ADLERTA

www.uab.pt

Spherical tilings, GeoGebra contributions to their
combinatorial and geometrical classification.







ADERTA

Spherical tilings, GeoGebra contributions to
their combinatorial and geometrical

classification.

José Manuel Dos Santos Dos Santos

Dissertation submitted in partial fulfillment for the
degree of Doctor in Computational Algebra

Supervisors:
Prof. Dr. Ana Maria Reis D’Azevedo Breda

Prof. Dr. Joao Jorge Ribeiro Soares Gongalves de Aratjo

at
Universidade Aberta
Departamento de Ciéncias e Tecnologia

May 2019


santosdossantos@me.com
http://www.uab.pt/
http://www.uab.pt/web/guest/organizacao/departamentos/dcet




Declaration of Authorship

I, José Manuel Dos Santos Dos Santos declares that this Dissertation, entitled - Spherical

tilings, GeoGebra contributions to their combinatorial and geometrical classification - and the

work presented in it, are my own. I confirm that:

This work was entirely or mainly done while applying in candidature for a research

degree at this University.

Whenever any part of this dissertation has previously been submitted for a degree or
any other qualification at this University or any other institution, this has been clearly

stated.
When I have consulted the published work of others, this was always clearly attributed.

In cases of quotation from the work of others, the source is always given. With the

exception of such quotations, this dissertation is entirely my own work.
All main sources of help have been acknowledged.

Whenever the dissertation involved joint work with others, it has been made clear what

was done by others and what was contributed myself.

According to the “regulamento do doutoramento em algebra computacional” this disser-

tation includes the papers that have been already published or accepted for publication.

Signed:’ /., p//7// %

Date:

10-05-2019

iii


José Manuel Dos Santos Dos Santos
10-05-2019


"Caminante, son tus huellas
el camino y nada mds;
Caminante, no hay camino,

se hace camino al andar.”

Antonio Clipriano José Maria Machado Ruiz



Abstract

The goal of this dissertation is to advance the classification of classes of spherical tilings: we
find new ones and characterise new families. To do that we rely on theoretical considerations
along with the interactive geometry, algebra, statistics and calculus software GeoGebra to

which we produced new tools.

This research work comprises five papers, two published (see Chapters 3 and 4), two accepted
(see Chapters 2 and 6) and one is submitted (see Chapter 5), being the chapter one reserved

to the introduction.

In the second chapter we introduce the tools created in GeoGebra, the application of these tools
to obtain some well known spherical tilings and provide illustrations of some new spherical
tilings. In the following chapter, a new family of tilings of the sphere, %Z, p,q € N, are
presented. This family contains the well known antiprismatic tilings, which qis identified and
obtained by a global action of a subgroup of spherical isometries. In Chapter 4, we study
a monohedral family of tilings of the sphere, B¢ ), formed by four non-convex congruent
spherical pentagons. In this case, the family is obtained by a local action of a subgroup of
spherical isometries applied to C, a set of spherical arcs concurrent in a point. In Chapter 5,
the properties of the two families of spherical tilings, PB* ¢, ) and P** ¢, -+, corresponding
to dihedral tilings by pentagons are presented. The topological and combinatorial character-
izations of each element of these families are given. In the folowing chapter we explore some
new monohedral spherical tilings, ¢, r), by six non-convex hexagons, and a new family of
monohedral tiling by six spherical pentagons, B (sc g, 9,), Which arises as a degenerated case

associated to the family ¢ o).

Finally, some conclusions driven from the work developed so far are presented and some

considerations about the potential use of GeoGebra for research in this area will be given.

Keywords: Spherical Geometry, Spherical Tilings, GeoGebra.
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Chapter 1

Introduction

1.1 Main goal

In this work, we propose to explore and search new spherical tilings, subdivision of the unit
sphere by spherical polygons, making use of GeoGebra [46], a well known free interactive

mathematics software.

1.2 Some historical notes

The efficiency of arrangements and patterns (packaging, covering and coating) has been stud-
ied throughout the history of mathematics. The tilings of the sphere appear already in studies
attributed to Pythagoras and in some Arab texts that influenced the elements of Euclid [11].
Euclid and Archimedes were already interested in this kind of question. In 1619, Johannes
Kepler published the first classification of edge-to-edge regular monohedral spherical tilings,

associated to the platonic solids, in Book II of Harmonices Mundi [50].

Crystallography studies, begun in the nineteen century by Hessel, Bravais, Mobius, Jordan,
and Sohnck and others [49], have contributed to more knowledge about polyhedra and neces-
sarily to associated spherical tilings. These studies were mainly based on geometric methods.
Only later did Polya [61] and Maxwell [56] develop a more systematic work on the study of

crystallographic groups, namely, using Coxeter’s work [27-29].
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It should be noted that from the crystallographic studies it was possible to first classify edge-
to-edge tilings of the sphere produced by transitive actions of spherical isometry subgroups.
Other studies arise from exclusively combinatorial properties, this is the case of the f-tilings
[9, 13, 14, 25].

The first attempt to systematize classifications of spherical tilings begun with D. Sommerville
who established, in [71], part of a classification of spherical tilings by isosceles triangles and
analysed a very particular case by scalene triangles [33, p.467|. H. Davies, in [30], presents an
incomplete classification of triangular monohedral tilings of the sphere. Besides, Davies has
not provided sufficient evidence of his conclusions, omitting many details which were fixed

later on.

Tilings of the sphere by right triangles were obtained by Yukako Ueno and Yoshio Agaoka in
1996 [76]. Later, in 2002, the same authors obtain the complete classification of monohedral
edge-to-edge triangular spherical tilings |77]. It should be noted that monohedral spherical
folding tilings were studied by Ana Breda and their classification was obtained in 1992, re-
cognizing that their prototypes can only be spherical triangles, being as expected a subset of

the set of triangular monohedral spherical tilings [13].

The classification of spherical tilings by triangles is not yet completed. In fact, little is known
when the condition of being monohedral or edge-to-edge is dropped out. A systematised study

to enumerate and classify all spherical tilings is far from being solved.

The classification of non monohedral spherical tilings by scalene triangles is an hard problem

and only few developments are known [1]. The general classification remains open.

The regular dodecahedral spherical tiling is a well known tiling of the sphere by twelve regular
pentagons. All edge-to-edge tilings of the sphere by 12 congruent convex pentagons have
been classified by Honghao, Shi and Yan [40]. Recently, we have characterised a family of
spherical monohedral tiles by four congruent non-convex spherical pentagons 22|, using the

tools presented in chapters 2 and 3.

Tilling problems, even in the plane, remained open for a long time. For instance the problem
of the classification of all monohedral tilings of the plane by convex pentagons was only solved
recently. In fact, in 2017, Michaél Rao [62] has presented a proof based on an exhaustive search,
by means of computational methods, of all monohedral families of these class of tilings. His
work revealed that there are no more than the 15 already known families. Up to 1985 only 13

monohedral such tilings were known. Rolf Stein [72] found a 14th monohedral tiling family
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in 1985 and the 15th monohedral tiling family was found, in 2015, by Mann, McLoud and
Von Derau [55]. As expected not all families of monohedral tilings of the plane by convex

pentagons are edge-to-edge.

It is not surprising that little is known about the classification of spherical tilings by convex
and/or non convex polygons. This work intends to be an advance in the knowledge on this

issue.

1.3 Some tilings applications

Tiling problems are interesting not only regarding theoretical aspects but also regarding sev-
eral applications, among which are issues related with distribution of points on a sphere [67]
with strong implications in the contemporary technology and in science in general. The facil-
ity location problems, spherical designs and minimal energy point configurations on spheres

[10, 12| are other fields where the study of tilings can be used.

Walter Kohn report that the year 1984 brought a big surprise in the field of crystallography.

He refers the work of:

“D. Schechtman and co-workers that reported a beautiful x-ray pattern with un-
equivocal icosahedral symmetry for rapidly quenched AIMn compounds. The ap-
propriate theory was independently developed by D. Levine and P. Steinhardt,
who coined the words quasicrystal and quasiperiodic. Even more curious was the
fact that R. Penrose (1984) had anticipated these concepts in purely geometric
[terms]|, so-called Penrose tilings” [51, p. s70].

Findings of this kind reinforce the need to continue studying geometric patterns and their

properties.

The study of spherical tiling has also applications to chemistry, for instance, in the study of
periodic nanostructures [38]. The emerging of new forms of association of molecules, notably
fullerenes [37], lead to the study of special classes of spherical tilings by triangles, squares,
pentagons, and hexagons [63]. In the same line of reasoning, other tilings by heptagons|73]
and heptagons and octagons [64] had emerged in a study done in a more rigorous way. Other

research lines point to new possibilities for new molecular patterns [35, 78].
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Namely, in the field of virology many applications of the spherical tilings arise. As Reidun
Twarock state "tiles have a biological interpretation in terms of interactions between the pro-
teins they encode, the viral tiling theory lends itself to various applications" [75]. Same stud-
ies have provided the evidence occurrence of tubular malformations in addition to spherical
capsids! [69, 75], being necessary models of simulation of local actions [70]. The rearrange-
ments due to these malformations lead to structures whose viral caspicides could be modelled

by tiles with vertices of valence two.

Some of the aforementioned discoveries, which result from research in various branches of
science, point to the analysis of configurations that can be modelled by geometric patterns.
This is, among others, one of our motivations for our study. In fact, we will study spherical

tilings whose prototypes are not necessarily convex spherical polygons.

1.4 Definitions

Let S% = {(z,y,2) € R®: 22 + y? + 22 = 1} be the unit sphere in R3. A spherical polygon is
a closed region limited by a set of spherical line segments (arcs obtained by the intersection of

S? with planes passing through its centre), the edges of the polygon. The spherical segment
joining A and B (for A, B € S?), will be denoted by AB.

A spherical tiling is called monohedral if all polygons of the subdivision are congruent among

them. Any one of these polygons is called a prototile of the tiling.

A dihedral spherical tiling is a tiling in which every polygon of its division is congruent to one

and only one of its two distinct prototiles.

The focus of this work are edge-to-edge spherical tilings, i.e., tilings where the intersection of

two tiles is either a vertex or an entire edge.

1.5 Why using GeoGebra

There are many tools to work with spherical geometry, for instance Povray [34], and in an

interactive way Sphaerica [39] and Spherical Easel [2|. While Povray [34] is a powerful tool to

IThe protein coat or shell of a virus particle, surrounding the nucleic acid or nucleoprotein core. Origin of
the word in late 19th century: from modern Latin Capsidae (plural), from Capsus (genus name).
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illustrate objects in spherical geometry, Sphaerica and Easel present some potential to make
constructions and explorations. For our purposes we need to work with more flexible tools
and commands, in particular, we need to obtain in real time the orbit of a set of spherical

points under the action of a (sub)group of spherical isometries.

GeoGebra [45] seems to be the best option for two crucial reasons: the widespread use of
GeoGebra and the possibility of interaction with geometrical and algebraic representations
simultaneously. In fact, GeoGebra has several geometrical representations in 2 and 3 di-
mensions allowing the interaction with spherical points in a diversity of ways. Besides, the
algebraic capabilities of GeoGebra allow the study and the induction of some geometrical
properties which may be visualized in real time. Among its many features GeoGebra allows
the creation of new tools and commands, deals with sequences of several geometrical and
algebraic objects and uses logic procedures and heuristics which, among other things, permits
one, for instance, to certify the congruence of objects. There are other software as powerful as
GeoGebra for work in three-dimensional geometry (for example, Archimedes Geo3D [41] ), but
they are not free, and this is, without any doubt, an added value to the choice of GeoGebra.
Another interesting aspect of GeoGebra is that it allows us to obtain planar configurations of

the spherical tilings in study, which are an important aid for the deduction procedures.

In all the results obtained in this work GeoGebra played an important role, see [15-19], in order
to get: 1) new GeoGebra tools and applications that allow the geometric development of new
families of tilings; ii) algebraic descriptions for the geometrical features of the new family of
tiling obtained by means of computer algebra system (GeoGebra CAS). The results obtained
through GeoGebra CAS were confirmed manually and with the use of other software, namely
Maple™  Wolfram Programming Lab [47] and SAGE [74]. It should be noted that, after
obtaining all the algebraic definitions of the vertices of the tilings, new GeoGebra applications
were constructed from the algebraic descriptions that confirmed the results obtained previously

using the geometric tools created with GeoGebra.






Chapter 2

Spherical tiling with GeoGebra

New results, challenges and open problems [24]

In this paper our first goal was to show how to make use of GeoGebra to generate and visualise
monohedral edge-to-edge triangular spherical tiling. We have also shown how to generate and
visualise monohedral spherical tilings whose prototiles are polygons, not necessarily triangular

or even convex.
Having these goals in mind, new GeoGebra tools for spherical geometry were created.

Besides the abstract and the introduction, the paper includes in the first section, GeoGebra
resources which allow to build an octahedral spherical tiling, either using the command "sur-

face" or combining this command with others related to 3D geometric isometries.

In the study of the spherical tilings, the angle measure plays a crucial role, being essential to
construct tools, to define the edges of the polygons and to get the angle measure. This is the
content of the second section. In the third section the way of obtaining the isometries of the
sphere in GeoGebra is presented. They are relevant for the construction of patterns of spherical
polygons that could end up in spherical tilings. In the fourth section, some applications of the
spherical compass tool are given, namely in the construction of geometrical loci. In the fifth
section, the equilateral spherical triangle tool is presented. This tool will be used to obtain
regular spherical tilings starting from a net of equilateral triangles. GeoGebra will be also
used to give the geometrical characterisation of these tilings, namely edge lengths and angle
measures. Finally, in the sixth section, we present some spherical tilings as orbits of global or

local actions of spherical isometries.



CHAPTER 2. SPHERICAL TILING WITH GEOGEBRA

GENERAL ARTICLE

Spherical tiling with GeoGebra

New results, challenges and open problems.

Breda, Ana & Dos Santos, José

The theory of spherical tilings is an interesting and fruit-
ful field, attracting, among other mathematician, biologists,
physicists and engineers. It is a transverse topic crossing sev-
eral mathematical areas such as geometry, algebra, topology
and number theory, but it is also an object of interest for other
scientific fields such as chemistry, physics, art and architec-
ture. Here, making use of GeoGebra, we will establish some
results, describing a class of monohedral spherical tilings and
inferring some conjectures, showing how the use of this soft-
ware was crucial for the construction of new knowledge in
mathematics with applications in different areas of engineer-
ing.

Introduction

The efficiency of arrangements and patterns (packing, covering
and tiling) have been the object of study of many generations of
mathematicians. In fact, Euclid and Archimedes were already
interested in this type of question.

The side by side spherical tilings by congruent polygons (mono-
hedral tilings) has been extensively studied, being the triangular
case completely classified, [9}(10].

There are many tools to work with spherical geometry in an inter-
active way, as Sphaerica [5], Spherical Easel [1], and POV-Ray
[4]. However, for our purposes we need to work with more flex-
ible tools and commands, in particular, we need to obtain in real
time the orbit of a set of spherical points under the action of a
(sub)group of spherical isometries. For that, GeoGebra [6] seems
to be the best option for two crucial reasons: the widespread use
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of GeoGebra and the possibility of interaction with geometrical
and algebraic representations simultaneously. In fact, GeoGebra
has several geometrical representations in 2 and 3 dimensions al-
lowing the interaction with spherical points in a diversity of ways.
Besides, the algebraic capabilities of GeoGebra allows the study
and the induction of some geometrical properties which may be
visualized in real time. Among its many features, GeoGebra al-
lows the creation of new tools and commands, dealing with se-
quences of various geometric and algebraic objects and using
logical and heuristic procedures, permitting the certification of
some properties of these same objects, as for example, to be con-
gruent among them.

