
Therefore, the above considerations allow an extension of the mapping

N3gm (6 e (L?)
to a bounded linear operator
Mo [ (- f) e (L?)
defined at each f € H by
(0 f) = (1) —lim(. &),

where (£,)nen is any sequence in N converging to f in H. Moreover,

(- DIl = [f] for all f € H.
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Proposition 1 (**). The process X defined on N' x H by X¢(z) = (x, f)
s centered Gaussian with covariance

((<vf>,<',g>))=/J\f(<$7f><$79>du($)=(f79)7 fgeH.

In particular, for every f € H, (-, f) is normally distributed with vari-
ance | f|?. Thus, from its characteristic function we have

[ e ite ) dute) = exo (=3 117 ©)

which extends (4) and (5) to f € H.
More generally, for every n € Ny and every f € H, f # 0, we can derive
from the characteristic function (6),
2n)! Lo
) =i

Qnd _ 1 e 2n u2
/N/<$7f> () = \/T—fIQ/oo u™" exp <_2|f|2 ni2n
[t duta) =0

and, by the polarization identity,

/ (@ 1) - (, f) dpi(2)
Nl

_i - _1\n—k 7. T A\n x
—n!;( DD /N'< i A fu)" dpla),

11 <...<ip

for every f1,....fn € H,n e N.

Example 2. Coming back to the white noise space (S'(R),Co(S"(R)), i),
the previous proposition allows us to consider the Gaussian centered process
X with independent increments,

Xﬂ[o.t)(x) = <Z‘, ]I[O,t)>a t 2 Oa

being 1 p the indicator function of a Borel set B C R. This process has
covariance

((<a ]I[O,t)>a <'a ]I[O,S)>)) = (]I[O,t)a ]1[0,5)) =sAt,

and thus X is a one-dimensional Brownian motion starting at the origin at
time zero. We shall denote this Brownian motion by B and Xy, by B:
or B(t,-). Informally, note that

0,t)

Bu(x) = (&, Lj0.) = / £(s) ds,
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which suggests considering x(¢) as the time derivative of the Brownian
motion. Of course, this time derivative does not exist in a pointwise sense.
However, it exists as a distribution. From now on, we shall denote z(t)
by w; or w(t) and call it white noise. As an aside, let us mention that
this example is the connecting point for another direction inside infinite

36

dimensional analysis, the well-known Malliavin Calculus.”® For a clear

explanation about the relation between both infinite dimensional analyses

see e.g.16:38

Within the more general setting of the Gaussian space
(Sa(R),Co(SG(R)), p), d > 1,

we can then introduce a d-dimensional Brownian motion B starting at the
origin at time zero by

Bi(wi,...,wq) = ((wl, Lio,0))s -5 (Wa, 11[07,5))) , (w1,...,wq) € SH(R),t > 0.

3. It6-Segal-Wiener Isomorphism

We verify from equalities above Example 2 that the important monomials
of the type

<7f>n = <'®n7f®n>’
<7f1><afn> = <'®n7f1 ®®fn> = <'®n7fl®'-'®fn>7

do not verify an orthogonal relation. This fact is a reason for introducing
the orthogonalized so-called Wick-ordered polynomials, a class of functions
closely related to the orthogonal Hermite polynomials.

For each z € N, let : 28" :€ N'®" n € Ny (Appendix A.1.3) be the
so-called Wick power of order n, inductively defined by

cx® = p® D @ — (n—1) : 2% L @Tr, n > 2,
where Tr € N"®2 is given by

(Tr, &1 @ &) = (€1, &2), &1,&2 €N.
Thus, by induction, for all x € N7 and all £ € N we have

[3]
(g =2, (22) O e, ()
k=0 ’
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where the right-hand side is the so-called Hermite polynomial in (z, &) of
order n and parameter y/(&, &) = |£|. We recall that given a constant o > 0,
the n-th Hermite polynomial in u € R with parameter o is defined by

2 m 2
u d u
tu" 2 i= (—0)" exp <202) dun P < 202)

a\" U
= B —— H B s
() = ()
being H, the Hermite polynomial of order n,
dn
Hy(u) := (—1)"exp (u2) T P (—u2) =2":u":1, weRneN,.
That is,

(5]

H,(u) = 2" (”) (2K)! <—l)k u"?* 4 e R n e N,.

2k ) kl12k 2
k=0

Hence, for each n € Ny and every € € N, £ # 0, we have

(e = ()" e (), (%9).

in accordance with (7). Of course, by the polarization identity, (7) also
holds for £ € Ng := {& +i& : &1,& € N} with

<£L’,£1+i52> = <m,§1)+i<x,§2), xGvaflaé-Q GNa

meaning that for f € H or, more generally, for f € Hc,

(f;&1+i&2) = (f,&) +i(f, &), &1,& € N.

Proposition 2. For all p(") € Ng” and all (™) € J\/gm the following
orthogonal relation holds:

(a7 2, M), (2% 1 60M)) = b mnl (), ). (8)

Proof. (Sketch) Since elements in N® € Ny, are linear combinations
of elements of the form 2" with £ € \V, it is sufficient to prove (8) for ¢(™),
(™) of the form o) = e oM = ™ &1,& € N. In this case, the
proof follows from the orthogonality relation between Hermite polynomials,

+oo
H,(w)Hp () exp (—u?) du = 6y /72",
—00
cf. e.g., 2139 As before, the general case can then be derived from the real
case by means of polarization identity. O
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Conversely, since each monomial u +— u™, n € Ny can be written as lin-
ear combination of Hermite polynomials in « € R with any given parameter
o >0,

(5]

n n (Qk)' 2k . n—2k .
U :kz_o<2k> k!2ka Tu w2, U € R,

then, by the polarization identity, each monomial (-®" %) & € Ng, can
be written as

(@, 69" =(z, )"

(3]
Z( )(,f,zl (60" (2,6 ™ e

k=0

(3]
=3 (1) Cak e 8t o2 o), s e
k=0

Therefore, the linear space of the so-called smooth Wick-ordered poly-
nomials,

wf3

N
PN) = {tb (O(x) = Z( 22 oMY oM e NE" z e NN € No}
n=0
coincides with the linear space

N
{(b : P(z) = Z<x®”,go(”)>,<p(") eNZ" x e N',N € No} :
n=0
In terms of (L?) properties, it turns out that P(A”) is dense in (L?).1®
As a consequence, for any F' € (L?) there is a sequence (f("))neNo in the
Fock space Exp(Hc) (Appendix A.1.2) such that

F= Z " f) 9)

and, moreover, by the orthogonahty property (Proposition 2),

2
() e

Exp(Hc)

> 2
IFIP =" nt|£] =
n=0

And vice versa, any series of the form (9) with (f(”))neN0 € Exp(Hc)
defines a function in (L?). In other words, the expansion (9) yields a uni-
tary isomorphism between the space (L?) and the symmetric Fock space

Exp(Hc).

