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"Caminante, son tus huellas

el camino y nada más;

Caminante, no hay camino,

se hace camino al andar."

Antonio Cipriano José María Machado Ruiz



Abstract

The goal of this dissertation is to advance the classification of classes of spherical tilings: we
find new ones and characterise new families. To do that we rely on theoretical considerations
along with the interactive geometry, algebra, statistics and calculus software GeoGebra to
which we produced new tools.

This research work comprises five papers, two published (see Chapters 3 and 4), two accepted
(see Chapters 2 and 6) and one is submitted (see Chapter 5), being the chapter one reserved
to the introduction.

In the second chapter we introduce the tools created in GeoGebra, the application of these tools
to obtain some well known spherical tilings and provide illustrations of some new spherical
tilings. In the following chapter, a new family of tilings of the sphere, dB p

q
, p, q 2 N, are

presented. This family contains the well known antiprismatic tilings, which is identified and
obtained by a global action of a subgroup of spherical isometries. In Chapter 4, we study
a monohedral family of tilings of the sphere, P(C,⇢), formed by four non-convex congruent
spherical pentagons. In this case, the family is obtained by a local action of a subgroup of
spherical isometries applied to C, a set of spherical arcs concurrent in a point. In Chapter 5,
the properties of the two families of spherical tilings, P⇤

(C1,⌧⇤) and P
⇤⇤

(C2,⌧⇤⇤), corresponding
to dihedral tilings by pentagons are presented. The topological and combinatorial character-
izations of each element of these families are given. In the folowing chapter we explore some
new monohedral spherical tilings, H(C3,⌧), by six non-convex hexagons, and a new family of
monohedral tiling by six spherical pentagons, P(SC,✓1,✓2), which arises as a degenerated case
associated to the family H(C,0).

Finally, some conclusions driven from the work developed so far are presented and some
considerations about the potential use of GeoGebra for research in this area will be given.

Keywords: Spherical Geometry, Spherical Tilings, GeoGebra.
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Chapter 1

Introduction

1.1 Main goal

In this work, we propose to explore and search new spherical tilings, subdivision of the unit
sphere by spherical polygons, making use of GeoGebra [46], a well known free interactive
mathematics software.

1.2 Some historical notes

The efficiency of arrangements and patterns (packaging, covering and coating) has been stud-
ied throughout the history of mathematics. The tilings of the sphere appear already in studies
attributed to Pythagoras and in some Arab texts that influenced the elements of Euclid [11].
Euclid and Archimedes were already interested in this kind of question. In 1619, Johannes
Kepler published the first classification of edge-to-edge regular monohedral spherical tilings,
associated to the platonic solids, in Book II of Harmonices Mundi [50].

Crystallography studies, begun in the nineteen century by Hessel, Bravais, Möbius, Jordan,
and Sohnck and others [49], have contributed to more knowledge about polyhedra and neces-
sarily to associated spherical tilings. These studies were mainly based on geometric methods.
Only later did Polya [61] and Maxwell [56] develop a more systematic work on the study of
crystallographic groups, namely, using Coxeter’s work [27–29].
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2 Chapter 1 Introduction

It should be noted that from the crystallographic studies it was possible to first classify edge-
to-edge tilings of the sphere produced by transitive actions of spherical isometry subgroups.
Other studies arise from exclusively combinatorial properties, this is the case of the f-tilings
[9, 13, 14, 25].

The first attempt to systematize classifications of spherical tilings begun with D. Sommerville
who established, in [71], part of a classification of spherical tilings by isosceles triangles and
analysed a very particular case by scalene triangles [33, p.467]. H. Davies, in [30], presents an
incomplete classification of triangular monohedral tilings of the sphere. Besides, Davies has
not provided sufficient evidence of his conclusions, omitting many details which were fixed
later on.

Tilings of the sphere by right triangles were obtained by Yukako Ueno and Yoshio Agaoka in
1996 [76]. Later, in 2002, the same authors obtain the complete classification of monohedral
edge-to-edge triangular spherical tilings [77]. It should be noted that monohedral spherical
folding tilings were studied by Ana Breda and their classification was obtained in 1992, re-
cognizing that their prototypes can only be spherical triangles, being as expected a subset of
the set of triangular monohedral spherical tilings [13].