Our goal is, firstly, to use GeoGebra for the generation and visu-
alisation of any regular triangular spherical tiling, followed by
the generation and visualisation of monohedral spherical tilings
whose prototile cell is a polygon, not necessarily triangular or
even convex.

Within this goal, we have created new GeoGebra tools for spher-
ical geometry.

1. Octahedral spherical tiling with GeoGebra and spatial geo-
metric transformations

Using parametrizations we may color the eight octants corres-
ponding to the eight spherical triangles that constitute the mono-
hedral octahedral tilling of the sphere, see fig[I(a)] One possibil-
ity is to make use of the lateral surface command, see fig[1(b), us-
ing this command eight times and coloring the spherical triangles
with different colors.

Making use of spherical isometries, we may also construct an ap-
plication to get what is illustrated in figure|l} Using two different
colors for two adjacent spherical triangles, we obtain the other 6
by rotations and rotor-reflections of these two spherical triangles,

see fig.

In Figure 2(b), we see three great circles intersecting at right

WVVW RESONANCE | May 2018
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a=1
BT P s1=Surface(sin(a) cos(b), cos(a) cos(b), sin(b), a, 0, @, b, 0, @)

' s2=Surface(sin(a) cos(b), cos(a) cos(b), sin(b), a, 7 + a, 7 + 2a, b, 0, @)
s3=Surface(sin(a) cos(b), cos(a) cos(b), sin(b), a, 7, 7 + @, b, 0, @)
s4=Surface(sin(a) cos(b), cos(a) cos(b), sin(b), a, @, 7, b, 0, @)
s5=Surface(sin(a) cos(b), cos(a) cos(b), -sin(b), a, 0, @, b, 0, @)
s6=Surface(sin(a) cos(b), cos(a) cos(b), -sin(b), a, 7 + @, 27, b, 0, @)
s7=Surface(sin(a) cos(b), cos(a) cos(b), -sin(b), a, w, 7 + a, b, 0, @)
s8=Surface(sin(a) cos(b), cos(a) cos(b), -sin(b), a, @, 7, b, 0, @)

(a) Application view. (b) Commands.
Figure 1: Octhaedral spherical tiling using parametizations in
GeoGebra
angles, dividing the sphere into eight congruent, equilateral and
right-angled spherical triangles.

a=1=
sl:Szurface(sin(a) cos(b), cos(a) cos(b), sin(b), a, 0, @, b, 0, @)
s2=Surface(sin(a) cos(b), cos(a) cos(b), sin(b), a, 7 + @, 7 + 2a, b, 0, @)
s3=Rotate(s1, 2a, zAxis)

s4=Rotate(s2, 2, zAxis)

s5=Rotate(Reflect(s1, z = 0), a, zAxis)

s6=Rotate(Reflect(s2, z = 0), a, zAxis)

s7=Rotate(Reflect(s1, z = 0), 3a, zAxis)

s8=Rotate(Reflect(s2, z = 0), 3a, zAxis)
(a) Invariant by the group of rotor-reflections, of angle %, in the equator.

a=7

2
s=Sphere((0, 0, 0), 1)
al=CircularArc((0, 0, 0), (1, 0, 0), (0, 0, 1), xOyPlane)
a2=CircularArc((0, 0, 0), (1, 0, 0), (0, 1, 0), xOyPlane)
a3=CircularArc((0, 0, 0), (1, 0, 0), (0, 0, -1), xOyPlane)
El={al, a2, a3}
Edges=Sequence(Rotate(E1, k a, zAxis), k, 0, 4)

(b) Invariant by the group of symmetries of the regular octahedron.

Figure 2: Octhaedral spherical tiling obtained by different ways
of construction in GeoGebra

2. New tools in GeoGebra for spherical geometry

In spherical geometry the primitive elements “point” and “straight
lines” are modelled, respectively, by points in the sphere , S? =
{(x,y,2) € R3: X2+ y2 +72 =1}, and great circles obtained by the
intersection of S with planes passing through the centre of §2.

In GeoGebra, spherical points can be obtained making use of the
point tool and the commands A=Point/[s] .

We assume, without loss
of generality a sphere of
radius 1 centered at the
origin.

RESONANCE | May 2018 NV\IV\N
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Let A and B be two distinct spherical non antipodal points. Using
the command s=Sphere [(0,0,0),1], s, there is one and only one
great circle, r, containing A and B. In GeoGebra the representa-
tion of the line AB will be given by:

r=Circle (Centre (s) ,A, Plane (Centre(s) ,A,B))

In accordance, the representation of the spherical segment AB
would be:

AB=CircularArc (Centre(s) ,A,B, Plane (Centre(s) ,A,B))

A spherical polygon (concave or convex) corresponds to a spher-
ical region bounded by spherical segments.

Figure 3: Points, straight lines, straight line segments, and angles
in spherical geometry.

Another important element in spherical geometry is the angle
defined by two spherical segments. Given three points A, B and
C on the sphere the angle BAC corresponds to the angle defined
by the tangent lines to the spherical segments AB and AC at the
vertex A.

For the example illustrated in figure 3| the angle @ was defined
using the command:

Angle (Tangent (A, CircularArc (Centre (s) ,A,C, Plane (
Centre(s),A,C))),Tangent (A, Circle (Centre(s) ,A,
Plane (Centre(s) ,A,B))))

Following this way of thought for object construction we have
created tools in GeoGebra, allowing the construction, in real time,
of spherical segments and distances between points and angle
measures, allowing the construction of different spherical con-
figurations with control in angle and distance point measure en-

W RESONANCE | May 2018
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abling us a great deal of flexibility for the exploration of spherical
patterns.

3. Spherical Isometries

As it is well known, the spherical isometries, transformations of
the sphere onto itself preserving the spherical distance, are rota-
tions about an axis passing through its center (fig. @(a)); plane re-
flections passing through its center (fig. #(b)); compositions of a
reflection in a plane passing through its center followed by a rota-
tion about an axis perpendicular to this plane passing through the
center (fig. and any composition of the isometries already
mentioned.

|

A f
. Qo =2.09 rad
P
e

Rotor-reflection.

i
(a) Rotation. (b) Reflection. (c

2

Figure 4: Isometries of the sphere.

The image A’, B’, C’ of 3 spherical points, A, B, C not belonging
to the same large circle univocally determine a spherical isometry,
f, satisfying, f(A) = A’, f(B) =B, f(C)=C".

|

4

A
® el
. -
-
NG
o L’=zmz
£2 -

A
.

O

-

[

Figure 5: Composition of two reflections in S 2.

In figure 5] it can be visualised the composition of two reflections
in planes passing through the center of the sphere, the rotation
about the axis defined by the intersection of the two planes of
reflection.

RESONANCE | May 2018 WVW 5
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GeoGebra can also help
to obtain the locus
equation using the CAS
View.

4. Locus in spherical geometry with spherical compass tool

In Euclidean geometry the constructions with ruler and compass
play an important role. With the spherical compass GeoGebra
tool, we can explore similar constructions in spherical geometry.

One of the simplest constructions in Euclidean geometry corres-
ponds to the perpendicular bisector of a "straight line segment".
In the sphere of center O and radius r, we may use the spherical
compass tool to perform the same type of construction.

Considering two spherical points A and B and a distance / (con-
trolled by a selector) and defining P by:

P=Intersect (SphereCompass(A,1,0,r),SphereCompass(B,1
,0,1))

P corresponds to the set of all spherical points equidistant from
A and B, which is precisely the large circle perpendicular to the
spherical segment AB (see figure passing through the mid-
point of AB.

(a) Mediatrix of a spherical segment. (b) Spherical ellipse. (c) Spherical Parabola.

Figure 6: Locus on the Sphere.

Similarly, given two points A and B, on the sphere, and a distance
I, we can use the spherical compass tool to construct the set of
points P, on the sphere, such that d.(P,A) + d.(P,B) = | . This
set of points corresponds to the "spherical ellipse" shown in Fig-
ure[6(b). The notions of straight lines and parabolas (unrestricted
curves in the open set R?) and making use of the spherical com-
pass tool it is easy to visualize the equivalent spherical notions,
which correspond to the closed curves illustrated in fig.

U RESONANCE | May 2018
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5. From the STeqAB [A,B,O,r] tool to the regular spherical
tilings

Associated to the constructed spherical tool Spherical Compass
is the command STeqAB [A,B,O,r] used to construct equilateral
spherical triangles.

Using the Spherical Compass and starting from a net of n congru-
ent equilateral triangles, depending on the initial points A and B,
and moving these points around the sphere we can explore many
configurations being some of them spherical tilings.

Using a set of n i i Length of i Final length
. . ...in one hemisphere ...Closing around one vertex
equilateral triangles segment AB of segment AB

arccos(—1/3) = 2arctan(V2) ~

105 rad ~ 1.908rad

0,64 rad N %~ 1.574rad

0,40 rad 2 aresin( VS-lf) ~ 1.107rad

Figure 7: Evolution of nets of equilateral and congruent triangles

20

In figure [7] we illustrate these procedure, using nets with three,
eight and twenty triangles ending up in the tetrahedral, octahedral
and icosahedral regular spherical tilings. Using the same strategy
with another net of triangles, for example with common vertices
or adjacent sides, and observing the evolution of the set according
to the different positions of the initial points, we may explore the
possibilities to obtain new spherical tilings, see fig[7]

6. Spherical tiling as global or local action of groups of spher-
ical symmetries

In the previous sections we show how we can obtain regular tiling
of the sphere, see figures [2(b) and [7] these are related to regular
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polyhedra and their symmetry groups. In these special cases,
starting from a spherical triangle, it’s orbit under the global ac-
tion of a group of symmetries determine the spherical tiling.

Let us see another example obtained in a similar way.

Consider: 1) an axis, e, of the sphere S; ii) a point Aj, such that
Aj € § and A, ¢ e; iii) choose one point P, such that P € e A S;
iv) angle a = 2”—”,11 € NAn>3;v)let{A,,n € N} be the orbit of
the point A obtained by the action of the group of rotations of the
sphere of angle @ around the axis e. Under these conditions, we
obtain a tiling of the sphere consisting of a spherical n — gon and
n congruent spherical triangles whose prototype is [A; A, P]. This
tiling is generated by a cyclic group of order n. In the case of fig-
ure 8] we have as a group of symmetries the cyclic group of order
7, being the spherical tiling composed by eigth spherical poly-
gons, one heptagon and seven triangles, this tiling is associated to
a straight heptagonal pyramid.

o0 e fig8.ggb
Rl A 7> dB e d @ L N P
» Algebra X' » 3D Graphics X

List
An = {(0.75, 0.2, -0.63), (0.:

® Til = {{0.68, 0.68, 0.68, 0.6¢
Number

®n=7

Point
® A, =(0.75,0.2,-0.63)
® P = (-0.12,0.28, 0.95)
Sphere
® S x*+y*+22=1

» Graphics X

Figure 8: Application of GeoGebra to obtain a tiling of the sphere,
invariant by a cyclic group of order equal to the value of selector
n.

The basic idea for the construction of this type of tiling is to use
the sequence command to model the set of the orbit points. To do
that, we use a sequence of commands with a syntax similar to:

W RESONANCE | May 2018
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An=Sequence (Rotate (A_1,2$\pi$i/n,Line(Centre(S),P)),
i,0,n,1)

On the other hand, to obtain the spherical segments, which are the
sides of the tiling polygons, we use the list:
Til={Sequence(CircularArc (Centre(S) ,Element(An,i),

Element (An,i+1)),i,1,n,1),Sequence(CircularArc(
Centre(S) ,Element (An,k) ,P) ,k,1,n,1)}

There are many other spherical tilings that can be “found” by the
local action of (sub) spherical isometry groups. These tilings are
less well known requiring a systematic study approach.

(a) With 4 congruentand non- (b) With 8 triangles that are (c) Obtained with the

convex triangles. grouped two by two. STABaf  tool with six
triangles, one quadrilateral,
and ten different angles.

Figure 9: Other spherical tilings...

The tilings by non-convex spherical polygons (Fig[9(a)), specially
the monohedral ones, is one of the cases that has not yet been
studied so far. Also, the tilings that can integrate more than one
type of spherical polygon (not necessarily regular (Fig[9(c)) and
not necessarily convex) is another case that has not yet been ex-
plored.

In our recent work, using this tools, and from iteration of a set
of points C from a set of spherical isometries, we found several
classes of monohedral spherical tilings. In figure [10| we can see
some of them: Tc,), (fig. [[0(a)), composed by four congruent
triangles of area 7; B¢, (fig. , composed by four spher-
ical pentagons of area r; two elements of $c,), in figure [10(c)
the tiling have six spherical hexagons, however in figure

RESONANCE | May 2018 W
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the tiling have six spherical pentagons, in both cases each tile has

2
area 5.

(a) Monohedral triangular spherical ~ (b) Monohedral pentagonal spherical
tiling, I(C, % ). tllll'lg, EB(C, % )

(c) Monohedral hexagonal spherical (d) Monohedral hexagonal spherical
tiling, 55(0,%" ) tiling, $c), end-up in a tiling with
six congruents spherical pentagons.
Figure 10: Monohedral spherical tilings obtained iterating C un-

der a set of local actions

The tiles of T¢,), for p > 7 are not convex spherical polygons.
The convex case was already described by several other authors,
see for instance Brooks and Strantzen [3]. However, the non-
convex case, T(cp), P €] ’57 nr[ as far as we know, is not mentioned
in the literature. We only find a brief reference to T(¢ arccos(-1/3))»
in figure by Gaiane in [8}7]. As far as we know, the class of
monohedral spherical tiling, B(c ), by four spherical pentagons
of area 71, P c ) is a new one [2].

10
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7. Conclusion

The GeoGebra applications built, so far, allow the visualisation
and the establishment of relationships that can greatly contribute
to the research in this topic. It is in the generation of such a great
variety of spherical configurations / relationships that we believe
GeoGebra can make a substantial contribution for the description
and construction of spherical tilings not yet explored, besides be-
ing a resource of great utility in the study of spherical geometry,
in general.
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Chapter 3

Spherical Geometry and Spherical
Tilings with GeoGebra [21]

The classification of spherical tilings is a problem far from being solved. Here we show how to
generate new families of antiprismatic spherical tilings using GeoGebra. Within the described
proposal some spherical geometry capabilities of GeoGebra had to be extended. The outline
of the algorithms behind some of the newly designed and implemented GeoGebra tools and

applications will be given.

The research work described here has as its goal the generation in a systematic way of classes
of spherical tilings and the search of new ones, making use of the GeoGebra computational
capabilities. Our main result is the description of the combinatorial and geometrical char-
acterisation of the two parameter spherical tiling family %\%, p,q in N with ged(p,q) = 1,

expanding the antiprismatic spherical tilings.

In the section 2 of this paper we present some tools, purposely created, to extend GeoGebra
capabilities in a spherical geometry context. In the next section, we state and prove our
main results, the combinatorial and geometrical characterisation of the family B,. We also
explain other procedures for obtaining spherical tilings, starting from a spherical t;iangle and
submiting it to the local action of a (sub)group of spherical isometries, a strategy that may

help to find new spherical tilings.

21
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Spherical Geometry and Spherical Tilings
with GeoGebra
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Abstract. The classification of spherical tilings is a problem far from being
solved. Here we show how to generate new families of antiprismatic spherical
tilings using GeoGebra, a well known free software commonly used as a tool to
teach and learn mathematics. Within the described propose some spherical geo-
metry capabilities of GeoGebra had to be extended. The outline of the algorithms
behind some of the newly designed and implemented GeoGebra tools and appli-
cations will be given.