Definition 4. We call this unitary isomorphism the It6-Segal-Wiener iso-
morphism. The expansion (9) with (f("))neNo € Exp(Hc) is called the
1t6-Segal-Wiener chaos decomposition or simply the chaos decomposition
of F € (L?) and f™, n € Ny, the kernels of F.
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Remark 2. According to Section 2 and the considerations done just before
Proposition 2, equality (7) can be extended to f € Hc:
(5]

e ) o = 2 () e U ) e N

This yields an alternative approach to introduce the It6-Segal-Wiener iso-
morphism. Let I be the set of all sequences « := (ay,)nen such that all
terms vanish except finitely many ones. For each av € I set

o0
= H oy
n=1

Given an orthonormal basis {ey, }nen of Hc, it turns out that the family of
functions H,, in (L?) defined by

H :L’ en " Hensen) xéN/,OCGI

is an orthogonal basis of (L?) such that (Ha, Hg)) = da,pal for all o, 3 € 1.
Moreover, the space spanned by this family is dense in (L?), leading then
to the It6-Segal-Wiener isomorphism cf. e.g.?14.

4. S- and T-transform

Among the (L?) functions, we now consider in particular the class of func-
tions with chaos decomposition of the form
o 1
DT O, f € He (10)
n=0

Observe that their image under the It6-Segal-Wiener isomorphism is equal
to the exponential vectors e(f) € Exp(Hc) (Appendix A.1.2). Therefore,

= exp w
2
and, more generally,

((Z ;|< NN %C on 179®n>>> =9 fgeHe.

n=0 n=0

o0

Z %< an :7f®n>

n=0

We shall call (10) the Wick or normalized exponential corresponding to f
and denote it by : e~/ ..



Let Us Use White Noise Downloaded from www.worldscientific.com
by 85.244.79.169 on 03/12/17. For personal use only.

12 M. J. Oliveira

As a first step towards an explicit form for the Wick exponentials (10),

we observe that from the definition of the Hermite polynomials : u™ :,2,

u € R, we have
dn 1
cu't ige= exp ()\u — 502)\2)

dAn

A=0
Thus, for all £ € Ng,
el = Z — {2, 6)" 1e.e)= exp <<$7§> - §<§,5>) , zeN. (11)
n= O

Definition 5. The S-transform of F' € (L?) is the mapping defined on N
by

(SE)Q) = [ e Fa)duta), €€ Ne.
Since the S-transform of a function F in (L?) is defined by
(SF)(¢) = / e P(x) du(x) = (( el :,F)) . £eNg,

being F' the complex conjugate function of F', then in terms of chaos de-
composition

F = Z e fy, (12)

it follows from Proposition 2 that

o0 ®n - o0 -
(SF)(©) =3 n (TM) =3 (T, geMe (13
n=0 ’ n=0
In particular, for F =: e\ 1, f € Hc,

(S:e'? :)(g)ze(g’f), e Ne.

Remark 3. Equality (13) is of considerable practical importance. When-
ever we can compute the S-transform of a F' € (L?), its expansion as in
(13) immediately gives us the kernel functions of its Ito-Segal-Wiener de-
composition (12).

The next result states another characterization of the S-transform,
which is closely related to the Radon-Nikodym derivative of the transla-
tion of the Gaussian measure p,

7dﬂ(' — (@) =8 peN EeN.
du() ’ ’
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See e.g.212:39,

Proposition 3. Let F € (L?). Then, for all é € N,

(SF)(&) = [ F(x+¢)du().
NI
As a mapping, it is clear that the S-transform is linear on (L?). More-
over, it is injective. In fact, since N is dense in H, it follows from Propo-
sition 5 in Appendix A.1.2 and the It6-Segal-Wiener isomorphism that the
space spanned by the set of Wick exponentials : e{+€) :, € € N, is dense in
(L?). Therefore, if SF = 0, we have

0= (SF)(€) = (( 8 F)) , VEEN,

which implies /' = 0. As a particular application of the injective property
of the S-transform we can now extend the explicit form (11) to Hc. For
this purpose, we first observe that

[ exlte. ) duta) = exo (@) . fete (14)

See e.g.” Thus exp((-, f) — %(f, 1)) € (L?) and, yet by (14), for all £ € N¢

we have
s (o0 (60 - 3100 ) ©

— o (<5060 +(1.1) [ ew (6t ) duta)

—o&h = (S el :) ().
Hence, by the injective property of the S-transform, for all f € H¢ we find

0 = (1) - 510.0)).

Besides the aforementioned properties, it turns out that the S-transform
is indeed a unitary isomorphism onto the so-called Bargmann-Segal space,°
of holomorphic functions on Hc.

Another transformation, important as well in applications is the so-

called T-transform.

Definition 6. The T-transform of F' € (L?) is the mapping defined on N¢
by

(TF)E) = [ explife. ) F@)du(o), € € A

i
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In other words,

TRE) = (P e (~5066). Fe?)eene

Therefore, the T-transform has properties similar to the S-transform and all
above expressions derived for the S-transform lead easily to corresponding
expressions in terms of the T-transform.