The classification of spherical tilings by triangles is not yet completed. In fact, little is known
when the condition of being monohedral or edge-to-edge is dropped out. A systematised study
to enumerate and classify all spherical tilings is far from being solved.

The classification of non monohedral spherical tilings by scalene triangles is an hard problem
and only few developments are known [1]. The general classification remains open.

The regular dodecahedral spherical tiling is a well known tiling of the sphere by twelve regular
pentagons. All edge-to-edge tilings of the sphere by 12 congruent convex pentagons have
been classified by Honghao, Shi and Yan [40]. Recently, we have characterised a family of
spherical monohedral tiles by four congruent non-convex spherical pentagons [22], using the
tools presented in chapters 2 and 3.

Tilling problems, even in the plane, remained open for a long time. For instance the problem
of the classification of all monohedral tilings of the plane by convex pentagons was only solved
recently. In fact, in 2017, Michaël Rao [62] has presented a proof based on an exhaustive search,
by means of computational methods, of all monohedral families of these class of tilings. His
work revealed that there are no more than the 15 already known families. Up to 1985 only 13
monohedral such tilings were known. Rolf Stein [72] found a 14th monohedral tiling family
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in 1985 and the 15th monohedral tiling family was found, in 2015, by Mann, McLoud and
Von Derau [55]. As expected not all families of monohedral tilings of the plane by convex
pentagons are edge-to-edge.

It is not surprising that little is known about the classification of spherical tilings by convex
and/or non convex polygons. This work intends to be an advance in the knowledge on this
issue.

1.3 Some tilings applications

Tiling problems are interesting not only regarding theoretical aspects but also regarding sev-
eral applications, among which are issues related with distribution of points on a sphere [67]
with strong implications in the contemporary technology and in science in general. The facil-
ity location problems, spherical designs and minimal energy point configurations on spheres
[10, 12] are other fields where the study of tilings can be used.

Walter Kohn report that the year 1984 brought a big surprise in the field of crystallography.
He refers the work of:

“D. Schechtman and co-workers that reported a beautiful x-ray pattern with un-
equivocal icosahedral symmetry for rapidly quenched AlMn compounds. The ap-
propriate theory was independently developed by D. Levine and P. Steinhardt,
who coined the words quasicrystal and quasiperiodic. Even more curious was the
fact that R. Penrose (1984) had anticipated these concepts in purely geometric
[terms], so-called Penrose tilings” [51, p. s70].

Findings of this kind reinforce the need to continue studying geometric patterns and their
properties.

The study of spherical tiling has also applications to chemistry, for instance, in the study of
periodic nanostructures [38]. The emerging of new forms of association of molecules, notably
fullerenes [37], lead to the study of special classes of spherical tilings by triangles, squares,
pentagons, and hexagons [63]. In the same line of reasoning, other tilings by heptagons[73]
and heptagons and octagons [64] had emerged in a study done in a more rigorous way. Other
research lines point to new possibilities for new molecular patterns [35, 78].
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Namely, in the field of virology many applications of the spherical tilings arise. As Reidun
Twarock state "tiles have a biological interpretation in terms of interactions between the pro-
teins they encode, the viral tiling theory lends itself to various applications" [75]. Same stud-
ies have provided the evidence occurrence of tubular malformations in addition to spherical
capsids1 [69, 75], being necessary models of simulation of local actions [70]. The rearrange-
ments due to these malformations lead to structures whose viral caspicides could be modelled
by tiles with vertices of valence two.

Some of the aforementioned discoveries, which result from research in various branches of
science, point to the analysis of configurations that can be modelled by geometric patterns.
This is, among others, one of our motivations for our study. In fact, we will study spherical
tilings whose prototypes are not necessarily convex spherical polygons.

1.4 Definitions

Let S2 = {(x, y, z) 2 R3 : x2 + y2 + z2 = 1} be the unit sphere in R3. A spherical polygon is
a closed region limited by a set of spherical line segments (arcs obtained by the intersection of
S2 with planes passing through its centre), the edges of the polygon. The spherical segment
joining A and B (for A,B 2 S2), will be denoted by AB.