Key Words: Spherical Geometry, Spherical Tilings, GeoGebra.
MSC 2010: 51M20, 52C20, 05B45, 51N30, 97N80.

1. Introduction

The research work described here has as its main goal a systematic way to generate spherical
tilings and to search for new ones by making use of computational capabilities. Our main
result is the description of the combinatorial and geometric characterisation of the spherical
tiling family B2, p,q in N with ged(p,q) = 1, which expands the antiprismatic spherical
tilings. !

The obtained results emerged by the new produced GeoGebra tools and the dynamic
interaction capabilities of this software |18 19|, being the construction of an algorithm to get
the orbit of a set of spherical points under the action of a (sub)group of spherical isometries
(for the details see Section as crucial point.

Let us consider the sphere centred at the point O = (0,0,0), S? = {(z,y,2) € R? :
d((z,y,2),(0,0,0)) = 1}. An element of S? is called a spherical point. Two spherical points
are said to be antipodal points if the spherical distance between them is 7.

1433-8157/$ 2.50 (©) 2018 Heldermann Verlag, Berlin
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Any two non—antipodal spherical points, A and B, define uniquely a great circle, a spher-
ical line s, on the sphere such that A, B € s. The spherical line s will be also denoted by
AB. The smaller of the two great arc circles defined A and B is called a spherical segment
and denoted by [AB].

Given a spherical segment [AB], its length, |AB| is the measure of the angle ZAOB, i.e.,
|AB| = AOB. Given two spherical segments [AB] and [BC], they form a spherical angle
ABC defined by the angle defined by the tangent lines to the great circles AB and BC.

Considering three non-colinear spherical points on S?, they define three spherical segments
which bound two spherical regions. The smallest of these regions is the convex spherical
triangle defined by the points; the other region is a concave spherical triangle. In this work
we are only interested in convex spherical triangles. A spherical n — gon is a closed polygonal
spherical line

By a spherical tiling we mean a decomposition of the sphere by classes of congruent
polygons (tiles). A monohedral spherical tiling is one in which all the tiles are congruent
among them. In an monohedral spherical tiling any tile can be considered a prototile of the
tiling. A dihedral spherical tiling is a tiling composed by two classes of congruent polygons,
which means, a tiling made of two distinct prototiles. Similarly, n — hedral tilings, n € N and
n > 3, are tilings with n distinct prototiles.

There are many tools to work with spherical geometry as Povray [11], and in an inter-
active way Sphaerica and Spherical Easel [1]. While Povray is a powerful tool to
illustrate objects in spherical geometry, Sphaerica and Fasel present some potential to make
constructions and explorations. For our purposes we need to work with more flexible tools
and commands, in particular, we need to obtain in real time the orbit of a set of spherical
points under the action of a (sub)group of spherical isometries. For that, GeoGebra seems
the best option for two crucial reasons: the widespread use of GeoGebra and the possibility of
interaction with geometrical and algebraic representations simultaneously. In fact, GeoGebra
has several geometrical representations in 2 and 3 dimensions allowing the interaction with
spherical points in a diversity of ways. Besides, the algebraic capabilities of GeoGebra allow
the study and the induction of some geometrical properties which may be visualized in real
time. Among its many features, GeoGebra allows the creation of new tools and commands
deals with sequences of several geometrical and algebraic objects and uses logic procedures
and heuristics which, among other things, permits one, for instance, to certify the congruence
of objects. There are other software as powerful as GeoGebra for work in three-dimensional
geometry (for example, Archimedes Geo3D 7 but they are not free, and this is, without
any doubt, an added value to the choice of GeoGebra. It is worthwhile to mention that this
methodology (making use of GeoGebra tools) was already implemented in the exploration of
planar hyperbolic tilings, (see [26]).

The systematized study of of spherical tilings started with D. Sommerville [24] who has
established part of the classification of spherical tilings by isosceles triangles having analyzed
a very particular case by scalene triangles p.467|. H. Davies, in [9], presents an incomplete
classification of triangular monohedral tilings of the sphere [9] omitting many details which
were fixed latter on.

Tilings of the sphere by right triangles were obtained by Yukako Ueno and Yoshio Agaoka

IFor more details about tools in GeoGebra see pp-89-94] and .
2http:/ /spatialgeometry.com/drupal /en
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in 1996 [29]. Later, in 2002, the same authors obtain a complete classification of monohedral
edge-to-edge triangular spherical tilings [30]. Triangular spherical folding tilings were studied
by Ana Breda and their classification was obtained in 1992, being these a subset of the
triangular monohedral spherical tilings. [7]. Spherical tilings by isosceles and right triangles
can be found in [10, |13]. Recently, the authors using the tools described here, characterised
a family of spherical monohedral tiles by four congruent and non-convex spherical pentagons
[4].

The classification of spherical tilings by triangles is not yet completed. In fact, little is
known when the condition of being monohedral or edge-to-edge is dropped out. A systemized
study to enumerate and classify all spherical tilings is far from been solved.

Being a rich research field with several distinct ways of approach, tiling problems are inter-
esting not only regarding theoretical aspects but also regarding the innumerable applications
about the distribution of points on a sphere [23] with strong implications to the contemporary
technology and in science in general. The study of spherical tilings has also applications to
chemistry, for instance, in the study of periodic nanostructures [16], emerging new forms of
association of molecules, notably fullerenes [15], which lead to the study of spherical tilings by
triangles, squares, pentagons, and hexagons [21]. In the same line of reasoning other tilings
including heptagons|27] and heptagon and octagons|22| had emerged. Some other research
points to new possibilities for new molecular patterns [31} [14]. The facility location problems
and spherical designs and minimal energy point configurations on spheres [2, |3] are other
fields where the study of tilings can be used for which we may give some contributions.

Next, we begin, in Section [2| by presenting some tools created that extend GeoGebra
capabilities in spherical geometry. In section 3 we introduce and prove our main results.
Also, we explain, in section 4] other ways of obtain spherical tilings, from a spherical triangle
subject to the local action of a (sub) group of symmetries, strategy that may help to find new
spherical tilings. Finally, in section [5] we present some of our conclusions about the use of
GeoGebra in the study of spherical tilings.

2. GeoGebra tools for spherical geometry

GeoGebra gives the possibility of interacting, simultaneously, with graphic, algebraic and
calculus views. It also gives the chance to create new tools and commands. In fact, the
tools can be created from the combination of existing tools or commands. The new tool
and the corresponding commands can be used in new constructions or may be integrated in
the construction of new tools. We will use these functionality to construct useful tools and
commands for spherical geometry. Next we will show how some of the new tools may be used.

2.1. Spherical geometry tools

Spherical GeoGebra tools were constructed among the purpose to explore, among others
spherical tilings. Among these spherical tools, we mention the following ones: Spherical
Segment, Spherical Equidistant Points, Spherical Compass, Spherical Equilateral Triangle.
Here, by way of example, we describe how the Spherical Segment tool was constructed.

Given two non—antipodal spherical points A and B, the spherical segment joining them is
a great circular arc bounded A and B. These spherical segment can be obtained in GeoGebra
using the command SphereSegment|[A, B] described below (see Figure [1)).
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Tool Name Spherical Segment
Command Name SphericalSegment
Syntax SphericalSegment[A,B|
Help Given A,B and a spherical, s, draw the spherical segment joining A to B.

Icon

s=Sphere[(0,0,0), 1]
A=PointIn|s]|

.B
A
B=PointIn]s|

If| Distance|A,B|#2,CircularArc|(0,0,0), A,B,Plane[(0,0,0),A,B]|]

Script

Figure 1: Tool to construct a spherical segment

2.2. Spherical geometry tool to construct a spherical triangle given three angles

It is well known that we may use trigonometric relations to obtain the arc lengths of a spherical
triangle given the measurements of its spherical angles.

Let A, B and C be the vertices of a spherical triangle and «, [, v the measure of the
corresponding spherical angles. Denoting by a the measure of the arc BC, a = |BC| , b the
measure of AC, b = |AC]|, and ¢ the measure of the arc AB, ¢ = |AB)|, the following relations
hold:

~ cos(a) 4 cos(B) cos(7) _cos(f8) + cos(a) cos(7y) ~cos(y) + cos(a) cos(B)
cos{a) = sin(/5) sin(7y) , cos(b) = sin(a) sin(7y) os(¢) = sin(a) sin(f) ()

Thus, we may obtain the measure of the arcs, as a function of the angles of the spherical
triangle. Using the proprieties we may create the tool, following the steps described below.

(i) Definition of the unit sphere:

0 = (0,0,0);

S = Sphere[O,1].

(ii) Defining three angles of the spherical triangle.

a=pi/2;
B =pi/2;
v = pi/2.

(iii) Creating the vertices A, B and C:

A=Point|IntersectPath[z = 0, S]]

B=Rotate[A, acos((cos(y) + cos(a) cos(B)) / (sin(a) sin(f))), Centre[S|, z = 0
C=Intersect|IntersectPath[PerpendicularPlane[Rotate[A, acos((cos(8) + cos(a) cos(7)) /
(sin(e) sin(7y))),Centre(S], z = 0], Line[Centre[S], A]], S|, IntersectPath| PerpendicularPlane|
Rotate| Rotate[A, acos((cos(y) + cos(a) cos(f)) / (sin(a) sin(f))),Centre[S], z = 0],
acos((cos(a) + cos(f) cos(y)) / (sin(B) sin(y))), Centre[S], z = 0], Line|Centre[S|,
Rotate[A, acos((cos(y) + cos(a) cos(B)) / (sin(a) sin(B))), Centre[S], z = 0]|], S|, 1]

(iv) Drawing the edges of spherical triangle:

Sa—CircularArc|O,B,C]|;

Sb=CircularArc|O,A,C];

Sc=CircularArc[O,A,B.

(v) Creating The tool

The final step is the creation of the GeoGebra tool hiding all the constructions presented
in the algebraic view, as illustrated in Figure



26

CHAPTER 3. SPHERICAL GEOMETRY AND SPHERICAL TILINGS

A. M. Breda, J.M. Dos Santos: Spherical Geometry and Spherical Tilings with GeoGebra 287
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Figure 2: GeoGebra application to create a spherical triangle given tree angles

This tool is useful to find spherical tilings and search for new spherical patterns. This
tool can be easily adapted to create tools to build any type of spherical triangles.

2.3. An application of the Equilateral Spherical Triangle Tool

One of the spherical tools constructed was the Spherical Compass. Using this tool we can
easily construct equilateral spherical triangles.

Starting from a net of n congruent equilateral triangles, depending on initial points A and
B, and moving these points around the sphere, we can explore many configurations where
some of them are spherical tilings. In Figure [3| we illustrate these procedure, using nets with
three, eight and twenty triangles ending up in the tetrahedral, octahedral and icosahedral
regular spherical tilings. Using the same strategy with another net of triangles, for example
with common vertices or adjacent sides, and observing the evolution of the set according to
the different positions of the initial points, we may explore the possibilities to obtain new
spherical tilings. The application presented above will be used and improved to develop some
research in spherical tilings.

In the next section we show another way to find spherical tilings using spherical isometries.

2.4. Using spherical isometries to obtain spherical tilings by means of GeoGebra.

Let s be the sphere centred in O = (0,0,0) and radius 1. Let e be a great circle of s and A
and B two distinct points in ¢. Chose one point C' € s such that [ABC]| defines an equilateral
triangle.

Let B,,,n € N be a band (closed net) of n congruent spherical equilateral triangles. Using
the tool equilateral spherical triangle, SEqT[A,B], we can construct an application to explore
some properties of the band B,,. We will start with n = 12 (see Figure @)

This application works in a similar way to that shown in Figure [3| Its use (exploration)
reveals that for each position of the point B:
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Usinga et of in one hemisphere closing around one vertex fuial lengch of
equilateral triangles 11 o€ hemisp & segment AB
arccos(—%) =
3 = 2arctan(v/2) =
~ 1.908rad
8 5 ~ 1.574rad
- \V/5=V5
2 2 a.rcsm(%) ~
~ 1.107rad

Figure 3: Evolution of nets of equilateral and congruent triangles (see |]§l)

i) the orbits of the points A and C leave in the same plane, «;
ii) the orbits of the point B are in a plane, (3, parallel to «;

1 s:Sphere[(0,0,0) ,1]

2 e:IntersectPath[z=0,s]

3 A=(1,0,0)
4 B=Point [e]

5 ABC={CircularArc[(0,0,0) ,A,B,Plane[(0,0,0) ,A,B]], CircularArc[(0,0,0) ,B,C,Plane

[(0,0,0),B,C]],CircularArc|(0,0,0),C,A,Plane[(0,0,0) ,C,A]|}

6 CBD=SEqT|C,B]
7 CDE-SEqT |C,D]
8 EDF=SEqT [E,D]
9 EFG=SEqT [E,F|
10 GFH-SEqT |G, F|
11 GHI=SEqT |G, H]
12 THJ=SEqT I ,H|
13 IJK=SEqT|[I,J]
14 KJL=SEqT K, J |
15 KIM=SEqT (K, L|
16 MIN-SEqT [M, L]

27

Figure 4: GeoGebra commands to explore the orbit of the equilateral triangles in band B5.
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Figure 5: Band with 12 equilateral spherical triangles. Cases that end up
in antiprismatic spherical tilings (see ﬂéﬂ)

iii) the distance between « and f is equal to the height of the spherical triangle [ABC];

2\/2_1) , aICCOoS (?) ,

iv) for the values of the length of AB equal to Z+arcsin(3), 5, arccos (

arccos (?) we obtain, respectively, the spherical tilings induced by the antiprisms of 4,

6, 10, 12 and 14 faces. (see Figure [5)
The exploration of the above GeoGebra application revealed that the orbit of the triangle
[ABC] is generated by the action of a group of spherical rotations s an axis r, perpendicular
to the planes o and 3, passing through the center of s. Let P the point of intersection of «
and 7. Then the band (28, ),en is obtained by the rotation of the spherical triangle [ABC]
around the axis r by multiples of ZAPB.
For our purposes we are interested in knowing the conditions for which B,,,n € N gener-
ates spherical tilings.
In order to construct a more accurate GeoGebra application to allow more generalized
cases we consider:
i) the sphere s, the north pole Py=(0,0,1);
ii) natural numbers p and ¢, ¢ < p, defined by sliders;
iii) the point By, in the north hemisphere of s;
iv) the point By obtained by the rotation of B; around the z—axis by an angle of 27/ s;

v) the point Ay, a point in the bisector of the arc By Bs, which does not belong to this

arc, that is, a point at the same spherical distance from B; and B, (note that A; belongs

to the great circle defined by the plane y = 0);

vi) the point Ay, obtained by the rotation of A; around the z—axis by an angle of 27 /2.
Under these conditions, [B;ByA;] defines an equilateral spherical triangle (see Figure
Denoting, respectively, by [ and h the half of the length and the height of the spherical
triangle [B; B2A;], chosen in the way described previously, one has

1=1(2) = VLSOOI ) (n) < Vi E R

('OS(TI'/E) +2sin? (71'/ cos(w/§)+23in2(w/§)+l

Note that for [ be well defined we need that cos (ﬂ/g) +2sin? (7r/§> +1 # 0 which correspond
to £ # s 1 € N
On the other hand, for h be well defined we need that

(cos (7‘(’/};) + 2sin? (W/g))z —1>0.