5. Test and Generalized Functions

In order to define test and generalized functions of white noise, we shall
again consider the space of smooth Wick-ordered polynomials (Section 3),

N

PWN') = {cp 10(x) =D (a® ™) oM e NFM z e N N € No} :
n=0

This space can be endowed with several different topologies, but there is

a natural one such that P(A”) becomes a nuclear space.? With respect

to this topology, a sequence (P, )men of Wick-ordered polynomials ®,, =
Zﬁf,((gm)(: on gpé?) converges to ® = Zgi?(: Bn o)y e P(N) if and

only if the sequence (N (®,,))men is bounded and the sequence (gpﬁﬁ))meN
converges to ¢(™ in J\/g’" for all n € Ny. Here we have set gog,?) = ( for all
n > N(®,,), m €N, and (™ =0 for all n > N(®). Tt turns out that the
space P(N”) endowed with this topology is densely embedded in (L?).2:48

Then we can consider the dual space P’(N”) of P(N’) with respect to
(L?) and in this way we have defined the triple

PN) C (L?) C P'(N).
The dual pairing ((-, -)) between P'(N’) and P(N”) is defined as the bilinear
extension of the (sesquilinear) inner product in (L?), that is,
(F.e@) =(F.2)
:/ F(x)®(x)du(z), F € (L*),®cPWN).
Remark 4. Since the function identically equal to 1 is a particular element

of P(N'), we can use this equality to extend the concept of expectation to
generalized functions:

E(V) == (¥,1)), ¥eP' W)
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In order to define a space of test functions, observe that each kernel
function (™, n € N appearing in the chaos decomposition of a smooth
Wick-ordered polynomial

is in the space
@n _ : ®n
Ne" = pr}}é’%; Ly

where Hgg, p € N, is the n-th symmetric tensor power of the complexified
space Hy, ¢ of the Hilbert space H,, introduced in Section 1 (see Appendix
A.1.3). Thus, o™ ¢ Hg% for all p € N, which allows to define the family
of Hilbertian norms || - ||,.4.8: p,¢ € N, 8 € [0,1], on P(N”) by

i’q’ﬁ = Z("!)1+B2nq|sﬁ(n)|§~

n=0

For each p,q € Nand each € [0, 1], let (Hp)g be the Hilbert space obtained
by completion of the space P(N”) with respect to the norm || - ||,,4,3. That

@]

is,

(Mp)g = {‘I’ =) (O e) € (L) | @llpgs < OO} :

n=0
Then we can define a family of nuclear spaces continuously and densely
embedded in (L?) (cf. e.g.!73%) by

(N)? := pr lim (3"[,,)ﬁ

p,qEN 7
Therefore, by the general duality theory (Appendix A.1.3), the dual
space (N) =8 of (N)? with respect to (L?) is given by

-8 _; . "y

(W) ind lim (H_p)_,

where (pr):g, p.q €N, B €[0,1], is the dual space of (H,,)? with respect

to (L?). Moreover, since for all 8 € [0,1], P(N’) C (N)?, the spaces (N) =7

may be regarded as subspaces of P’(N’) and hence we obtain the following
extended chain of spaces:

PN)C (M c NP c(IP)cN)PcN)TcP'N), Beo,1).

The space (N)~! is the so-called Kondratiev space.'®213° For A being
the Schwartz space S(R?), Sz(R), d > 1, or S(R) with the Hilbertian
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norms | - |, described in Example 1, the corresponding spaces (N )0 and
(NV)~? are the so-called spaces of Hida test functions and Hida distributions,
respectively.?11:14:18,22,23,25,31,32.41 Tndependently of the particular choice
of the Schwartz space, we shall denote the spaces (AV)° and (N)~° by (S)
and (S), respectively, and the Kondratiev space by (S)~!.

The chaos decomposition provides a natural decomposition of the ele-
ments in P’ (N”). In fact, it turns out?*° that for each /(™) € N{®" there
is a unique element in P’(N”), denoted informally by (: z®" :,4(™)  acting
on Wick polynomials & = Zﬁf:O(: 8. () by

(G 2®™ M)y BY) = iy M),

Therefore, any element ¥ € P’(N”) has a unique decomposition of the form

U= Z LRI

where the sum converges weakly in P’(N’), and we have

oo
(w, @) =D k™, ™) (15)
n=0
for all & = ZnN:()(: & o)y € P(N7). For more details and the proofs
see,28:30,

This internal description of the space P/(N”) allows, in particular to
describe the distributions in each space (N)~# = Up.gen(H- I o B E
[0,1]. In fact, it turns out from this construction that each Hilbert space
('pr):qﬂ, p.q € N, B € [0,1] consists in all ¥ = 3727 (- 2" 1 (M) €
P’(N") such that

1212y g5 = D (ml) P27

n=0

< 00.

1Z)(n) 2

-p

In'! Hilbert spaces of smooth and generalized white noise functionals
were introduced. For more details on this see Section 3.A of'*.

6. Characterization Results

Both transformations introduced in Section 4, S- and T-transform, can be
extended to (N)~#, B € [0,1]. This yields, in particular, characterization
results for the Hida and Kondratiev distributions (Subsections 6.1 and 6.2
below) as well as for any distribution in (N)7#, 8 € (0,1) cf. e.g.3* For
N = S(R) and 3 € (0,1) such results have been obtained in?%:27.
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In order to extend Definitions 5 and 6 to distributions, we first observe
that for a £ € N we have

0 2 0
. n £®n —1o9n n
et g = D ()20 ) = ()Pl (16)
n=0 ip n=0

which is finite if and only if 5 < 1 or 2q|£|§ < 1if g = 1. That is, for all
£ € Nc we have
el e (WP, VB elo,1).
Thus, Definitions 5 and 6 can be directly extended to any ¥ € (N)~7,
B e[0,1), by
(SW)(E) == (,: 192, €€

and
T0© = smigew (-360). ceae, D
respectively. Moreover, if U = "> (- 2®" (™) then
(ST)(E) =D (™, &), (18)
n=0

which extends equality (13) to distributions.