A spherical tiling is called monohedral if all polygons of the subdivision are congruent among
them. Any one of these polygons is called a prototile of the tiling.

A dihedral spherical tiling is a tiling in which every polygon of its division is congruent to one
and only one of its two distinct prototiles.

The focus of this work are edge-to-edge spherical tilings, i.e., tilings where the intersection of
two tiles is either a vertex or an entire edge.

1.5 Why using GeoGebra

There are many tools to work with spherical geometry, for instance Povray [34], and in an
interactive way Sphaerica [39] and Spherical Easel [2]. While Povray [34] is a powerful tool to

1
The protein coat or shell of a virus particle, surrounding the nucleic acid or nucleoprotein core. Origin of

the word in late 19th century: from modern Latin Capsidae (plural), from Capsus (genus name).
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illustrate objects in spherical geometry, Sphaerica and Easel present some potential to make
constructions and explorations. For our purposes we need to work with more flexible tools
and commands, in particular, we need to obtain in real time the orbit of a set of spherical
points under the action of a (sub)group of spherical isometries.

GeoGebra [45] seems to be the best option for two crucial reasons: the widespread use of
GeoGebra and the possibility of interaction with geometrical and algebraic representations
simultaneously. In fact, GeoGebra has several geometrical representations in 2 and 3 di-
mensions allowing the interaction with spherical points in a diversity of ways. Besides, the
algebraic capabilities of GeoGebra allow the study and the induction of some geometrical
properties which may be visualized in real time. Among its many features GeoGebra allows
the creation of new tools and commands, deals with sequences of several geometrical and
algebraic objects and uses logic procedures and heuristics which, among other things, permits
one, for instance, to certify the congruence of objects. There are other software as powerful as
GeoGebra for work in three-dimensional geometry (for example, Archimedes Geo3D [41] ), but
they are not free, and this is, without any doubt, an added value to the choice of GeoGebra.
Another interesting aspect of GeoGebra is that it allows us to obtain planar configurations of
the spherical tilings in study, which are an important aid for the deduction procedures.

In all the results obtained in this work GeoGebra played an important role, see [15–19], in order
to get: i) new GeoGebra tools and applications that allow the geometric development of new
families of tilings; ii) algebraic descriptions for the geometrical features of the new family of
tiling obtained by means of computer algebra system (GeoGebra CAS ). The results obtained
through GeoGebra CAS were confirmed manually and with the use of other software, namely
MapleTM, Wolfram Programming Lab [47] and SAGE [74]. It should be noted that, after
obtaining all the algebraic definitions of the vertices of the tilings, new GeoGebra applications
were constructed from the algebraic descriptions that confirmed the results obtained previously
using the geometric tools created with GeoGebra.





Chapter 2

Spherical tiling with GeoGebra
New results, challenges and open problems [24]

In this paper our first goal was to show how to make use of GeoGebra to generate and visualise
monohedral edge-to-edge triangular spherical tiling. We have also shown how to generate and
visualise monohedral spherical tilings whose prototiles are polygons, not necessarily triangular
or even convex.

Having these goals in mind, new GeoGebra tools for spherical geometry were created.

Besides the abstract and the introduction, the paper includes in the first section, GeoGebra
resources which allow to build an octahedral spherical tiling, either using the command "sur-
face" or combining this command with others related to 3D geometric isometries.

In the study of the spherical tilings, the angle measure plays a crucial role, being essential to
construct tools, to define the edges of the polygons and to get the angle measure. This is the
content of the second section. In the third section the way of obtaining the isometries of the
sphere in GeoGebra is presented. They are relevant for the construction of patterns of spherical
polygons that could end up in spherical tilings. In the fourth section, some applications of the
spherical compass tool are given, namely in the construction of geometrical loci. In the fifth
section, the equilateral spherical triangle tool is presented. This tool will be used to obtain
regular spherical tilings starting from a net of equilateral triangles. GeoGebra will be also
used to give the geometrical characterisation of these tilings, namely edge lengths and angle
measures. Finally, in the sixth section, we present some spherical tilings as orbits of global or
local actions of spherical isometries.