3The application of GeoGebra show the tree points B;, By and A; coincidents
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If 2 = cos (ﬂ/g), then (—222+2+2)2-1> 0% —% < 2 < 1. Thus —% < cos (7‘(‘/5) <1
then 0 < ¢ < %p. Hence, h is well defined if and only if g > %
Accordingly,

By = (1(2) s (w72). 1 (8)5in (x/2) 1 (2).
Ba= (1(5)on (s/2)-1(2) s (/) 0 2)) - 4= (1(2) 0. (2)

Therefore [ByByA;] is an equilateral triangle with side length equal to:

cos(m/B)+2 cos?(m/B)—1
BuB = |Bad] = L] = accos (2 =)

|BlB2| = |B2A1| = |A1B1| = arccos (M),

2cos(7r/g)—3

and angle measure equal to:

——— —— — 1
BlBQAl = BQAlBl = AlBlBQ — arccos <—§ —+ cos (W/£)> .
q

The orbit of the equilateral triangle [B; By A1 ] |J A1 Az by the the action of a group of rotations
around the z—axis and of angle 27/ g, can be obtained using the GeoGebra commands defined
in figure

The generated spherical patterns depends on the value of 5. When 5 € Nand 2 > 2 the
orbit defines spherical antiprisms associated to the 5 — gon antiprism, all vertices have equal
valence (3,3, 3,5 = n), and the tiling has 2n vertices, 4n edges, 2n spherical triangles and

Figure 6: Spherical triangle [B; By A;].



30 CHAPTER 3. SPHERICAL GEOMETRY AND SPHERICAL TILINGS

A. M. Breda, J.M. Dos Santos: Spherical Geometry and Spherical Tilings with GeoGebra 291

1 Sequence (Rotate ( CircularArc ((0,0,0) ,B1,B2,Plane ((0,0,0),B1,B2)) .,k 2 pi/(p/q),
zAxis) ,k,1,pq)

2 Sequence (Rotate (CircularArc ((0,0,0) ,B2,A1, Plane ((0,0,0) ,B2,A1)) .,k 2 pi/(p/q),
zAxis) ,k,1,pq)

3 Sequence (Rotate (CircularArc ((0,0,0) ,A1,B1,Plane ((0,0,0) ,A1,B1)) .,k 2 pi/(p/q),
zAxis) ,k,1,pq)

4 Rotate(Reflect (Sequence(Rotate (CircularArc ((0,0,0),B 1,B 2,Plane([(0,0,0) ,B 1,
B 2)).,k 2 pi/(p/q),zAxis) ,k,1,pq),Plane(z=0)),pi/(p/q),zAxis)

Figure 7: GeoGebra commands for the generation of spherical tilings

2 spherical n— gonsﬂ All the triangles have congruent angles of measure arccos (cos (%) — %)
1

The spherical n — gons has congruent angles and their measure is 27 — 3 arccos (cos (%) — 5).
All arcs of these tilings have measure arccos ((1 — 2cos (%)) / (2 cos (%) — 3)) . All these tiling
are invariant by the cycled group of order n and have central symmetry.

Analysing the behaviour of the maps h and [ and considering their domain as the set of real
numbers, we can prove in a straightforward way that lim, ,.. [(z) = 1 and lim, .., h(z) =0
which corresponds to the construction of a tiling of the sphere by two hemispheres. Consider-
ing z > 2 the function h have a maximum of g and [ have a minimum of % at x = m/ arccos (i),
thus the minimum value of 21 is 8/5, near of the arc length of the prototype of the tetrahedral
spherical tiling, corresponding to the tiling of the sphere by equilateral triangles.

™ ™ ™ 4

(aros(l‘) ! (rzcns(l‘))) - (acos(l‘) ’ 5)
™ ™ ™ 3

<,.,,»u.,-(1|) d (ul:().s(%))) - <u('us(l‘) ’ 5)

0 1 2z 3 4 5 6
q

Figure 8: GeoGebra output of the graph behaviour of functions h and [,
where ho = h(%) and o = l(g).

If ‘;—’ < x < 7/ arccos (i) the corresponding side lengths BBy decrease to a minimum of
%, while the sequence of heights of the corresponding triangles [B; BoA;] grow to a maximum
value of % Thus the generated bands, B,, range from a set of two hemispheres to other bands
whose "non-lateral" edges have their midpoints increasingly close to the poles (see Figure
B, ke {22 2}).

27574

4In this case the Euler formula, F +V = E + 2, is obviously satisfied, note that the tilings induce the
anti-prism inscribed in the sphere.
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Anti Prism
Spherical
tilings
%\m neN

Planar Graph

Vertices valence

(3.3,3,n) (3,3,3,4) (3,3,3,5) (3,3,3,6)
An(g(i(—;)i;xio;l;n:_v?ot(;ces (o vy ;2 — 3a) (o ;2 — 3ax) (o ;a3 2 — 3ax)
(v:m arccos(ﬁz’l) 27)” arccos (% (\/5— l))
Qv = arccos (cos (%) — %)
Arecos ( ;ic(o;g i)) iy éTBQ' arccos (2‘/2’1) arccos (Tr’) arccos (‘/—;’)
(Vertices, Edges, Faces) (8,16, 10) (10,20, 12) (12,24, 14)

(2n,4n, 2n + 2).

Figure 9: n-gon antiprism, n € N and n > 2, obtained by rotations of a
band of 2n equilateral triangles.

On the other hand, if z > 7/ arccos (i) the midpoints of the "non-lateral" edges of the
band move away from the poles until the tiling pattern, associated with an regular n-agon
antiprism is obtained (see Figure [8] B,k € {3, %, 9}).

Figure |§| illustrates B,,n € {4,5,6} and shows the arcs lengths, the angle measures and
the planar configuration associated to the corresponding generated spherical tiling, from know
on denoted by B,,. The angles and arcs measure of the triangles of the associated tilings can
be obtained, dynamically, with the GeoGebra CAS.

By the use of sequence command the GeoGebra uncovers more complex tilings as the ones
illustrated in figure , when we allow n to be the rational numbers % with ¢ € {1,2,3}.

The tiling %\% corresponds to the spherical pentagonal antiprism tiling described above.
Ifn= %7 the tiling @; has 25 vertices, 27 tiles from which two are spherical pentagons, ten
are spherical triangle and fifteen are spherical quadrilaterals (five spherical rhombus and ten
spherical kites). Finally, if n = %, the corresponding tiling, %\%, has 30 vertices defining 32
tiles (two spherical pentagons, ten spherical triangles, and twenty spherical kites).

In Figure we may observe the tilings %\%,q € {1,2,3}. This figure highlights the

rotational symmetry of order 5 around the z—axis of all these tilings, the central symmetry
of Bs,q € {2,3} and the reflection symmetry of %g.
q
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B B
X 2
Tilings
length of BB, arccos (%) arccos <‘/§1 4) arcsin (é) +3
Angles 4?”;2?” « = arccos (% (\/5 3));27r — 3« %;2?”;%”;24?” ,
3747375; £7_1r7£7_7r;
(3,4,3,5) @3 E e
(3a47474)7 ( o )7(57r7257r77§727§ )7
Vertices: (3,3,3,5) (4,4,4,4); (?44444423((557?57 %7%?7
valence; (2= o on ﬁ) (3,4,4,4); 3 4’ 4’ 4’) (’Q_ﬂﬁ’ﬁ’ X 32_7;)
les: 57 5% 595/ (3435) Yy B EETHh A5y 51505 )0
ane o 10 A (3,4,3,5); (%, &, %, 20);
number. ' 5 groups of e é 5% 8 ’f3’ S
5 vertices each, groups o
in a total of 25 5 vertices each,
' in a total of 30.
N
Polyhedron
Faces 12 Faces: 37 Faces: 42 Faces:
2, 5-gons; 2, 3-gons. 2, 5-gons; 30, 3-gons; 5, 4-gons. 2, 5-gons; 40, 3-gons.
Vertices 10 Vertices 25 Vertices 30 Vertices
Edges 20 Edges 60 edges 70 edges

Figure 10: Bs,q € {1, 2,3}, combinatorial, geometric proprieties,
q
and some of the associated polyhedra.

It should be noted that in this study we are not interested in the prismatic compound
antiprisms, whose bases correspond to skew zig-zag polygons [8]. Although they appear in
some cases, we emphasise that the tilings described above go beyond the class of tilings
associated with those polyhedra. In our description there are tilings in which vertices of a
given tile are not coplanar. This is the case of ‘Bs and %g (see Figure IEI)

We may associate a polyhedron to these type of tilings, making use of triangulation of
the non-coplanar tiles, but the process is not unique. The tiling iBs has 27 spherical faces, 25

vertices and 40 edges; and we may associated to this tiling several polyhedra with 37 faces, 25
vertices and 60 edges (see row five in the table illustrated in Figure D It is worthwhile to
mention that while tiling %\5 has two types of quadrangular faces, one with coplanar vertices

and other with not coplanar vertices, the tiling ‘Bs has all quadrangular faces of a single type;
its vertices are always not coplanar.
Let p and ¢ be any two natural numbers, p > ¢g. Observe that:



33

294 A. M. Breda, J.M. Dos Santos: Spherical Geometry and Spherical Tilings with GeoGebra

o2 3 4 6 8 9
g

99060666
, 900 066e
3 000 o
4 @®00
5 & @
6 O

Figure 11: Configurations obtained with GeoGebra involving s — agons, with p > gq.

o ifBl#Bcheng#%,nEN;

o if 2 = 2, the points By, By and Aj are coplanar and | By Bo| = |ByAy| = |A1Bo| = &,

and we have the sphere divided in two hemispheres. However these case corresponds to
having A; in the arc [B;,Bs], which is not in consideration.

e the non trivial cases arise when g > % and gcd(p,q) = 1.

3. Results

Theorem 3.1. Let p and q be natural numbers such that -Z > % and ged(p,q) = 1. Let
k = min{q,p — q} and denote respectively by v,e and f, the number of vertices, edges and

faces of the spherical tiling %\%’ associate to ‘Bg, then:
e v=p2k+q-1);
o c=2p(2k+q—1);
o f=pRk+q—1)+2;

Proof. The orbits of the points A; and By, as defined above, by the group of rotations about
the z—axis through multiplies of 27/ § generates two % spherical star-polygons, Spr and Spp,
about the points (0,0, 1) and (0,0, —1), respectively.

Denote by T; and D; the vertices of Spr and Spp, with j € {1,...,p}, respectively. These
vertices of Spr and Spp are given by Tj = Roto.(By, (j — 1)27”) and D; = Roto, (A4, (j— 1)2?”)
with j € {1,...,p}. The configurations of Spr, and Spp are the same as one corresponding
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to § and Ff—q. Let k = min{q,p — q}. Thus, the number of vertices in Spr and Spp as part
of %\% is kp (see Figure .

Let us now see how to count the number of edges in Spr and Spp as part of B,. Fach
q

arc T;T;y, (respectively D;D;y,) is divided into 2k — 1 arcs giving rise to p(2k — 1) edges.

—

Thus, in total, Spr and Spp contribute with have 2p(2k — 1) edges for the edges.of B».

Figure 12: Vertices and cross points B
q

The “lateral” edges of B» joining the (external) vertices of Spr and Spp are the arcs
q
corresponding to the orbit of the arcs T1D; and DT, by the cyclic group generated by the
rotation of angle 27" around the z—axis. The arc T1D; intersects the arcs 114D, ¢4 in ¢ — 1

cross points I; with j € {1,...,¢ — 1}. Therefore, the vertices 77, D; and the cross points,

.....

Thus the “lateral” net of B» has p(q — 1) vertices and pq edges.
q
Consequently %5 has v = p(2k + ¢ — 1) vertices, e = 2p(2k + ¢ — 1) edges, and

(
f=p2k+q—1)+2 faces, being (k — 1)p triangles and p(q + 1) quadrilaterals.
Ul

Corollary 3.1.1. ]fg € N the family %\g corresponds to the g—anti—pm’smatic tilings.

Theorem 3.2. Let p and q natural numbers such that gcd(p,q) = 1 and 5 > % The tilings
B

Q3

e are invariants by the cyclic group Cy;

e if q is a odd number then the tilings have central symmetry;

e if q is a even number then the tilings have reflection symmetry.
Proof. The first and second statement are true having in consideration the construction of
the band B» and the corresponding notation, given previously.

For the last statement it is enough to observe that

5In fact, the spherical segments that emerged between the vertices of Spr and Spp correspond to a helical
polygon [8.

CHAPTER 3. SPHERICAL GEOMETRY AND SPHERICAL TILINGS
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e the vertices A; € 1,...p are in the orthogonal bisector of the arc segment B; B; 1. Thus,
when ¢ is an even number, the projections of the orbits of A; and B; in the plane z =0
coincide;

e the edges of the the lateral net whose endpoints are not (external) vertices of Spr and

Spp form an even number of edges of Br defining ¢ — 1 vertices of this tiling.
q
O

4. Exploring spherical tilings with GeoGebra

Here, we explore possible conjectures starting from a spherical triangle and its orbit under a
local action of spherical reflections. We obtain a determined pattern by constructing a spher-
ical triangle using the tools described in Section 2 and reflecting it in the planes containing
its sides. We implemented this procedure in a GeoGebra application entitled “edge to edge”
(see Figure and Figure . Using this application and iterating it we get a sequence of
spherical patterns as the one illustrated in Figure Since the initial triangle is not fixed
it is expected that some of these patterns will end up in monohedral spherical tilings ( see
Figure .

In figure [13b we illustrated this process beginning with the (fixed) spherical triangle
(m/2,7/2,7/3). As expected we end up with the hexagonal bypyramidal tiling. Using the
same strategy but starting with the family of spherical triangles of angles (7/2, 7/2, 27 /n) we
end up with the family of n-gons bypiramidal tiling.

(a) Angles 7/5,27/5,and 37 /5. (b) Angles 7/2, 7/2, and 7/3.

Figure 13: Spherical monohedral tilings, evolution to bi-pyramids tiling

Starting with the spherical triangle of angles 7/3, m/4, and 7/2 and using the same
technique we end up with a spherical tiling with octahedral symmetry which corresponds to a
polyhedron with 48 faces, the Catalan polyhedron disdyakis dodecahedron (see Figure .

The spherical triangle of angles 7/5, 7/3, and 7/2 gives rise to a spherical tiling with 120
congruent scalene triangles (see Figure @, with icosahedral symmetry, which corresponds
to the Catalan polyhedron disdyakis triacontahedron.

Using the spherical triangle of angles 7/3, 37 /4, and 7/4, we can we obtain a tiling by
12 congruent scalene spherical triangles, that corresponds a non-convex polyhedron with 12
triangular faces, 8 vertices and 18 edges (see Figure . Continuing this process we end up
always with a spherical tiling in which the starting triangle is not a tile of the achieved tiling
but it is decomposed in tiles of the new tiling.

35
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(a) Angles 7/3, /4, and /2. (b) Angles 7/5, /3, and /2 (c) Angles 7/3, 3m/4, and 7 /4.

Figure 14: Spherical monohedral tilings by triangles

The explorations carried out so far present some interesting results that need to be
strengthened. It seems that using Schwarz triangles, this procedure seems to be able to
provide a dynamic illustration of the polyhedral kaleidoscopes studied by Coxeter [3].

5. Conclusions

We have presented several new GeoGebra tools that may be used to explore spherical geometry
and to explore spherical tilings. An important advantage of these applications is the inter-
activity and the visualisation of the created objects, promoting conjectures and the respective
formal proofs. The conjectures can also be tested by the GeoGebra CAS capabilities.
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Chapter 4

A new class of monohedral pentagonal

spherical tilings with GeoGebra [22]

Here, making use of GeoGebra, we show how to generate new classes of monohedral non-convex
triangular and new non-convex pentagonal spherical tilings, changing the side gluing rules of
the regular spherical tetrahedral tiling, by means of a local action of particular subgroups of

spherical isometries. In both cases each polygon has 7 as area measure.