Although : €% :¢ (NV)?! for £ € N\ {0}, computation (16) shows that
el8) e (Hp)s whenever 29|¢|2 < 1. This allows to define the S-transform
of Kondratiev distributions as well. Let ¥ € (M)~ = UpﬂeN(inp):;.
Then, ¥ € (H_p):; for some p,q € N. So we define the S-transform of ¥
by

(ST)(E) = (W,: el ),
for all £ € N such that 27[¢[> < 1. Of course, for each such a function &
the alternative description (18) still holds. In an analogous way, we define
the T-transform of ¥ € (/H_p):; by

T)(©) = (swig)eww (560 )

for all £ € N such that 27[¢[2 < 1.

As we have mentioned above, the Hida and Kondratiev distributions
can be characterized through their S- and T-transform. Since the definition
of the T-transform of those distributions is based on the S-transform, we
present these characterization results, as well as their corollaries, just in
terms of the S-transform.

Remark 5. For the T-transform, analogous results hold by simply replac-
ing the S by the T-transform.
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6.1. Hida Distributions

We recall that in this case A/ can be any Schwartz space S(R%), Sy(R), d >
1. In order to cover all these possibilities, in this subsection we shall denote
all possible Schwartz test function spaces simply by & and the corresponding
dual space by S’.

As a first step towards the characterization of Hida distributions through
its S-transform, we need the following definition (Appendix A.1.4).

Definition 7. A function F': S — C is called a U-functional whenever

1. for every &1,& € S the mapping R 3 A — F(A + &) has an entire
extension to A € C,

2. there are two constants K7, Ko > 0 such that

|F(26)] < K exp (K2 122 |g|2) , VzeCeeS
for some continuous norm |-| on S.
We are now ready to state the aforementioned characterization result.

Theorem 2. (1%41) The S-transform defines a bijection between the space
(S)" and the space of U-functionals.

As a consequence of Theorem 2 one may derive the next two statements.
The first one concerns the convergence of sequences of Hida distributions
and the second one the Bochner integration of families of Hida distributions.
For more details and the proofs see!84! .

Corollary 1. Let (V,,)nen be a sequence in (S) such that

1. for all€ €S, ((SY,)(&))nen is a Cauchy sequence in C,

2. there are two constants K1, Ko > 0 such that for some continuous norm
|| on S we have

[(SW,)(2€)] < Ky exp (Ka|2?|¢*), VzeC,eS,neN.

Then (¥,,)nen converges strongly in (S)' to a unique Hida distribution.
Corollary 2. Let (A, B,v) be a measure space and X\ — Wy be a mapping
from A to (S). We assume that the S-transform of Wy fulfills the following
two conditions:

1. the mapping X — (SU)(§) is measurable for every € € S,
2. all SUy obey the bound

[(STA)(26)| < Cr(N) exp (C2(N)[=’EF*) . 2 € C,E €,
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for some continuous norm || on S and for some C; € LY(A,B,v), Cy €
L>®(A,B,v).
Then the Bochner integral

/ Uy dv(\)
A
exists in (S)" and

s ( /A %du(A)) _ /A (STy) du(N).

Example 3. Given the one-dimensional Brownian motion By = (-, 1jg ),
t > 0 defined in Example 2 and the Dirac delta function J§, € S’(R) with
mass at a € R, consider the informal composition

5a(Bt) = (50(Bt - a).
Based on an approximation procedure by Hida distributions (Corollary 1)
and Corollary 2, a rigorous meaning of the Donsker’s delta function 6o (B; —
a) as the Bochner integral in (S)’

1 )
50(Bt — a) = % / ezu(Bt—(l) du
R

has been given in.3® Its S-transform is given (see e.g.!314:33:35) 1

y

<sao<Bt—a>><£>=¢%ex< ( /5 du)> £ € S(R),

which is obviously a U-functional.

Among Hida distributions the positive ones have particular charac-
teristics. We recall that a ¥ € (S)" is said to be positive whenever
(@,®) > 0 for all ® € (S) p-a.e. positive (being p the Gaussian mea-
sure on (S8’,C,(S"))). As shown independently in?* and in®' | we have the
following result.

Theorem 3. If U € (S)" belongs to the cone (S), of positive Hida distri-
butions, then there is a unique (positive) finite measure vy on (S',Cs(S"))
such that

(v.2) = [ e )
for all ® € (S).

Example 4. Coming back to Example 3, in*® the authors have proved
that 8o(B; — a) € (S)/.. On the other hand, Y. Yokoi has shown in®' that
U € (S) is positive if and only if TV is positive definite. By Example 3 and
(17), it is clear that the latter condition holds for ¥ = do(B; — a). Thus,
according to Theorem 3, the Donsker’s delta function do(B; — a) defines a

finite measure on (S'(R),Cy (S’ (R))).
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6.2. Kondratiev Distributions

Theorem 4. (1Y) Let 0 € U C N¢ be an open set and F : U — C be a
holomorphic function on U. Then there is a unique ¥ € (N)~% such that
SU = F. Conversely, given a ¥ € (N)~1 the function SV is holomorphic
on some open set in N¢ containing 0.

The correspondence between F and V is a bijection if one identifies
holomorphic functions which coincide on some open neighborhood of 0 in

Ne.

We shall do so. As a consequence, we can derive the next two state-
ments. The first one concerns the convergence of sequences of Kondratiev
distributions and the second one the Bochner integration of families of the
same type of generalized functions.

Corollary 3 (?). Let (V,,)nen be a sequence in (N)~! such that there
are p,q € N so that
1. all SY,, are holomorphic on the open neighborhood Uy, 4 := {§ € N :
29[¢|2 <1} of 0 € Ng,
2. there is a C > 0 such that |SU,(§)| < C for all§ € U, 4 and all n € N,
3. (89,(&))nen is a Cauchy sequence in C for all € € Up 4.

Then (¥,,)nen converges strongly in (N) 1.

Corollary 4 (192). Let (A,B,v) be a measure space and X — Wy be a
mapping from A to (N)~1. We assume that there is a U, , = {£ € N¢ :
2q|£|§ <1}, p,q € N, such that

1. SV is holomorphic on Uy 4 for every A € A,

2. the mapping A — (SWA)(§) is measurable for every & € Up 4,

3. there is a C € LY(A,B,v) such that

(ST ()] < CON), VEEU,,, v—aa e A.