7
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Chapter 3

Spherical Geometry and Spherical
Tilings with GeoGebra [21]

The classification of spherical tilings is a problem far from being solved. Here we show how to
generate new families of antiprismatic spherical tilings using GeoGebra. Within the described
proposal some spherical geometry capabilities of GeoGebra had to be extended. The outline
of the algorithms behind some of the newly designed and implemented GeoGebra tools and
applications will be given.

The research work described here has as its goal the generation in a systematic way of classes
of spherical tilings and the search of new ones, making use of the GeoGebra computational
capabilities. Our main result is the description of the combinatorial and geometrical char-
acterisation of the two parameter spherical tiling family dB p

q
, p, q in N with gcd(p, q) = 1,

expanding the antiprismatic spherical tilings.

In the section 2 of this paper we present some tools, purposely created, to extend GeoGebra
capabilities in a spherical geometry context. In the next section, we state and prove our
main results, the combinatorial and geometrical characterisation of the family dB p

q
. We also

explain other procedures for obtaining spherical tilings, starting from a spherical triangle and
submiting it to the local action of a (sub)group of spherical isometries, a strategy that may
help to find new spherical tilings.

21
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Chapter 4

A new class of monohedral pentagonal
spherical tilings with GeoGebra [22]

Here, making use of GeoGebra, we show how to generate new classes of monohedral non-convex
triangular and new non-convex pentagonal spherical tilings, changing the side gluing rules of
the regular spherical tetrahedral tiling, by means of a local action of particular subgroups of
spherical isometries. In both cases each polygon has ⇡ as area measure.

In relation to the new class of pentagonal tilings, we describe some of their geometrical and
combinatorial properties and show the existence, in a special case, of an associated dihedral
triangular spherical tiling.

These classes of spherical tilings have emerged as a result of an interative construction process,
only possible by the use of the newly produced GeoGebra tools and the dynamic interaction
capabilities of this software. In section 2 of this paper we begin by presenting a construction
process of monohedral spherical tilings of area ⇡, this procedure depends on the action of a
subgroup of spherical isometries over a well chosen spherical set. We will end up with two
one parameter new classes of spherical tilings T(C,⇢) and P(C,⇢).

The description of the one parameter family T(C,⇢), in which each one of its elements is
composed by four triangles, is given in section 3 of this paper. Section 4 describes the one
parameter family P(C,⇢), being that each one of its element is composed by four non-convex
pentagons.
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Chapter 5

Two classes of dihedral spherical
pentagonal tilings.

In this paper we present two classes of dihedral spherical pentagonal tilings. We begin by
showing how to generate new classes of dihedral pentagonal spherical tilings, changing the
side gluing rules of the regular spherical hexahedral tiling, by means of a local action of
particular subgroups of spherical isometries. In relation to these classes of pentagonal tilings,
we will describe some of their combinatorial and topological properties. These classes of
spherical tilings emerged as a result of an interative construction process, only possible, as
previously stated by the use of newly produced GeoGebra tools and the dynamic interaction
capabilities of this software.

Here we extend the knowledge of the set of pentagonal spherical tilings. A proper adaptation
to the procedure described in chapter 4 to characterise the one-parameter family of tilings,
P(C,⌧) ⌧ 2]0,⇡[\{1

2 arccos
Ä
�1

3

ä
}, by four congruent spherical non convex pentagons [22],

determines two distinct one-parameter families composed by 12 pentagons:

P
⇤
(C1,⌧⇤), ⌧

⇤ 2]0, arccos(
p
3
3 )[\{arctan(

p
2
2 )};

P
⇤⇤
(C2,⌧⇤⇤), ⌧

⇤⇤ 2]0, ⇡2 [\{arccos(
Ä

1
8409

Ä
41
p
2803 + 58

p
5606

ää
}.

In the section 4, some topological properties of P⇤
(C1,⌧⇤) and P

⇤⇤
(C2,⌧⇤⇤) are given. We will show

that the set composed by the union of these two families is arcwise-connected.
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Chapter 6

New classes of monohedral spherical
tilings by non-convex spherical
hexagons and non-convex spherical
pentagons with GeoGebra [23]

Once again, we will make use of GeoGebra to show how to generate new classes of monohedral
non-convex hexagonal and pentagonal spherical tilings.