In relation to the new class of pentagonal tilings, we describe some of their geometrical and
combinatorial properties and show the existence, in a special case, of an associated dihedral

triangular spherical tiling.

These classes of spherical tilings have emerged as a result of an interative construction process,
only possible by the use of the newly produced GeoGebra tools and the dynamic interaction
capabilities of this software. In section 2 of this paper we begin by presenting a construction
process of monohedral spherical tilings of area 7, this procedure depends on the action of a
subgroup of spherical isometries over a well chosen spherical set. We will end up with two

one parameter new classes of spherical tilings T(¢ ;) and Pc ).

The description of the one parameter family T ,), in which each one of its elements is
composed by four triangles, is given in section 3 of this paper. Section 4 describes the one
parameter family B¢ ,), being that each one of its element is composed by four non-convex

pentagons.
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Abstract. By a monohedral spherical tiling we mean a decomposition of the sphere
by geodesic congruent polygons. Here, making use of GeoGebra, a well known free
interactive mathematics software, we show how to generate new classes of monohedral
non-convex triangular and new non-convex pentagonal spherical tilings, changing the
side gluing rules of the regular spherical tetrahedral tiling, by means of a local action
of particular subgroups of spherical isometries. In both cases each face has 7w as area
measure.

In relation to the new class of pentagonal tilings, we describe some of their properties
and show the existence, in a special case, of an associated dihedral triangular spherical
tiling, that is, a tiling composed by two sets of congruent triangles.

These classes of spherical tilings have emerged as a result of an interative con-
struction process, only possible by the use of newly produced GeoGebra tools and the
dynamic interaction capabilities of this software.

Mathematics Subject Classification. 51L99; 58E40.

Keywords. Spherical Geometry, spherical tilings, GeoGebra

1. Introduction

In this paper our main result is the description of the combinatorial and geo-
metric characterisation of a new one-parameter class of edge-to-edge spherical
tilings, denoted by B¢ ,) pejo,x], €xpanding the knowledge of monohedral spher-
ical tilings by triangles and pentagons, that is, tilings of the sphere in which all
spherical faces are congruent among them. This one-parameter class emerged as
a result of an iterative construction process, starting from a particular subset of
S? and particular sets of spherical isometries ruling the gluing side rules of the
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new constructed tilings (for details, see section 4), making use of new produced
GeoGebra tools and the dynamic interaction capabilities of this software.

There are many tools to work with spherical geometry in an interactive way,
as Sphaerica [8], Spherical Easel [1], and Povray [5]. However, for our purposes
we need to work with more flexible tools and commands, in particular, we need
to obtain in real time the orbit of a set of spherical points under the action of a
(sub)group of spherical isometries. For that, GeoGebra [10] seems the best op-
tion for two crucial reasons: the widespread use of GeoGebra and the possibility
of interaction with geometrical and algebraic representations simultaneously. In
fact, GeoGebra has several geometrical representations in 2 and 3 dimensions
allowing the interaction with spherical points in a diversity of ways. Besides,
the algebraic capabilities of GeoGebra allow the study and the induction of some
geometrical properties which may be visualized in real time. Among its many
features, GeoGebra allows the creation of new tools and commands, dealing with
sequences of various geometric and algebraic objects and using logical and heur-
istic procedures, it allows, to certify some properties of these same objects, for
example, to be congruent with each other [7].

A systematic study of spherical tilings started with D. Sommerville [11] who
has stablished part of the classification of spherical tilings by isosceles triangles
having analysed a very particular case by scalene triangles [6, p.467]|. H. Davies,
in 1967, presents an incomplete classification of triangular monohedral tilings of
the sphere [4] omitting many details which were fixed latter on.

Tilings of the sphere by right triangles were obtained by Yukako Ueno and
Yoshio Agaoka in 1996 [14]|. Later, in 2002, the same authors [15] obtain the
complete classification of monohedral edge-to-edge triangular spherical tilings.
It should be noted that triangular spherical folding tilings were studied by Ana
Breda [2] and their classification was obtained in 1992, these being a subset of
the triangular monohedral spherical tilings .

The regular dodecahedral spherical tiling is a well known tiling of the sphere
by twelve regular pentagonal spherical polygons. More recently, all edge-to-edge
tilings of the sphere by 12 congruent convex pentagons has been classified by
Honghao, Shi and Yan [9].

The classification of spherical tilings by triangles is not yet completed. In
fact, little is known when the condition of being monohedral or edge-to-edge is
dropped out. A systematic study to enumerate and classify all spherical tilings
is far from being complete.

In the next section 2, we begin by presenting a construction process of mono-
hedral spherical tilings of area 7, this process depends on a spherical set locally
under the action of a subgroup of spherical isometries. We will end up with
two classes. In section 3 we will describe the immersion of the class, T ,),
of monohedral spherical tilings by four triangles, followed, in section 4, by the
description of the finding of B¢ ,, a class of monohedral spherical tiling by non-
convex pentagons of area m. Finally, in section 5, we present our conclusions
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about the use of GeoGebra in the present work, as well as our proposals for
upcoming research.

From now on, all the tilings in consideration are edge-to-edge, unless stated
otherwise.

2. A class of monohedral tilings of the sphere of area 7

Let S? be the sphere centred in O = (0,0, 0) and radius 1, ¢ a great circle of S?,

and A and B two distinct points in ¢ such that AOB = arcsin(3) + 7. Chose
one point C € S? such that [ABC] defines an equilateral triangle with angles

27”. Let @, R and S be the midpoints of the spherical segments ZE, BC and 6’71,
respectively. Let P € @?7 such that Q/OTD =p,pel0,n]. LetC={X€8?: X €
PSVX € PRVX € @} In order to obtain a spherical tiling, we use GeoGebra,
applying spherical isometries to the set C (fig. 1(a)). All the isometries that will
be applied to C fix the points of the set {A, B, C, @, S, R}. In the case illustrated
in figure 1(b), only the point P will be a vertex of the tiling and the points @
and R will be midpoints of edges of the tiling. In case of figure 1(c), the points
@, R will be vertices of the tiling and S will be the midpoint of an edge of the

tiling. Since the points @, S, R are midpoints of the spherical equilateral triangle

ABC of angles %”, we have:

—_——

QS=SR=RQ=1%, PS=PR

——

ABC = BCA=CAB =%, BSQ=SQB=QRA=AQR="71.

Figure 1. (a) Representation of the set C. (b) monohedral triangular spherical tiling,
Tic,z)- (c) monohedral pentagons spherical tiling, Bee,z)-

The lengths of the arcs in C (arcs emerging from P) and the angles around P
are defined in function of p, using the spherical relations for triangles.
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Accordingly, we have:

PO = p, PR =P3 = arccos (

<19

sin(p) );

Npd . DD } — cos(p)
QPS— QPR— arccos <\/TS€;®2)’

PRA—_DPQR T [ _/2cos(p)
PRA—PSB— Z‘{‘&I‘CCOb <\/Ts(i))2)

In order to obtain the two classes of monohedral spherical tilings, T ,) and
B(c,p),respectively by triangles and pentagons, see figure 1, we consider the ro-
tations Z(p ), about the axis OP, of angle p, p € [0, 7], and two sets of spherical
isometries J, and J, defined bellow.

Let 7, = {%(QJ),%(S,W),%(RJ)} and J, = {%(S,ﬂ),%(azﬂ/g)}.

For each value of p € [0, 7], the action of J, on C defines a class of spherical
monohedral triangular tilings denoted by T (¢ ).

On the other hand, for each value of p € [0, 7], we may construct a new class
of monohedral tilings by non-convex pentagons denoted by B¢ -

In this case the four tiles of ‘B¢ ,) are obtained using J» and applying the
procedure indicated bellow, see figure 1 (c).

Let

1. Co =C;

2. Cr = Z(5,m(C);

3. Co = Z(c2r3)(C1);
1. Cs = Bs.m (Ca).

Then, P ) = U?zoci.

Let us see how GeoGebra had been used to generate the class of tilings T ¢ ),
0 € [0,27] and acted as support for some of the results presented here.

The first geometric construction was done starting from a point P in @E’ and
joinning P to the middle points of AC and BC , giving rise to C. Applying to C
each one of the isometries in J1, a spherical configuration emerges.

The code used for visualizing, for each value of 6, this configuration is shown
in table 1.

If the obtained configuration is a spherical tiling, the CAS view is then used to
obtain the algebraic expressions of the measures of: the arcs lengths; the angles
surrounding each vertex and the coordinates of the vertices. Note that in the
GeoGebra CAS view we do have all the vector and matrix operations needed to

43
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Objects 3D View CAS View
Parameter 6=Slider(0, 2*pi,2*pi/100)

Correspond one vector to each vertex
C=(-1/3,-sqrt(2/9),sqrt(2/3))

vC:=C
Q=(sqrt(3)/3,sqrt(2/3),0) Q=Q
Points S=((-sqrt(3))/3,sqrt(2/3)/2, sqrt(2)/2) s lis
R=(sqrt(3)/3,(-sqrt(2/3))/2,sqrt(2)/2) VR‘iR
vR:=

P=(cos(0)*sqrt(3)/3,cos(8)*sqrt(2/3),sin(0)) Pricon (s taaet (2),/3 Sont o3 S sare(a /3 atals))

PQ=CircularArc((0, 0, 0),P,Q,Plane((0, 0, 0),P,Q)) arccos(vP*vQ)

Arcs PS=CircularArc((0, 0, 0),P,S,Plane((0, 0, 0),P,S)) arccos(vP*vS)
PQ=CircularArc((0, 0, 0),P,R,Plane((0, 0, 0),P,R)) arccos(vP*vR)

Cell Ce—{PQ,PS,PR} —

%(Q,W) I1Cel=Rotate(Ce, pi, Ray((0,0,0), Q)) —

For example, defining the rotation matrix,

L _N2 6

3 3 3
. V2 2
MSpi:= -3 -3 0
_ 6 1 o
R(S,m) I1Ce2=Rotate(Ce, pi, Ray((0,0,0), S)) 3 V3
applying the vector associated to a point,
MSpi*vP
and defining the image of a point.
P”=(0,0,0)+MSpi*vP
'%(R,ﬂ') I1Ce3=Rotate(Ce, pi, Ray((0,0,0), R)) —

Table 1. GeoGebra commands to construct T(¢ ,) in 3D view and CAS view.

obtain the results presented in sections 3 and 4. Sometimes, we feel the need to
use auxiliary applications and construct some macros. This was the case for the
determination of the rotation matrices.

3. A class of monohedral spherical tilings by four triangles

The elements of T (¢ ,) are four congruent spherical triangles, but it should be
pointed out that, for p > 7 the tiles are not convex spherical polygons. The
convex case was already described by several other authors, see for instance
Brooks and Strantzen [3]. However, the non-convex case, T ), p €)%, 7[ as far
as we know, is not mentioned in the literature. We only find a brief reference to

g(C,A/O\C) by Gaiane in [12, 13].

The construction of T¢ ,),p €]0,7[\{5} is a family of four congruent tri-
angles, all the vertices have the same valence surrounded by angles («, a, 27 — «),

with a(p) = arccos (%ﬁ&z).
The tiling ¥

(C arcsin(25)) correspond to the tetrahedral spherical tilling. For

some values of p (p = 0,7, m) we have spherical tilings by lunes (see figure 2).
Note that allowing p > 7 would lead to some arcs of C crossing others, revealing

other types of spherical pattern.
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Figure 2. Representation of T (¢ oy,T

(c,amsm(ﬁ@))’T(C’%)’g(c,fé?)’ ‘z(c,g@)’ Tem-

4. A class of monohedral spherical tiling by four spherical
pentagons of area 7

Let us, now, present the details of the class of spherical monohedral tilings by
four non-convex pentagons.

The procedure given previously applied to C, already defined, is illustrated in
figure 3. Observe that S and S’ are antipodal points.

Let us summarise some of the geometric features of B¢ ,) = Us_oCi.

Vs S Vs S S’ Vs S’ Vs
a /
41 vy vy 1’3
b —_ g —_—
R(Svﬂ') R(C7%ﬂ R(S’”)
V6 V3 V5 VB
Points in C | Z(s.)(C) | #(c,22) (%5, (C)) | Z(s.m)(#ic,2=) (P s.m)(C)))
P=V/ vy 74 V7
Q=Vs V3 Vs Vs
R= V5 va S/ Sl
S S V3 Ve

Figure 3. Geometric features of B¢,
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Since we know how ‘B¢ ,) was built we may determine the coordinates of all
its vertices. In fact,

P(%iwwAgaMM@mm)@(%i%QQ,

r(Y3 V6 V2\ o V3 V6 V2
37 62 )\ 37672 )

The J, isometries, namely, % (s ») and %’(C%r ), may be defined, respectively,
by the matrices:

_1 V2 6 _l V2 V6

\/% 32 3 3 3 3

Ri=| =% -3 0 ], Re=| 22 1 ¢
_v6 L 0 0 s 1

3 V3 2 2

Consequently, the coordinates of the vertices of B¢ ,y are:
a) for the ones depending on p:

V= (=% cos(p) — 4 sin(p), % cos(p) + % sin(p), 0),

Vi = (%4 cos(p), — % cos(p) — 5 sin(p), 5 cos(p) — §sin(p))

VI = (=2 cos(p) + ¥ sin(p), Yo cos(p) + %2 sin(p), — 2 cos(p) — 1 sin(p)) ;
b) for the others:

37

= ()

A planar representation of the tiling B¢ ,), is shown in figure 4. Accordingly,
we have,

201 + ao = 27 and a3 + ag = 2,

— — cos(p) _ 37 V2 cos(p) )
where a;(p) = arccos (\/m), az(p) = ° + arccos <—\/m :

The obtained configuration, see figure 4, defines a monohedral tiling of the
sphere by four non convex pentagons if the points V, 5", V¥ belong to a same
great circle. Obverve that the isometry % (g r) sends the point S, corresponding

—

to the midpoint of V" V, to itself. Besides,

— —=3
VPS' @ SV = (\/Tg cos(p) + \/TE sin(p), @ cos(p) — @ sin(p), 5 sin(p)),

_—

and so, we may conclude that V,” V/ is an edge of the tiling B¢ ,)-
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Figure 4. Planar representation of tiling B¢ ,)

VIVsVE = a4

VIVsVE = a3

VEVsVY = a3

VIVsVY = a3

Table 2. Edge and angle measures of B¢ ,)

The points V;,i € {1,...,8}, are then vertices of four non-convex congruent
spherical pentagons, each one of area 7, whose length edges are (b, a, 2a,b, a) with
b= p and a = arccos (@ sin(p)), see table 2.

Tl T2 T3 T4
V{Vs =1 ViVs =a VsV =a VeVY =a
3V =a VsVE =0 VIVY =2a VIVE =2a
VIVs =10 VIV =a VPVg = VIiVs =10
VsVl =a VeV =0 WVY =a VsVl =a

VsVIVE =a2 | VEVIVE =al | iVIPVs=al | VsV Vs =al
VIVIVs =al | VVIVs=a2 | VEV3V =ad | VIVEVE = a4
VIV3VA=a3 | VWV =ad | V3VIVE =a2 | VEVIVL = a2
VsViVs =al | VsVIVe=al | VfVIVs =al | VIV Vs = al
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The case of P ,) with p = arccos (—%) corresponds to the tetrahedral

spherical tiling and the cases corresponding to p € {0, 7} are lunes.