Then there are p',q' € N, which only depend on p,q, such that

/A Uy dv())

exists as a Bochner integral in (H,p/):é,. In particular, S ([, ®xdv(N)) is
holomorphic on Uy o = {& € Ng : 2q/|f|12), <1} and

<</A mdu(A),cI>>>=/A<<%,q>>> (N, Ve (N
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Positive Kondratiev distributions are defined similarly to the Hida case.
For such a particular class of generalized functions in (N)~! the following
characterization result holds.

Theorem 5.2 If U € (N)~! belongs to the cone (N);' of positive Kon-
dratiev distributions, then there is a unique (positive) finite measure v = vy

on (N,Co(N")) such that for all ® € ()"

(o) = [ o dviz) (19)
and, moreover, there are p € N, K,C > 0 so that
[ g avta)

for all £ € N and all n € Ng. Vice versa, any (positive) measure v that
obeys (20) defines a positive distribution ¥ € (N);' by (19).

— KC™nll¢]? (20)

7. Wick Product and *-Convolution

According to the Characterization Theorem 4, the S-transform on (N)~! is

a bijection if we consider germs of holomorphic functions at zero, that is, if
we identify holomorphic functions which coincide on some open neighbor-
hood of 0 in N¢. Thus, we define Holy(N¢) as the algebra of germs of holo-
morphic functions at zero. Algebraically, it is clear that Holg(N¢) endowed
with the pointwise multiplication of functions is an algebra. Therefore, by
Theorem 4, for each pair ¥y, Uy € (V)™ we can define the so-called Wick
product Uy o Wy € (N)~L of Uy and ¥y by

Uy oWy =S H((ST)(STy)).

It turns out that the space (A)~! endowed with the Wick product is a
commutative algebra with unit element : (0 ;= 11415,19
The Wick product can be described in terms of chaos decomposition as

well. If U; = S°7 (: x®n :,wl(n)> € (M)~1i=1,2, then

n=0
Uy oWy = Z <3 T Z¢§k)®¢én_k)> :
n=0 k=0

Clearly, we can also define
T = STH((SU)") =W o...oU (n times), e (N)!

and thus finite linear combinations of the form ijzo a, Uor (o0 .= 1).

Moreover, given a function g : C — C analytic on some neighborhood
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) € C (Remark 4), we can define ¢®(¥) € (N)~! by

of (SU)(0) = E(¥
(SW))1930  In particular, we can define exp® ¥ € (A)~1:

g°(¥) == S"!(g
exp® U := S~ (exp(SV)) Z \IIO"

In fact, if the power series representation of an analytlc function g has the

=) an(z—E(W)", z€C,
n=0

form

then the Wick series

> an(¥ —E(W))°"
n=0

converges in (N)~! and, moreover,

A(U) = an(¥ - E(W))"
n=0

For more details concerning the Wick product see e.g.

By Theorem 4 and Remark 5, the T-transform also yields the definition
of an algebraic structure on (N)~!. For each pair U1, U5 € (M) ™! we define
the so-called *-convolution Uy * WUy € (N)~! of Uy and ¥y by

Uy« Uy =T ((TU)(TT,)).

Due to the close relation between the T- and the S-transform on (N)~!,
all the above results quoted for the Wick product straightforwardly hold
for the x-convolution. Moreover, through the so-called Fourier transform

on (N)~1,

14,15,19,30

FU =T HSV), ¥e(N)
both algebraic convolutions are related!® by
F(U10Ws) = (FUq) % (FUs), Wy, ¥ye (M)
For more details concerning this Fourier transform F see e.g.'433 and the
references therein.

8. Annihilation, Creation and Second Quantization
Operators

The Ito-Segal-Wiener isomorphism between the space (L?) and the sym-
metric Fock space provides natural operators on (L?) by carrying over stan-
dard Fock spaces operators, namely, the annihilation, creation and second

quantizations operators cf. e.g.244 .
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8.1. Annihilation Operators

Let h € H be given. We recall that the so-called annihilation operator a(h)
is the operator acting on f(™) € Exp,, (Hc), n € N, of the form (Appendix
A.12)

f = (B . 8f e HE, fieHe,i=1,.n (21)
by

n

(@)™ =3, [ 1B .. Bfy1Bf 1B ... B f € HE™ Y.

Jj=1

This definition can be linearly extended to the dense space in Exp,, (Hc)
spanned by elements of the form (21). Moreover, for such elements the
following equality of norms holds (cf. e.g.%),

|(@(P)F ™ xp, 1) < VRIS |, (340 (22)

which allows to extend a(h) to a bounded operator a(h) : Exp,(Hc) —
Expn—l(HC)'

Therefore, in terms of the space (L?), the It6-Segal-Wiener isomorphism
yields an operator, also denoted by a(h), such that for all z € A7 and all

fla"'afngH(C; néN,
(a’(h))< e :af1®~ ®fn>

th] 2D (BB 18 @ ... B ).

Due to (22), observe that for z € N, fi,...,fn € H, n € N, fixed, the
linear functional on H

H > he (a(h)P(z), Px):={(2%":®...0f)

is bounded. Therefore, by the Riesz representation theorem, it is given by
an inner product

(h,VP(z)), YheH

for some VP(z) € H. In particular, for N/ = S(R) and H = L?(R), we
have
+oo

(@h)P() = (0 VP@) = [ hgP@)dn  he (R)

— 00

where 9;, t € R is the Hida derivative introduced in'!
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The reason for this name lies on the fact that the Hida derivative is
indeed a (Gateaux) derivative. For w,wy € S’(R) fixed, let F' be a real
or complex-valued function pointwisely defined on S’(R). We say that F
is Gateaux differentiable at w in direction wp if the function R > A\ —
F(w+ A\wp) is differentiable at A = 0. In this case, we shall use the notation

Dy, F(w) := %F(w + Awo) K (23)
In particular, for P defined as before we easily find

= (w0, i) WPV L 118 B f1B B .. B ).
Jj=1

This shows that a(h)P(w), h € L*(R) is, in particular, a Gateaux derivative
at the point w € S’(R) in direction h € L*(R). Therefore, we can regard
definition (23) as an extension of a(h), h € L?(R), to tempered distributions
directions.