The one parameter class of monohedral non-convex hexagonal tilings, H(C,⌧), was obtained
changing the side gluing rules of the regular spherical octahedral tiling, by local actions of
particular subgroups of spherical isometries. The description of this family is given.

We also show the existence of a new family of monohedral non-convex pentagonal tiling,
P(SC,✓1,✓2), which arises as a degenerated case associated to the family H(C,0). The geometrical
and combinatorial properties of these families are described.
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Chapter 7

Conclusions

The GeoGebra tools and applications built, so far, allow the visualization and the establish-
ment of relationships among crucial elements related with spherical tilings, greatly contribute
to the research in this topic. It is in the generation of a great variety of spherical configur-
ations / relationships that we believe GeoGebra can make a substantial contribution for the
description and construction of spherical tilings, not yet explored, besides being a resource of
great utility in the study of spherical geometry, in general.

Here, we have presented several new GeoGebra tools, namely in the Chapters 2 and 3, that
may be used to explore spherical geometry and to explore spherical tilings. An important
advantage of these applications is the interactivity and the visualisation of the created objects,
promoting conjectures and the respective formal proofs. The conjectures can also be tested by
the GeoGebra CAS capabilities. These capabilities allow the description of the combinatorial
and geometric characterisation of the two parameter spherical tiling families dB p

q
, p, q 2

N with gcd(p, q) = 1, obtaining n�hedral spherical tilings, and expanding the well known
antiprismatic dihedrical one.

In this work, we found several classes of spherical tilings, some monohedrals (T(C,⇢), P(C,⇢),
H(C,⌧), P(SC,✓1,✓2)), others dihedrals (PD), with the aid of GeoGebra. The use of the tools
created in GeoGebra have proved, as showed, to be quite useful for the search of new spherical
tilings.

Considering the dihedral tilings here presented we got, among others, two new classes of
dihedral tilings of the sphere P

⇤
I

and P
⇤
II

, by pentagons, whose union, PD, is an arcwised
connected set.
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It should be noted that the degenerated case H(C,0), see chapter 6, provides an example of a
monohedral tiling of the sphere by six spherical pentagons, P(SC,✓1,✓2), which is part of another
two parameters family of spherical tiles by non-convex spherical pentagons, that had not yet
been studied. This fact reinforces the interest of GeoGebra in the study of spherical tilings.

It is well known that there is a unique monohedral spherical tiling by convex pentagons, with
twelve tile. Besides, all spherical tilings by twelve pentagons with vertices of valence three
have been classified. However, admiting tilings with vertices of valence two, we found two
more families of monohedral tilings by non-convex pentagons, one of them with four tiles,
P(C,⇢), and the other one, P(SC,✓1,✓2), with six.

Recalling the notes made in the introduction about the tilings of the plane by pentagons,
and considering our findings regarding families of monohedral spherical tilings by non-convex
pentagons, the following questions remain open:

Are there other families of monohedral tilings of the sphere by non-convex pentagons?

If so, is it possible to characterize all these families?

It should also be noted that these questions can be also placed in relation to the families of
monohedral tilings of the sphere by non-convex n�gons, with n 2 N and n  5.

The work presented here is a contribution to the construction of more knowledge about spher-
ical tilings. The process here described can be applied to other types of cells immersed in
other spherical triangles. Our strategy was applied to the cells that emerged from the tetra-
hedral, hexahedral and octahedral monohedral spherical tiling. Note that we only study, by
these processes, cases of edge-to-edge monohedral tilings of the sphere. We still need to apply
similar processes to the study of monohedral tilings that are not edge-to-edge, which as far as
we know is a subject where there are still few studies.

We still need to study the configurations associated with the monohedral spherical tilings by 12
pentagonal and 20 spherical triangles. Although GeoGebra acts as an instrument of analysis
and conjecture generation, which facilitates the research work, the proofs of the result have
some complexity. It should also be noted that despite the use of processes involving simple
concepts, the methods of proof are complex, in addition to a great difficulty in obtaining easily
realisable results.
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Finally, our end will be a (re) beginning ...

"Wanderer, your footsteps are
the road and nothing more;
wanderer, there is no road,
the road is made by walking."
Antonio Cipriano José María Machado Ruiz
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