Figure 5. (a) &]3(&%), (b) ‘B(c’% arccos(~ 1)) (c) “]3(

L))’ (d) (‘B(C,ﬂ')'

C,arccos(— =
For each p €]0,m[\{5 arccos (—3)}, B(c,p) is a monohedral tiling with four
non-convex pentagonal faces and eight vertices, six of them of valence 3 surroun-
ded by angles (a1, a1, ) being the other two of valence 2, surrounded by angles
(a3, ay).
If p = arccos (—\/Lg) the tiling B¢ ,) defines a known dihedral tiling of the
sphere by eight spherical right triangles.

5. Conclusions and future works

In this work, we present classes of monohedral tilings of the sphere obtained with
the aid of GeoGebra. The use of special tools created in GeoGebra, for the study
of spherical tilings, have proved to be quite useful for the search of new ones. In
future works we intend to generalise the strategy described here, to be apllied
to more generic cells, hoping to give a contribution to the current knowledge on
this subject.
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Chapter 5

Two classes of dihedral spherical

pentagonal tilings.

In this paper we present two classes of dihedral spherical pentagonal tilings. We begin by
showing how to generate new classes of dihedral pentagonal spherical tilings, changing the
side gluing rules of the regular spherical hexahedral tiling, by means of a local action of
particular subgroups of spherical isometries. In relation to these classes of pentagonal tilings,
we will describe some of their combinatorial and topological properties. These classes of
spherical tilings emerged as a result of an interative construction process, only possible, as
previously stated by the use of newly produced GeoGebra tools and the dynamic interaction

capabilities of this software.

Here we extend the knowledge of the set of pentagonal spherical tilings. A proper adaptation
to the procedure described in chapter 4 to characterise the one-parameter family of tilings,
Ber T €]0, 7[\{3 arccos (—%)}, by four congruent spherical non convex pentagons [22],

determines two distinct one-parameter families composed by 12 pentagons:
Bley T 6]0,arccos(@)[\{aretan(?)};

PG, pey T €10, 5 [\{arceos( (g5 (41v/2803 + 58v/5606) ) }.

In the section 4, some topological properties of mz‘cm*) and &BZ‘E wy AT€ given. We will show

2,T

that the set composed by the union of these two families is arcwise-connected.

o1
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Two Classes of Dihedral Spherical Pentagonal Tilings,
Searching Spherical Tilings with GeoGebra
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José Manuel Dos Santos Dos Santos
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Abstract

By a dihedral spherical tiling we mean a decomposition of the sphere by two non con-
gruent spherical polygons. Making use of GeoGebra, a well known free interactive math-
ematics software, we will show how to generate new classes of dihedral pentagonal spher-
ical tilings, changing the side gluing rules of the regular spherical hexahedral tiling, by
means of a local action of particular subgroups of spherical isometries. In relation to these
classes of pentagonal tilings, we will describe some of their combinatorial and topological
properties. These classes of spherical tilings emerged as a result of an interative construc-
tion process, only possible by the use of newly produced GeoGebra tools and the dynamic
interaction capabilities of this software.

keywords:Spherical Geometry, Spherical Tilings, GeoGebra.

1 Introduction

Spherical tilings by right triangles were obtained by Yukako Ueno and Yoshio Agaoka in 1996
[22]. Later, in 2002, the complete classification of monohedral edge-to-edge triangular spher-
ical tilings was achieved by the same authors [23]. They have extended the classification of

triangular f-spherical foldings, studied and characterized by Ana Breda, in 1992 [[12].

The classification of spherical tilings by triangles is not yet completed. In fact, little

is known when the condition of being monohedral or edge-to-edge is dropped out.

1
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The combinatorial study of spherical tilings by twelve pentagons considering all ver-
tices of valence greater than or equal to three has been also done, see [|17] for details. Very little
is known about spherical tilings involving non-convex spherical polygons, that is, tilings where
the possibility of vertices of valence equal to two should not be dismissed. Recently, a family
of spherical monohedral tiles by four congruent and non-convex spherical pentagons has been

characterised [9]].

Moving now to the dihedral case, it is worth mention that, the classification of dihedral
f-tilings of the sphere whose prototiles are a kite and an equilateral or isosceles triangle has been
achieved [3, 6, 4} 5]. Great strides were also made in the study of spherical f-tilings by kites and
scalene triangles [2, |1]. In this paper we present two families of dihedral spherical tilings, by

twelve spherical pentagons, characterising an infinite family of non-convex spherical pentagons.

Besides the theoretical mathematical aspects involved in the study of spherical tilings,
they are also object of interest in other areas of knowledge and in technological applications. In
fact, the study of spherical tiling has applications to chemistry, for instance, in the study of peri-
odic nanostructures [16]], emerging new forms of association of molecules, notably fullerenes
[15]], Iwading to a deeper study of spherical tilings by triangles, squares, pentagons, and hexagons
[19]. In the same line of reasoning other tilings including heptagons [21]] and heptagon and oc-
tagons [20] had emerged. Applications to new possibilities for new molecular patterns are
exposed in [24} [13]. Nowadays, in engineering there is a need to merge the computer aided
design and computer aided engineering into a single approach, contributing to an increasing in-
terest in studying relationships between spherical tilings and spherical Bezier curves [14]. The
knowledge of spherical tilings can also be useful for the development of some issues in com-
putational algebra [|18]. The facility location problems, spherical designs and minimal energy
point configurations on spheres [[7, 8] are other fields where the study of spherical tilings is quite

useful.

In ours first works we prepared several tools to work with spherical geometry in Geo-
Gebra, namely two searching new spherical tilings [11]. With this new tools, we extend the
knowledge of the antiprismatic spherical tiling family and by this way get new families of poly-

hedrons [10]].
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In this article we intend to extend the knowledge of the set of spherical tilings, here
denoted by ‘T, presenting and characterising subsets of ¥s, the set of all pentagonal spherical

tilings.

A proper adaptation to the procedure recently described to characterise the one-paramete
family of tilings, B¢ ) T €]0, 77:[\{% arccos(— %)}, by four congruent spherical non convex
pentagons, see [9]], determines two distinct one-parameter families of spherical dihedral pentagone

(convex and non convex) tilings with 12 faces.

(Bf(,f;}m*),r* €]0, arccos(?)[\{arctan(%)};

Bl e T €)0, 5[\ {arccos( (g (41v/2803 +58v/5606) ) }.

As we shall see, the set composed by the union of these two families is arcwise-

connected in Ts.

2 The family of monohedral spherical tiling ‘B«

Let us explain, briefly, the procedure carried out to generate the one-parameter family of spher-
ical tilings, P 1), 7 €0, ﬂ:[\{% arccos(— %)}, each one of which composed by four congruent

pentagons.
First, consider the following subset of spherical points,
¢={XeS*:XePSVXecPRVX e PQ},

where A and B are two distinct points in the sphere such that AOB = arcsin(%) + 7% and Cis a
point in the sphere such that [ABC] defines an equilateral triangle of angles 27”, see fig. a), and

the points Q,S and R are the midpoints of the spherical segments @,Bf‘ and a, respectively.

Consider, now, the orbit of % under the action of .#, the subgroup of the isometry
group of the tetrahedrical spherical tiling generated by the rotations % g ) and # (€2 Notice
that, any element of .# has A,B,C,Q, S, R as fixed points.

For each value of 7 €]0, 71:[\{% arccos(—%)}, the action of .# on ¢ defines a class of
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Figure 1: Generating cell and the corresponding tiling for T = 7 /10.

spherical monohedral pentagonal tilings denoted by P« ), see [9].

For each 7 €]0, [\ {3 arccos(—%)}, B (% r) is a monohedral tiling composed by four

non-convex pentagons, each one of area 7 and whose length edges are, in cyclic order, given
by (b,a,2a,b,a), withb =7 and a = arccos(‘/i

5-sin(7)). Besides, B« 1) has eight vertices, six

of them of valence 3, being the other two of valence 2, see some of the representatives of this

family in figures and

The case of P 1) with T = %arccos(—1

5) corresponds to the tetrahedral spherical
tiling, see figure 2(b), and the cases 7 € {0, 7} correspond to tilings composed by spherical

lunes, see figure 2(d)
LisEEEEEEEEse a: ._‘:?‘r

@ 513((5” ) (b) gn(%arccos(fé)) © m(%,arccos(f

oolx

%)) @ ‘B(%,n’)

Figure 2: Some elements of P 1)

These results led to the the natural question.

What do we get by means of a similar procedure but starting from the other mono-
hedral regular tilings of the sphere?
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In the next section we will tackle this question taking the monohedral hexahedric

tiling of the sphere as the starting point.

3 Two one-parameter families of spherical dihedral tilings by

spherical pentagons

Consider one of the quadrangular faces, [A,B,C, D], of the regular hexahedric spherical tiling.
Without loss of generality we may assume that the isosceles, non equilateral, spherical triangle
[A, B,C] has as corresponding angles %, %, 27” Let O, R and S be the midpoints of the arcs XE,

BC and 61, respectively.

Having in mind, the use of a similar procedure as the one indicated in the previous
section, we should study separately two cases according to the dynamic generated by the dis-

. . . —_ T . —_
placement of a point P, in one case, in the arc QC, and make an angle of — with the arc AB, and

in the other case, in the arc AR and make an angle of g with the arc ZXE, see table
In the first case consider the set,
% ={XeS*:XecPSVXEPRVX € POVX € SA}
and in the second case consider the set,
% ={XecS$?:XecPSVX e PRVX € POVX € RB}.

Using GeoGebra to make some explorations and making use of some of the symmet-
ries of the hexahedral tiling, we end up with the tiling, &Bfﬁ ) in the first case and with the

tiling P72 (€50 S€€ table The details will be given in the following sections.

From now on and without loss of generality, let’s consider: A = (73,_7670),
B=(*%,%0,0),C=(*2,0,%8),0=(1,0,0, R= (2,1, 1), s= (2.~ 1}
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Cell, 6;,i € {1,2}. Planar Graph.
R
e R
o
Ist A
.\—o S
Case
*
(¢1.%)
R
B
Q
P
2nd
Case e
Pl

Table 1: Elements of dihedral pentagonal tilings, for Q/O\P = g, in first case, and 14/07’ = g,
in the second case, the "generator" cell, 4} and %, , and the planar graph by stereographic

projection in plane z = —1.
*
3.1 Elements of ‘,]3(% )

The construction of the one parameter family of tilings ‘BE‘%‘T*), is based on the case where

PcQC,Q0P=1* 1" € [0,arccos (@)] These conditions imply that P = (cos(7*),0,sin(7*)).

First we note that for 7* € {0, arctan (g) ,arccos (39) } ‘,Bziﬁ ) does not correspond
to a pentagonal tiling. In fact, for T = 0 we have a dihedral tiling with six equilateral spherical
triangle and six spherical rombus (fig M; if % = arctan (‘/TE) we get a tiling, not edge to
edge, composed by six spherical pentagons and six isosceles spherical triangles (fig [3(b)). For

V3

T* = arccos (T) , we end up with a monohedral spherical tiling composed by twelve isosceles

spherical triangle (fig[3(b)).

Looking at the illustration given in table |1, we notice that in the second row of this
table, the points A, S and P are vertices of the tiling and the points Q and R are exactly the

midpoints of edges of the tiling. The arc measure of the elements of 47 are:
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(b) ‘B* ( V2 ) ) ©) mzlgl ,arccos ( @ ) )

(%1,arctan | 5=
Figure 3: Degenerated cases of S}}?%I‘T*)’ " € {0, arctan (%) arccos (Aé) .

13—@ =1"=c¢
PR = PS = arccos (% sin (7%) + ? cos (T*)) =b
SA = arccos (é) =a.
Each element of this family of tilings has two non congruent pentagonal prototiles,

with the following edge cyclic configurations (a,b,2c,b,a) and (b,2b,2¢,2b,b).

The angles of the arcs, bellow specified, are:

+/sin? (%) (Z—ﬂcot(r*))
\/—Zﬂsin(Z‘c*)—cos(ZT*)—&-S

éP\S = arccos (

— B 2sin(7*)
PSA = arccos \/—2/2sin(27*)—cos(27*)+5
CSP = arccos 2 s

\/—Zﬂsin(Zr*)—cos(2‘E*)+5
\/sinz(r*)(Z—\/zcot(r* )) )

\/—2\/§sin(2‘r*)—cos(2‘r*)+5

R/P\Q:arccos(
SAQ =1
SPR =21 — (QPS+RPQ) = 2(n — QPS)

In order to obtain the spherical tilings, ‘B ) We consider the following set of
spherical isometries, .¥ = {%(R,n),%(AOQI),%(Rz’n),%’( A723_7r)}, composed by three rotations,

identified by its center and angle, and a reflection identified by the plane of reflection, where

01 =Zr2)(Q);R2 = Z(a001)(R).

The matricial representation of the element of .# is given by:
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o L L o _1L 1
V2 V2 V2 V2
Aem=| 5 —1 1 | Zuwoo -5 1 1 |
%4 5 4
—1 00 0 —% _%
0 01 % % _%

Consider €° = %, (graphically represented in the second row and third column of
table ’ % = AR ) (€7) ¢t = '@(AOQI)(%I)’ G = A (Ry. ) (¢7), ¢} = %(A,%)(U?zocgf)’
and (615 = ‘%(A 27:)((514)

3
Under these conditions the set %15 defines the spherical tiling ‘,D’(*% )"
Thus, for each angle T €]0, arccos( )[\{arctan( 2)1, the process described above,

defines a spherical dihedral tiling with: twenty vertices; thirty edges; and the faces are twelve

spherical classes of non congruent pentagons, equally distributed, see fig. {4

A0= (3, —¥2,0) = Ro(A0) = (=*3,8,0)

S00= (%, -1 1) 510 = Z0(S01) = (0,1,0)

501 =(0,-1,0) S11= 40 22)(510) = (= Z 1L

802 = j(A() iz (500) (32@ *%=*%> S12= jA()‘“‘ (510) = (- ﬁ %-r*%)

Vg = (cos7*,0,sinT*) Vi —(‘[sm‘t* ‘[cos‘r +1sint*, ‘éicosr*—%sinr*)
VE = (=Lsint*,—Lcos " — Lsint*, Lcost* — Lsint*) | V5 = (—cost*,0,sin7*)

Vog:(‘zfsinr* %cow*—%sinr*,—gcosr*—%sinr*) |23 _(——smr* ‘[cosr —ism’c —%co%r —iemr)
Vi = (cost*,0,—sint*) Ve :(32@smr* Lcow + Lsint*, 740051: + Lsint¥)
Vf{:(%sinf* 7‘[0051.' + sint* ‘[cosr +3 s1n1:) V;{:( ‘?smr* ‘[cosr - smr* ‘éicosf*+%sinr*)
VG = (—sint*, —%cosr + 1sint* —?cos‘r +1sint*) | V5 = (—cost*,0,—sint¥)

Figure 4: Vertices of ‘B((gl ) and images of ‘43«51 ) and ‘13(% x
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3.2 Elements of ‘43** &, 1)

The construction of the one parameter family of tilings ‘BZ‘% - is based on the case where

P € AR, AOP = T, T €0, %] These conditions imply that:
P= (?cos(r**) + % sin(7*"), —\égcos( )+ sin(7**), % sin(7*%)).

First we note that for ™ € {0, arccos((8409 (41\/m+58\/ﬁ)) Z1, B (@ t)
does not correspond a pentagonal tiling. In fact, for t** = 0 we get a dihedral spherical
tiling, with six spherical scalene triangles and six spherical pentagons (fig @); if T =1" =
arccos( (% (41% + 58\/%)) we get a dihedral tiling, not edge to edge, composed by
twelve spherical rombus (fig M; for T* = 7, we end up with a dihedral spherical tiling,

composed by six scalene spherical triangles and six spherical rombus (fig [5(c)).