In particular, for the Dirac delta function §; € S’(R), t € R, it turns
out cf. e.g.'* that

Ds, P = 0P,
where 0, P is the Hida derivative of P. In fact,
0.9(w) = VP(w)
defines a Fréchet derivative on (S), see e.g.,'* and for suitable positive
U e (S)
£(@) = (T, [Ve[*)
14

will give rise to (pre-)Dirichlet forms, see

8.2. C'reation Operators

In order to recall the definition of creation operators on the Fock space,
we come back to the bounded operator a(h) : Exp,,(Hc) — Exp,_(Hc),
h € H, defined at the beginning of Subsection 8.1. Clearly, we can extend
componentwisely a(h) to the dense subspace of Exp(Hc) consisting of all
sequences (f (n))RENo such that all terms vanish except finitely many ones.
Therefore, the adjoint a*(h) of a(h) is a well-defined operator on Exp(Hc).
A straightforward computation shows that its action on f(™ € Exp,, (Hc),
n € N, is given by

(a*(h)f™ = h& ™ € Exp,,41(Hc)
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and, moreover,

|(a*(h))f(n)|EXP“+1(Hc) S Vn+ 1|h||f(n)|EXP“(H(c)’

see e.g.®** . Since a(h) and a*(h) are densely defined, they are closable,
and thus both operators can be extended to their closures. We shall denote
both extended operators also by a(h) and a*(h), respectively. The following
equalities hold

[a(f),a(h)] = [a*(f),a* ()] =0, a(f);a™(R)] € (f,h),  (24)

which are well-known as the canonical commutation relations. Here [-, -] is
the usual commutator between two operators, [A, B] := AB — BA.

Concerning a*(h), that is, the so-called creation operator, its image
under the It6-Segal-Wiener isomorphism leads as before to an operator on
(L?), also denoted by a*(h),

(a*(h))(: 2®" :,f(")> = {(: @0+ h@f(")>, f(”) € H?”,n eN.

2,44

Of course, by construction, a*(h) is the adjoint operator of a(h) on (L?)
and relations corresponding to (24) hold.

In order to proceed towards distributions, let us consider H = L?(R) and
N = S(R). Concerning the corresponding space (S) of Hida test functions,
it turns out cf. e.g.! that each Y00 ((: -®" 1, (™) € (S) has a continuous
version. That is, each kernel (™, n € N, has a continuous version in
(Sc (R))®". For technical reasons, in what follows we shall always consider
the continuous version of a Hida test function. Of course, it follows from
the previous subsection that Dy, (: w®" : (™) exists for all wy € S'(R)
and

Do (: w®™ 1, ™)) = n{we® : WD 1 M) = p <: w®m= - (w, go(”))> ,

(25)
where (wp, ™) means that wy is evaluated on (™ in the first argument.
Moreover, for a fixed wy € S’(R), D, is a continuous linear operator from
(S) into itself. This is a consequence of the fact that given a wy € H_g,
being H_,4, p € N the Hilbert spaces introduced in Example 1 (i) with the

corresponding norm | - |4, for every ® € (S) and every p,r € N we find
of. 1439

([ Deso @

p,r,0 S 2q7p|W0|qu(I)HmaX{;WI}JUO’

where the first and the last norms are the ones on (H,)?, p,r € N,

prlimy, .en(H,)? = (S) (Section 5). Therefore, we can consider the adjoint

operator D}, of the Gateaux derivative D,,,, wo € S’(R), which (strongly)
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continuously maps the space of Hida distributions (S)’ into itself. Due to
(15) and (25), the action of D ona ¥ = 3> (- w® 1 yM) € (S),
thus with symmetric tempered distribution kernels ("), is given for all

=300 e™) € (S) by

oo

(D5, 0, ®) = (¥, D @) = Y nlln+1) (), (w0, o))
n=0
::53@1+1ﬂ@m®wmhwm+ﬂy
That is, -
Dy v = i( W8 1wy, (26)
n=1

It extends to tempered distributions the operator a*(h), h € L?(R), above
defined on (L?). As we can expect, relations similar to (24) can be stated
for D, and D , wo € S'(R), as well. From those, we give particular
attention to the case wg = d;, which leads to the canonical commutation
relations used in quantum field theory. Informally, for s,t € R,

[0s,0¢) = [05,0¢] =0, [0s,07] = 6(s — 1),

with 0f = Dj , t € R. Furthermore, given the white noise w(t) (Example
2), for all ® € (S) we find

w(t)® = (0, + ),

where the multiplication appearing in the left-hand side is a Hida distribu-
tion. Indeed, since (S) is closed under the pointwise multiplication and the
multiplication of Hida test functions is a continuous bilinear mapping on
(S) cf. e.g.,?® the multiplication w(t)® € (S)’ is well-defined by

(w(t)®, o)) := (w(t), @Do)), VP € (S5).

For more details and the proofs see e.g.!439 .

Another application of this particular case concerns the definition of the
so-called Hitsuda-Skorohod integral, related to the Skorohod and the It6
integrals, both well-known in stochastic analysis.

From now on, let T C R be a bounded interval with the Borel o-
algebra B and the Lebesgue measure. Since 97 : (S) — (S)/, given a
mapping ¥ : T" — (S)’ defined a.e., we can then consider the mapping
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defined for a.a. t € T by t — 07 ¥(t). If, in addition, for every ® € (S),
(v(-),®) € LY(T,B,dt), then we have a well-defined Pettis integral of 0;V,

/ OrU(t)dt € (S). (27)

That is, (27) is the unique element in (S)" such that for all ® € (S)

<</ oLt de ‘I’>> /T (07 w(t), @) dt.

In particular, for ® =: e{¢) :€ (S), £ € S(R) (Section 6), it follows imme-
diately from this definition that the S-transform of (27) is given by

s([orvar)©= [ sevoy©a

We call (27) the Hitsuda-Skorohod integral of W.
In terms of chaos decomposition, observe that if W(¢) = > (- w®" :,
M (t)) for a.a. t € T, then, by (26),

oo
O;W(t)=> (w609 D(t <>Z "M (1)) =w(t)o (L),
n=1
where ¢ is the Wick product introduced in Sectlon 7. This yields another
approach to introduce the Skorohod and the It6 integrals'®
Now let T = [0,1] and let X : [0,1] — (L?) be a square integrable
function with chaos decomposition
oo

X(t) = Z( WO FM @) aa. t €0,1]
n=0
such that for a.a. ¢t € [0,1]

Sl £ (0)
n=0

Then, it can be shown cf. e.g.'* that the Hitsuda-Skorohod integral of X
belongs to (L?) and coincides with its Skorohod integral.

In order to recover the definition of the Ito integral, let X : [0,1] — (L?)
be a square integrable function which we assume to be adapted to the
filtration generated by Brownian motion. In terms of chaos decomposi-
tion this means that if X is given as before, then for all n € N and for
a.a. (ur,...,up) € R*\ [0,]", f™(t;ur,...,u,) = 0, t € [0,1]. Then, it
turns out cf. e.g.1* that the Hitsuda-Skorohod integral of X coincides with

its It6 integral:
1 1
/ of X (t) dt:/ X(t)dB(t)
0 0
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In accordance with the definition of It6 integral in stochastic analysis, here
we should choose a continuous version of the Brownian motion defined in
Example 2.

For more details and the proofs see e.g.!43% .

8.3. Second Quantization Operators

Given a contraction operator B on Hc, we can define a contraction operator
ExpB on the Fock space Exp(Hc) defined on each space Exp,, (Hc), n € N,
by B®", ExpB| Exp,(Hc) := 1. Therefore, for any coherent state e(f),
f € He,

ExpB (e(f)) = e(Bf).

In particular, given a positive self-adjoint operator A on Hc and the
contraction semigroup e~ 4, t > 0, we have defined a contraction semigroup
Exp (e_tA), t >0, on Exp(Hc). The generator of this semigroup is the so-
called second quantization operator corresponding to A and we shall denote
it by dExpA, i.e.,

Exp (e_tA) = exp (—tdExpA), t>0.

For more details see e.g.2*3. The action of dExpA on coherent states e(f)
with f in the domain of A is given by

_f®(n—1)
) - (sl

) ~ @ (n—1) .
with (Af) ®f(nT)! =0ifn =0, cf. eg.?.

The definition of second quantization operators leads, for instance, to
the construction of countably Hilbert spaces and triples on Fock spaces and
thus to the definition of new nuclear triples cf. e.g.21%22:39 _In particular,
for A being the Hamiltonian H of the quantum harmonic oscillator on
L?(R) (Example 1),

d*¢ 2
(HE)(u) = == (u) + (" +1)¢(u), uveR,

we rediscover the Gelfand triple
(S) C (L*) c (s).

For more details concerning this constructive scheme and examples see
g 21422
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A.1. Appendices

A.1.1. Tensor Powers of Hilbert Spaces

Instead of reproducing the abstract construction of tensor powers of gen-
eral topological vector spaces like e.g. in*>%°
approach of%3 for Hilbert spaces.

Let H be a (real or complex) Hilbert space with inner product (-, -). For
each n € N, n > 2, and every gi,...,9, € H, we consider the following
n-linear form g; ® ... ® g, = ®}_,¢; defined on H" by

, we follow closely the direct

n

(1 ®...@gn) (ha,... o) = [[(his i), Pa,... hn € H.

=1

We shall call the linear space spanned by such n-linear forms the algebraic
n-th tensor power of H and denote it by H®+". In order to introduce a
topological structure on H®+", we define an inner product on H®"  also
denoted by (-,-), acting on elements ®;'_;g1i, ®7_;92; € HBam by

n
(®?:191u j= 192; : Hglk;QQk (A.1)

Remark 6. It turns out (cf. e.g.*®) that the value of (G1,G2), G, G2 €
H®a" is independent of the linear combinations used to express G; and Ga,
and thus (+,-) is well-defined.

Definition 8. The completion of H®«" with respect to the norm induced
by the inner product (A.1) is called the (topological) n-th tensor power of
H. We shall denoted it by H®".

We observe that if the Hilbert space H is separable and {ey}ren is an
orthonormal basis of H, then H®" is also a separable Hilbert space and the
set of elements of the form ey := ®7_; ey, indexed by K := (kq,...,k,) € N”
is a Hilbertian basis of H®™.

In particular, we can consider the Hilbert space L?(R) or its complexified
space L2 := {fi+ifa: f1, f2 € L*(R)} (see Appendix A.1.2). In these cases
the tensor powers (L?(R))®", (LZ(R))®" can be identified with L?(R™),
LZ(R™), respectively.

Proposition 4. The spaces (L*(R))®™ and (LZ(R))®™ are unitarily iso-
morphic to L*(R™) and LZ(R™), respectively.
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Proof. (Sketch) Given an orthonormal basis {ej}ren of L?(R), consider
the orthonormal basis Rk, K := (kq, ..., k,) € N, of L%(R"),
Ri(x1,. .., xn) = e, (1) ... e, (zn),
and the linear mapping R which maps the orthonormal basis {ex }xenn of
(L*(R))®™ onto {Ri}kenr,
R5€k1®---®€kn'—>RK, K:(kl,...,k‘n).
Clearly the following equality of norms holds:
|Ri|r2®n) = ler, ® ... ® ex,|(p2@yen, VK= (ki,... kn) € N,

which leads to the existence of a unique extension of R to a unitary iso-
morphism of (L?(R))®" onto L?(R"), also denoted by R. The assertion for
the complex case follows by simply replacing each L?-space by the corre-
sponding L% complexified space. O

Remark 7. In view of this proof, we shall identify each n-linear form
g1 ®...® gp with R(g1 ® ... ® g,) € L2(R"), that is,

(1®...@gn) (1, 2n) == g1(21) - .. gn (@),
and g1 ®...® g, € L?(R™) will be called the tensor product of gi,...,Gn.