(% “ “eee ” < S bec ; »
(a) %?%270) (b) mikcgz,fl) (c) ‘,B (%, %

Figure 5: Degenerated cases of 7 (@) T e {0,717, 7

Looking at the illustration given in table[I} we notice that in the third row of this table,
the points P, R and B are vertices of the tiling and the points Q and S are exactly the midpoints

of edges of the tiling. The arc measure of the elements of ¢ are:
PQ = arccos (¢ (2v/3cos () +3v/2sin (1) )) = d
PR=Z2-t"=c
PS = arccos (% (3 sin () +2\/6005(T**))) =b
RB = arccos (é) =a.

Each element of this family of tilings has two non congruent pentagonal prototiles,

with the following edge cyclic configurations (a,c,2d,b,a) and (b,2c¢,2d,2b,c).

The angles of the arcs, bellow specified, are:
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0052 r** \f 4tan(7*) )
\/ 4\fsm 27*)—5cos(27** +13)
0032 TH) \/_ 2tan(7*)
\/ 2\/651n 27%%)+cos(27** +7>
V6cos(T**)—6sin(T
3\/ 4\/551n (27*)— 5c05(21**)+13)

OPS =21t — (RPQ+ SPR)

—

OBR =

SPR = arccos (

RPQ arccos (

BRP = arccos (

Wi

In order to obtain the spherical tilings, ‘,Bj("%zlw), we consider the following set of
spherical isometries, %2 = {Z(s z), %0, ,ﬂ)v'%(Rz-ﬁ)"%( 37%)}, composed by four rotations, iden-

tified by its center and angle, where Q1 = %5 1)(Q), R1 = Z(s,2)(R), Ra = %0, n)(R1).

The matricial representation of the element of .# is given by:

0 -5 5 -1 0 0
Zsm=| -5 -1 -1 |3 Zow 0 0 -1 |

5 "1 3 0 -1 0
Hiwoim) = a1 P e v

5 - - b 1

Consider, 42 = ¢, \ {RB} (graphically represented in the third row and third column
of tablelll) Gy =R (5.2)(CY), €3 =R 0, 1) (C3), €3 = R (g, 1) (€3), considering B' = %, ) (B).
@ = (B, %) y(UoeHU {@7@}7%5:%(3,2%)(%?)-

Under these conditions the set %7 define the spherical tiling ‘4322} )

Thus, for each angle 7** €]0, %[\ {arccos(( g5 (4112803 + 581/5606) )}, the pro-
cess described above, defines a spherical dihedral tiling with: twenty vertices; thirty edges; and

the faces are twelve spherical classes of non congruent pentagons, equally distributed, see fig.

6l

3.3 From the prototile to the construction of ‘B and ‘43**

In each of the tilings, of (‘p?‘ﬁ. ) ‘}32‘%2 ot there is a set of four spherical pentagons, &, that

generate it, applying rotations, of angles 27” and 47”, around the axis OB, see figure [7} We can

10
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B=Vi=(4,*.0) Vit = %o(B) = (-5, —¥.0)

3 303
R=(£.53) R =Zi0(R) = (—2,-1,-1)
Ro1 = % 42)(R) = (0,1,0) Ri =%y 1) (R) = (0,-1,0)
Roo =g (R) = (7, 1,-) Rz =g ) (R) = (-, -1, 3)
Ve = (gcos‘r*“r4sin‘c**,7§cosr**+%sin‘r**,%sin‘r**) vy = (%cos‘r** —sin 7** ﬁcos‘r**)
VOTI‘ =(- @cos‘:** sinT**, ﬁcos‘c**) Vz'fl“:(fgcos‘r** ‘[sm‘c** ‘[cos‘r 7lsm‘r**,;sm‘r *)
Vip =(— Lcosr**%—ismr —sm‘L’ %cos‘r**—%sinr**) VZTZM:(lgcos‘r**—ﬁsmr —ismr 340051: —ism‘t *)
Vﬁ;‘:(ﬁécosr**+‘[smr ‘{cosr —isinr**,—%sinr**) Ve =(— ?cosr +‘[smr —ﬁcosr —Lsing™*, —Lsing™)
vy = (écow** Lcm'L”‘* sin ') Vi = (- ‘/Tgcoe‘c ‘{cosr * sin %)
vy = (ﬁécow %sm‘c**,‘/f'cow +1sine ~Lsint) | Vg = (-~ ‘/Tcow 7%sin‘c**,f%gcosr*“r%sin‘c**,—%sinr**)

Figure 6: Vertices of 7. (%) and images of &B and ‘B**

also note that the set 7 is invariant by rotations of angle 7 around the axis OS, so there is a set,
Z;, of two non congruent pentagons of &, which generate all the tiling. In fact, the prototile of
the tiling, &, corresponds to two adjacent and non-congruent spherical pentagons of the tiling.

An illustration of the set &2 corresponds to the four visible pentagons in figure |?(a), for ‘13%,

and in figure for ‘B*g*.

@ B OB

Figure 7: Representation of spherical Pentagons of the tiles prototiles.

11



4 Topological properties of ‘B and ‘B (2,7

Let T be the set of all tilings of S?. Denote by p the metric in 2, induced by the usual metric
of R? and by dy the Hausdorff metric in T. Recall that, for any X,Y C T,

dp (X, Y) = max{sup[inf p(x,y)], Sup[lnfp(x I}
xex Y€ yeY

-,,,_ B-r”’

g .
§ s
& o

(a) P7» and P 5 (b) Pri and Pl 5

Figure 8: Representation of the tilings prototiles.

Consider the tilings: Pr; Pr- 53 P Priv, 5. Having into account the geomet-

ric properties of the respective prototiles (see figure [§), it is straightforward to conclude that:
dH(mﬂ‘;'*7q3:*+6) 6 and dH((’BT**? T**+5 6|l|

Let PB* = {Ply, ), 7" € [0, arccos(\[)]} and P = {P(g, ) € [0,7]}, and

consider the maps:

¢* : [0,arccos (?)] — P C T(S?); o0, g]

T P T P

— P C T(S?).

Next we will prove that these maps are continuous at any element 7; and 75" in the

! It is worthwhile to mention that GeoGebra allows dynamic illustration of these propertie. Besides, we may

obtain an approximation for the Hausdorff metric.

12
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domain of @* and ¢**, respectively.

Let € € R" and take & < e if |78 — 5] < 6 and

T — 15| < 8, then:
Therefore we can conclude that ¢* and @** are both continuous and injective.

As stated in ﬁguresEIand@ the tilings ‘,B @) and B> (€0 ar€ defined by the posi-
tions of their vertices. Accordingly, we may define a continuous path joining a tiling of ‘B(%] )

to a tiling of P(Z, ..\, as we will show in

A summary of properties of the elements of the families ‘BE‘% ) and (‘BT%M**) can be

seen in figure [9]

Let us give a characterisation of the set of all tilings of these families that belong to

T5. We shall represent this set by B which can be seen as
Po =P;UB5;
where

PBL = {P. @) ,T* €]0,arccos( 33)[\{arctan(\é§)}}

and

= { P52 T €10, 5[\ {arccos(( ggg5 (412803 + 58+/5606) ) } .

4.1 The door tiling 93,

The tilings ‘,B( (314_1)) and ‘13(

a3 correspond to the same tiling, B, which we
,arccos ) )

s, arccos( ¥
call door tiling. In fact, taking the point P as being the point of intersection of the spherical seg-
ments §C\' and AR then its coordinates are (3‘(,0, ‘g) the angle of QOP = arccos (3‘/—)

7* and AOP = arccos (*{31—3) = 7**. Therefore all vertices of the tilings coincide in both families.

13
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2b-2y-2b

m(%l.;.mn;%" )y

g-y-2r-y-g
y-2b-2r-2b-y

g-g-2r-y
2y-2r-y

4.2 ‘Pp as a arcwised set of T

g-b-2r-y-g
y-2b-2r-2y-b

m(%'l ,atan( L_,j )

g-y-2r-y-g
20y - 2r - 2by

g y-2r-y-g
y-2b-2r-2b-y

.
‘B('(l acos( 2 (410245821 ))

Q= 2803

N>/

g-g-b-2ry
2r2y-b-y-2b

o
g-b-2r-y-g
y-2b-2r-2y-b

Figure 9: Geanalogy of ‘Ps.

gy -2r-gy
2b-2r-2b

g-b-2y-2r-2b
2by - 2r - 2by

Now, we will show that 34 is a arcwised subset of T5, and therefore also of X.

Let €, and €, be two tilings of Bp we have four cases to consider:

i) €, and €, belong to ‘P3;

ii) €, and €, belong to ‘P773;

iii) &, € P5 and &, € P55;

iv) €, € Pi: and €, € P;

In the first case there exist #1,2, in [0,arccos (é)] such as €, =*P; and €, = ‘,B;‘Z.

The map ¢(t) = ¢*(t; + (t2 — 1 )t) is a continuous map for ¢ € [0, 1], with ¢'(0) = @*(t;) = &,

and ¢'(1) = @*(ty) = &,. The second case is analogous to the first case, in fact there exist t1,t,

in [0, 7] such as &, =*;" and €, =P and we can consider the continuous map Qi(t) =

O (t1 + (—1)t), t €[0,1].

14
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For the third case, the tiling B, plays a relevant role. Since &, and &, belongs,

respectively, to PB% and P55, there exist #; € [0,arccos (‘3[)] and 7 € [0, 5] such as €, =P}

and €, =

*ok : :
i, - Considering the map

=
IN
IN

qoiii(t) _ { o* (tl + 2t (arccos
o* (arccos( )

i) -n))
2(t

r—1) ([Z—arccos(@)>)

=
AN
~
[N
—_ =

arccos 1

one has (Puz( ) ;B;ﬁl’ lll( ) ma_;p* (3 11) :;B** @) and q)iii(l) :gp;);*

arccos ( 1

As we shall see,

vtoe[o,l] Vex0 Jss0 [t —t0] <6 = "Piii(t) - (Piii(to)‘ <§,

which means that @' is continuous.

If 1o € [0, 2[ ortg €]} 5,1] the map @ is continuous in 7o by the continuity of the maps

. . _ 1
Let us show the continuity @' atzg = 5.
Lete > 0.

For any 1 € [0, 3],

(@09 (2)) = (B, s (1) P 2155) )
dp(9(r), @7 (1)) = 2|t — 4 |arccos (2YIL) — 1],
Forte]%,l],

di (97 (1), 0 (L)) = dy (0™ (1), 97 (1)) = 2’; _ %’ 'zz — arccos (%]3) ’

€

Considering s min{ 2’arccos<q\ﬁ) tl‘ ’ 2‘1‘2 arccm(‘{?)

‘ } we then have that

r=31 <8 = |o"(r) — 9" (3)| <&,

therefore ¢ is a continuous map.

15
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Finaly, if &, and €, belongs, respectively, to P55 and B3, there exist #; € [0, 5] and

t, € [0, arccos (@)] such as €, =*P;* and &, = P; .Now, considering the map:

o (tl + 2t (arccos (L) t ))
0" (arccos (Y1) +2(r — 1) (12 ~arccos (1) ))

(e}

<t

IN
—_— N

Q" (1) =
<t

=
IN

3v3
arccos 11

one has ¢ (0) = P;*, V(%) =Po =P (ﬁ) = ‘B;CCOS(ﬂ) and ¢™(1) = %7
11

To proof that ¢ is a continuous map, it suffices to show that ¢* is continuous at %

. . . £ € -
Let € > 0. Considering 6 < mm{2 arccos(\{_ tl’ 2‘12 arccos(“/_)‘} we may con

clude that dy (9™ (t), 9" (3)) < €. Therefore, ¢" is continuous path in Prp.

In each one of the four cases, given two elements of Pop, &, and &,, we have a

continuous path, ¢, joinning €, and &,. Thus, By is an arcwise connected set of Ts.

5 Conclusions

In this work, we present two new classes of dihedral tiling of the sphere 3 and ‘B%,, by

spherical pentagons, whose union is an arcwised connected set.

We also add some new knowledge about dihedrical spherical tilings by twelve pentagons
namely topological characterisation of a special subset of these families of pentagonal tilings.
The use of special tools created in GeoGebra, for the study of spherical tilings, has proved, once
again, to be very useful in the search of new results. An important advantage of the applications
created for this research is their interactivity capabilities and visualisation, promoting conjec-
tures which where stated using formal proofs. One of the created applications enable us to get
the Hausdorff measure between any two spherical pentagons of this family. The conjectures
were also tested using the GeoGebra CAS capabilities. In future works we intend to generalise
the strategy here described and apply it to other cells immersed in other spherical triangles,

hoping to give some relevant contributions to the current knowledge of this subject.

16
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Chapter 6

New classes of monohedral spherical
tilings by non-convex spherical
hexagons and non-convex spherical

pentagons with GeoGebra [23]

Once again, we will make use of GeoGebra to show how to generate new classes of monohedral

non-convex hexagonal and pentagonal spherical tilings.

The one parameter class of monohedral non-convex hexagonal tilings, ¢ ;), was obtained
changing the side gluing rules of the regular spherical octahedral tiling, by local actions of

particular subgroups of spherical isometries. The description of this family is given.

We also show the existence of a new family of monohedral non-convex pentagonal tiling,
B (sc,61,6,), Which arises as a degenerated case associated to the family ¢ o). The geometrical

and combinatorial properties of these families are described.
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Abstract

In previous works we have illustrate a procedure to obtain spherical tiling with GeoGebra. We
have found new classes of monohedral spherical tilings by four spherical pentagons, and new class
of dihedral spherical tiling by twelve spherical pentagons. One again, we will make use of GeoGebra
to show how we can generate new classes of monohedral non-convex hexagonal spherical tilings,
$(%,7)» changing the side gluing rules of the regular spherical octahedral tiling, by local action of
particular subgroups of spherical isometries.

In relation to one of the new classes, by hexagonal tiles, we describe some of its properties. We
also show the existence of a new family of monohedral pentagonal tiling which arises as a degenerated
case associated to the family §)(¢ o). All these classes of spherical tilings have emerged as a result of
an interactive construction process, only possible by the use of newly produced GeoGebra tools and
the dynamic interaction capabilities of this software.

1 Introduction

Spherical tilings by right triangles were obtained by Yukako Ueno and Yoshio Agaoka in 1996 [20].
Later, in 2002, the complete classification of monohedral edge-to-edge triangular spherical tilings was
achieved by the same authors [21]. They have extended the classification of triangular f-spherical fold-
ings, studied and characterised by Ana Breda, in 1992 [3].

The classification of spherical tilings by triangles is not yet completed. In fact, little is known when
the condition of being monohedral or edge-to-edge is dropped out.

The combinatorial study of spherical tilings by twelve pentagons considering all vertices of valence
greater than or equal to three has been also achieved, see [11] for details. Very little is known about
spherical tilings involving non-convex spherical polygons, namely, tilings where the possibility of ver-
tices of valence two should not be dismissed. Recently, a family of spherical monohedral tiles by four
congruent and non-convex spherical pentagons has been characterised [6].