The latter equality is adopted to define g1 ® ... ® g, with g1, ..., g, being
elements of a generic space of functions.

A.1.2. Fock Space

The definition and main properties of the symmetric Fock spaces are de-
scribed below. For more details see e.g.8:43:46

Given a real separable Hilbert space H, let H¢ be the complexified space
of H,

He:={f+ig: f.geH}
with the inner product

(f1 +ig1, f2 +ig2) == (f1, f2) + (91,92) + (91, f2) — i(f1,92)

(antilinear in the second factor) and the corresponding norm | - |.

For each n € N fixed and any ¢ € S,, (S, := the permutation group over
{1,...,n}), we consider the unitary isomorphism U, ,, defined on the total
set?® of elements of the form ¢1 ® ... ® g, € ’H?", gi € He,t=1,...,n, by

Ub,n(gl ®...0 gn) =0.(1) ®...0 9u(n)-

a2A subset A of a Hilbert space is said to be total whenever the closure of the space
spanned by A coincides with the whole space.
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Then, given the family of unitary isomorphisms U, ,, with ¢ € S,,, we define
the operator P, on HE" by

1
Pri=— > Ui

" LES,

It is easy to check that P, 0P, = P, and the adjoint operator of P,, coincides
with P, itself. That is, P, is an orthogonal projection. We shall call the
image of Hg” under P, the n-th symmetric tensor power of Hc and denote

it by HE". We shall denote each P,(g1 ® ... ® gn) by ¢1® ... ®gn.

Due to Proposition 4 and its proof, it is clear that in particular for
Hc = LA(R), the n-th symmetric tensor power (L(R))®™ is unitarily iso-
morphic to the subspace E(QC(R") C LZ(R™) of all symmetric square inte-
grable functions. For this reason, in accordance with Remark 7 we shall
identify the space (L(QC(R))@” with the space E%(R")

Definition 9. The Bose or symmetric Fock space ExpHc over H¢ is the
Hilbert space defined by the Hilbertian direct sum

Exp(Hc) := @ Exp,,(Hc),
n=0

where Expg(Hc) := C is the so-called vacuum subspace, and each
Exp,,(Hc), n € N, defined by the space H?" endowed with the inner prod-
uct n!(-, ').Hgn, is the so-called n-particle subspace.

In other words, a generic element F' € Exp(Hc) is a sequence F =
(f)nen, with f( € HE™ n €N, and

o)
2 n
HFHExp(HC) = Zn”f( )E%@n < 00.

n=0
Among the elements in Exp(H¢) we distinguish the so-called ezponential
vectors or coherent states e(f) € Exp(Hc) corresponding to the one-particle
vector f € He:

e(f):= (1,f7 %f®2,..., %f@m,...) , [P i=f®..® f (n times).

According to the definition of Exp(Hc), we have

(e(fl); e(f2))Exp(HC) = exp ((flv f2)) ) fla f2 S H(Cv
and thus

le(H) npiriey = exp (IFF) s f € He,
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The next statement emphasizes the role of coherent states (see e.g.?).

Proposition 5. Given a linear subspace L C Hc, the family of coherent
states {e(f): f € L} is total in Exp(Hc) whenever L is dense in Hc.

Remark 8. In view of Appendix A.1.3 below, let us mention that in an
analogous way we can define symmetric tensor powers of real Hilbert spaces
as well.

A.1.3. Tensor Powers of Nuclear Spaces
As in Section 1, let N'C H C N be a nuclear triple,
N = pr})ier%?—[p, N = indii§ﬂ_p.

In order to define tensor powers N®" and symmetric tensor powers
N®? n € N, n > 2, of the nuclear space N, we consider the families of
tensor powers of the Hilbert spaces H?” and Hf?", both indexed by p € N.
Since there is no risk of confusion, we shall use the notation |- |, also for the
Hilbertian norm on H3". The n-th tensor power N®" of N and the n-th
symmetric tensor power N Bn of N are the nuclear Fréchet spaces defined
by

N = przl)igl\;;'-[?", NE™ = prlllié%?—l?”,

respectively.? R

Moreover, if each H?Z (resp., 'H?Z) is the dual space of 'H?” (resp.,
'H?”) with respect to H®" (resp., ’H®"), then the dual space N®™ of N'®"
with respect to H®" and the dual space N’&" of N€" with respect to HE"
can be written as

N'®" = indlimHE?  and  A"®" = indlimHE7,
peN peEN

respectively. As before, in this work we shall also use the notation |- |_,
for the norm on H‘?Z, p € N, and (-,-) for the dual pairing between N'®"
and N7,

Thus we have defined the nuclear triples

NE C HO c A®P and NER C HOP c NON,

Remark 9. All the above results quoted still hold for complex spaces. In
that case, we shall use the same notation as above.
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A.1.4. Holomorphy on Locally Convex Spaces

In this part we generalize the notion of holomorphic or analytic functions in
complex analysis to complex-valued functions defined on a locally convex
topological vector space £ over the complex field C. For more details and
the proofs see e.g.145 .

A function F' : U — C defined on an open set U C & is called G-
holomorphic or Gateauz-holomorphic if for each £y € U and each £ € £ the

complex-valued function
Coz2=F(§+2£eC

is analytic on some neighborhood of 0 € C. Hence, given a G-holomorphic
function F': U — C, it turns out by the general theory of complex analysis
that for each £, € U we can write

oo

Fléo+8=Y —d"F(&:8) (A2)

n=0

for all £ in some open neighborhood of zero, where d™ F (£p; €) is the differen-
tial d"F (&) (&, .., &) of n-th order of F at the point &y along the direction
(g’ M ’f)

A G-holomorphic function F : U — C is called holomorphic whenever
for all £y € U there is an open neighborhood V' of zero such that the series
in (A.2) converges uniformly on V. It turns out (cf. e.g. [5, Lemma 2.8])
that a G-holomorphic function is holomorphic if and only if it is locally
bounded.

A function F' is said to be holomorphic at a point & € £ if there is an
open neighborhood U C & of &y such that F': U — C is holomorphic.
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