Besides the theoretical mathematical aspects involved in the study of spherical tilings, they are also
object of interest in other areas of knowledge and in technological applications. Walter Kohn report that
the year 1984 brought a big surprise in the field of crystallography. He refers the work of:

“D. Schechtman and co-workers that reported a beautiful x-ray pattern with unequivocal
icosahedral symmetry for rapidly quenched AIMn compounds. The appropriate theory was
independently developed by D. Levine and P. Steinhardt, who coined the words quasicrystal
and quasiperiodic. Even more curious was the fact that R. Penrose (1984) had anticipated
these concepts in purely geometric [terms], so-called Penrose tilings” [13, p. s70].
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Findings of this kind reinforce the need to continue studying geometric patterns and their properties.
Spherical tiling has also applications to chemistry. For instance, in the study of periodic nanostructures
[10], emerging new forms of association of molecules, notably fullerenes [9], leading to a deeper study
of spherical tilings by triangles, squares, pentagons [17]. In the same line of reasoning other tilings in-
cluding heptagons[19] and heptagons and octagons[ 18] had emerged. Applications to new possibilities
for new molecular patterns are exposed in [22, 15, 16, 12, 7]. Nowadays, in engineering there is a need
to merge the computer aided design and computer aided engineering into a single approach, contrib-
uting to an increasing interest in studying relationships between spherical tilings and spherical Bezier
curves [8]. The knowledge of spherical tilings can also be useful for the developed of some issues in
computational algebra [14]. The facility location problems, spherical designs and minimal energy point
configurations on spheres [ 1, 2] are other fields where the study of spherical tilings is quite useful.

In this article we intend to extend the knowledge of the set of spherical tilings, here denoted by
T, presenting and characterising subsets of hexagonal spherical tilings, as well as new patterns of
pentagonal tilings.

2 Related Work

It is a well-known fact that it is not possible to find a monohedral tiling of the sphere by convex spherical
hexagons whose vertices have valence equal to three. However, we are interested in study of tilings of
the sphere by non-convex spherical polygons, namely the existence of monohedral tilings by non-convex
spherical hexagons, with some vertices with valence equal to two. In a tiling of the sphere by spherical
polygons, at vertices of valence two are associated two angles whose sum is 27, a situation that posed
further problems to the investigation of the existence of such tilings. These situations may be solved
making use of the dynamic capabilities of GeoGebra that have been proved to be interesting for our
research.

We had created tools in GeoGebra to spherical geometry, initially we use these tools to obtain some
well known spherical tilings and provide illustrations of some new spherical tilings [5]. Namely, we
found a new family of tilings of the sphere, %75” p,q € N. This family contains the well known antipris-

matic tilings, which are identified and obtained by a global action of a subgroup of spherical isometries,
see [4] .

A proper adaptation to the procedure previously described to characterise the one-parameter family
of tilings, P ) with 7 €]o, n[\{2 arccos(— f)} by four congruent spherical non convex pentagons,
see [6], determmes a one-parameter family of monohedral spherical hexagonal tilings with six faces,

N ) TE }Qarcsin (@) +75 [\{arctan(@)} .

3 Methodology

Consider one of the triangular faces, [A, B,C], of the regular octahedrical spherical tiling. Without loss
of generality we may assume that the equilateral, spherical triangle [ABC] of angles 7, has as vertices
the points A, B,C whose coordlnates are respectively (1,0,0),(0,1,0),(0,0,1). Let O, S and R be the

midpoints of the arcs AB BC and CA respectively.

Having in mind, the use of a similar procedure as the one indicated in the end of the previous section,
we study the tilings arising from the dynamic displacement of a point P, in the arc a@ making an angle
of 5 with the arc AB, and the spherical point D = (5 f ‘/_ ‘/—)

¢={XecS*:XecPSVXcPRVX EPAQ\/XEDR},
which is the starting cell for the generation of the tilings, see figure 1.

crucial to the definition of the set

2

75
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o

(a) ﬁ(igv% ) (b) Cell ¥ in the and planar graph.

Figure 1: Monohedral spherical tiling .V)(%%) and one of its planar graph.

It should be pointed out that without the dynamic properties of GeoGebra, the approach here de-
scribed would not be possible. The number of simulations to be performed to have some insights about
the behaviour of the created spherical patterns would be behind the imagination.

As we will see the use of GeoGebra for making explorations and the use of some of the symmetries
of the octahedral tiling end up in the one parameter family of tilings $)( ). The details will be given in
the following section.

4 Experimental Results

)

The construction of the one parameter family of tilings (¢ 1), 7T € ]O, arcsin (76) +5 [\ {arctan ( 5 ) }

is based in the case where P € @ and Q/(ﬁJ =T.
The points defining the cell € have respectively the coordinates:
Q = (cos(%),sin(%),0);
R = (cos(%),0,sin(%));
S =(0,cos(%),sin(%));
D= (ﬁv _\/Tga );
P = (cos(%)cos(t),sin(F)cos(7),sin(7)).

First we note that there are three cases where $) (¢ ) does not correspond to a hexagonal tiling. In
fact, for 7 = 0 we have a monohedral tiling with six spherical pentagons (fig 2(a)). This spherical tiling
belongs to a family of two parameters not yet studied. In fact it corresponds to a family of spherical
tilings, by six non-convex spherical pentagons, defined starting from eleven vertex points: six of valence

two; two of valence three; and four of valence four.

If 7 is equal to arctan (%) we get a tiling by six congruents spherical “squares”, this tiling corres-

I

pond to the monohedral hexahedral tiling of the sphere (fig 2(b)). For 7 equal to arcsin (é) + %, we
end up with a dihedral spherical tiling composed by six congruent spherical pentagons and six congruent
spherical digons (fig 2(c)).

For values of 7% € ]O, arcsin (@) +Z [\ {arctan( @)} we have tilings of the sphere by six spherical
non-convex hexagons, with fourteen vertices, six vertices with valence two and the other eighth vertices
of valence three.
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©%5 (€ arcsin ( \/TB) +I)

Figure 2: Degenerated cases of )« ) -

Looking at the illustration given in figure 1(a), the points P! are vertices of the tiling and the points
Q and S are exactly the midpoints of two edges of the tiling. The arc measure of the elements of ¢ are:
PO=t=c
PR = PS = arccos (% cos(7) + % sin(’c)) =b
V6

DR = arccos (T) =a.
Each element of this family of tilings has one non-convex hexagonal prototile, with the following
edge cyclic configurations (a,b,2b,2¢,b,a) .
The angles defined by the arcs specified bellow are:

1 cosx , sinx

— §7c05x<7+ﬁ)
SPQ = arccos ——
\/l—cosz(xz)\/lf(%+’\“/—‘—")

SPO = OPR
RPS =21 —25PQ

_ va(
PRD = arccos

RDZ ;2 (R) = %

< [k

For obtaining the spherical tilings, $)(« 1), we consider the following set of spherical isometries,
I =AR5.2)Z(0,.7) % (55,1) Z(03,7)Z(s,,x) } composed by five rotations, identified by its center and

angle, where Q1 = %5 7)(Q), $2 = Z(5,2)(C1), O3 = Z(5,,2)(Q1), $3 = Z 5, 2)(D3)-
The matricial representation of the element of .# is given by:

~1.0 0 01 0 0 0 -1
R(s,m) = H(05.7) = 00 1 | Zs,m=| 1 0 0 | %o rx=Xsn= 0 -1 0
010 00 1 1 0 0

Consider ° = % (graphically represented in figure 1(b)), €' = K (s (€%, €* = %(QM)(%I),
63 = K(s,.7) (€?),¢* = K(0s,7) (€3), and 6> = %’(537,,)(%4).

Under these conditions the set U?:o %" define the spherical tiling N 1)

Thus, for each T € ]O,arcsin (é) +5 [\ {arctan (4)},
the procedure described above, defines a spherical monohedral tiling with: fourteen vertices; eighteen
edges; and the faces are six congruent non-convex spherical hexagons, see fig. 3.

When 7 =0, £ o) is a spherical tiling by six spherical non-convex pentagons (the arc PAQ “dis-
appeared”). We define a new cell .’ in order to obtain the family P s« g, 62), the details are given
next. We would like to pointed out that all tiles of these tilings have one angle of measure ZT” angle

that is defined by to edges, congruent to DR. In these conditions we search families of tilings by six

4

7
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Figure 3: The tiling $)( z) and vertices coordinates of (¢ r)

u

non-convex spherical pentagons: with eleven vertices, six of them with valence two, two other vertices
with valence three, and three vertices with valence four; each element of the tile has (a,b,2b,b,a) edge
cyclic configurations.

where )¢ ) is equal to

P:

Using GeoGebra, with a procedure described in listing 1, we easily find the family P s« o, 0,

(7€, E—a.rccos(‘/S) %)

s:=x"2+y~2+z"2=1

t1=Slider (0, pi/2, pi/100, 1, 50, false, false, false, false)
t2=8lider (0, pi/2, pi/100, 1, 50, false, false, false, false)
V1i=(0,0,1)

V2=(cos(t1),0,sin(t1))

V3= Ceos(t2) s =ini(ti2)8,0)

V4=(cos(t2+pi/4) ,sin(t2+pi/4) ,0)
al2=CircularArc(Centre(s),V1,V2,Plane((0,0,0),V1,V2))
a23=CircularArc(Centre(s),V2,V3,Plane((0,0,0),V2,V3))

OO TAU B W —

10 a34=CircularArc(Centre(s),V3,V4,Plane((0,0,0),V3,P4))
11 sSC10={al12,a23,a34}

12 SC11=Rotate (SC10,pi,Ray(Centre(s),V3))

13 sC12=Rotate ({SC10,S8C11},2pi/3,Ray(Centre(s),V1))

14 sC13=Rotate(S8C12,2pi/3,Ray(Centre(s),V1))

Listing 1: GeoGebra commands to obtain B s« g, g,)-

Now, considering the vertices V!, V92| and V932 and
(cos(62 4 7),sin(6: + %),0), see fig. 4, our new cell is the set:

SEC={XeS:XeVV; VX eV; Vs VX €V, Py}

In the procedure described in listing 1, the set of spherical isometries to be considered for the local

action is
A =A%z n Py}

composed by two rotations. The matricial representation of the elements of .#] are given by:

2cos?(6,) —1 2cos(6)sin(6) 0 -1 130
Bz my=| 2cos(B)sin(6)  2sin*(B:)—1 0 |3 Zyam=| 53 1o
a 0 0 -1 - 0 0 1
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So, let 76" = 7€ (see figure 4), S €' = Ry3 (€9, €% = Ry, 2m) (F€° U6,
SC =Ry, 25, (SE).

1

2

v1=(0,0,1)
Vg = (cos(61),0,sin(6y))
Vg = (cos(6,),sin(62),0)

v4=(0,0,-1)
V3 = (cos (262)cos (61) ,cos (81)sin (26,) , —sin(61))
V6 — —Cﬁ);(f’l)7 \/3025(91)75111(91)
_ [ —cos(6)  \Bsin(6) vEcos(6y) sin(6y)
V7 _ 02( _ s;( H ) C(;s( h) smzz 70
V8 = (—cos(6;)sin (26, + £) ,cos (61) cos (26, + %), —sin (61))
(6

Vo — (*002 1) - ﬂc‘;(el),sin(el))

yio — (—%cos(@z) + gSin(%%—?COS(@) - %sin(@z)ﬁ)
V! = (cos (61)sin (262 — ) ,—cos (61) cos (§ —262) , —sin(61))

Figure 4: The tiling ‘B((y(g%’%) and vertices coordinates of Py« g, g,)-

Under these conditions the set U?:O €' defines the family of monohedral spherical tiling by non-
convex spherical pentagons P s« g, 6,)-

5 Conclusion

In this work, we present two new classes of monohedral tilings of the sphere ) 1) and B (s g, 6,),
by spherical hexagons and by spherical pentagons, respectively, extending the knowledge in this topic.
It should be noted that the degenerated case $)(4 o) put in evidence a monohedral tiling of the sphere by
six spherical pentagons, which is part of another two parameters family of spherical tiles by non-convex
spherical pentagons, that had not yet been studied. This fact reinforces the interest of GeoGebra in the
study of spherical tilings.

The use of special tools created in GeoGebra, for the study of spherical tilings, have proven to be
very useful in the search of new results. An important advantage of the applications created for this
research is their interactivity capabilities and visualisation, promoting conjectures which where starting
points for the search of formal proofs. The conjectures were also tested using the GeoGebra CAS
capabilities. In future works we intend to generalise the strategy here described and apply it to other
type of cells immersed in other spherical triangles.
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Chapter 7

Conclusions

The GeoGebra tools and applications built, so far, allow the visualization and the establish-
ment of relationships among crucial elements related with spherical tilings, greatly contribute
to the research in this topic. It is in the generation of a great variety of spherical configur-
ations / relationships that we believe GeoGebra can make a substantial contribution for the
description and construction of spherical tilings, not yet explored, besides being a resource of

great utility in the study of spherical geometry, in general.

Here, we have presented several new GeoGebra tools, namely in the Chapters 2 and 3, that
may be used to explore spherical geometry and to explore spherical tilings. An important
advantage of these applications is the interactivity and the visualisation of the created objects,
promoting conjectures and the respective formal proofs. The conjectures can also be tested by
the GeoGebra CAS capabilities. These capabilities allow the description of the combinatorial
and geometric characterisation of the two parameter spherical tiling families %\z, p,q €
N with ged(p,q) = 1, obtaining n—hedral spherical tilings, and expanding the Weqzll known

antiprismatic dihedrical one.

In this work, we found several classes of spherical tilings, some monohedrals (T ), B(c,p),
D) PBsco:,6,)), others dihedrals (PBp), with the aid of GeoGebra. The use of the tools
created in GeoGebra have proved, as showed, to be quite useful for the search of new spherical

tilings.

Considering the dihedral tilings here presented we got, among others, two new classes of
dihedral tilings of the sphere B3 and ‘B3;, by pentagons, whose union, ‘Bp, is an arcwised
connected set.
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It should be noted that the degenerated case $)(¢ ), see chapter 6, provides an example of a
monohedral tiling of the sphere by six spherical pentagons, B sc 0, 6,), Which is part of another
two parameters family of spherical tiles by non-convex spherical pentagons, that had not yet

been studied. This fact reinforces the interest of GeoGebra in the study of spherical tilings.

It is well known that there is a unique monohedral spherical tiling by convex pentagons, with
twelve tile. Besides, all spherical tilings by twelve pentagons with vertices of valence three
have been classified. However, admiting tilings with vertices of valence two, we found two
more families of monohedral tilings by non-convex pentagons, one of them with four tiles,

‘B(c,p)» and the other one, P(sc g, 0,), With six.

Recalling the notes made in the introduction about the tilings of the plane by pentagons,
and considering our findings regarding families of monohedral spherical tilings by non-convex

pentagons, the following questions remain open:
Are there other families of monohedral tilings of the sphere by non-convex pentagons?
If so, is it possible to characterize all these families?

It should also be noted that these questions can be also placed in relation to the families of

monohedral tilings of the sphere by non-convex n—gons, with n € N and n < 5.

The work presented here is a contribution to the construction of more knowledge about spher-
ical tilings. The process here described can be applied to other types of cells immersed in
other spherical triangles. Our strategy was applied to the cells that emerged from the tetra-
hedral, hexahedral and octahedral monohedral spherical tiling. Note that we only study, by
these processes, cases of edge-to-edge monohedral tilings of the sphere. We still need to apply
similar processes to the study of monohedral tilings that are not edge-to-edge, which as far as

we know is a subject where there are still few studies.

We still need to study the configurations associated with the monohedral spherical tilings by 12
pentagonal and 20 spherical triangles. Although GeoGebra acts as an instrument of analysis
and conjecture generation, which facilitates the research work, the proofs of the result have
some complexity. It should also be noted that despite the use of processes involving simple
concepts, the methods of proof are complex, in addition to a great difficulty in obtaining easily

realisable results.



Finally, our end will be a (re) beginning ...
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"Wanderer, your footsteps are
the road and nothing more;
wanderer, there is no road,
the road is made by walking. "

Antonio Cipriano José Maria Machado Ruiz
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