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Abstract We give an overview of the mathematical literature on the coagulation-
like equations, from an analytic deterministic perspective. In Section 1 we present
the coagulation type equations more commonly encountered in the scientific and
mathematical literature and provide a brief historical overview of relevant works. In
Section 2 we present results about existence and uniquenessof solutions in some of
those systems, namely the discrete Smoluchowski and coagulation-fragmentation:
we start by a brief description of the functional spaces, andthen review the results
on existence of solutions with a brief description of the main ideas of the proofs.
This part closes with the consideration of uniqueness results. In Sections 3 and 4 we
are concerned with several aspects of the solutions behaviour. We pay special atten-
tion to the long time convergence to equilibria, self-similar behaviour, and density
conservation or lack thereof.

1 Introduction: some processes and models

Coagulation (coalescence, agglomeration, aggregation) and fragmentation phenom-
ena are ubiquitous in many scientific disciplines, such as: Physical [41, 73, 83],
Astronomical [194], Chemical [228], Atmospheric [188, 196], Biological [6, 174],
Environmental [96, 151], as well as in several technological processes [24, 86, 97].
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Their quantitative modelling can be achieved by several mathematical approa-
ches, such as those using stochastic processes, computer simulations, or by the
mathematical or numerical analysis of certain types of differential equations, gener-
ally called coagulation-fragmentation equations. We willcentre most of our atten-
tion in a class of these equations, the discrete coagulation-fragmentation equations,
but will also refer to the so called continuous case. Our goalis to review the most
important Mathematical Analysis results about existence,uniqueness and several
properties of the solutions, with special attention to dynamical aspects, in a way
that is accessible to anyone with a background in differential equations but with no
previous contact with these equations. To this end, we shalltry to present the re-
sults, the ideas of the proofs, and some of their details, in the most reader friendly
way we can, often detailing simpler situations more deeply and just glossing over
more technically demanding proofs, or even just referring the result and calling the
reader’s attention to the original articles. This, we think, will help the reader to gain
a feel for the subject without getting too much bogged down inthe technicalities, at
the same time that will show him/her directions for a deeper study of the issues.

In order to provide an overview as broad as possible of the field, in this intro-
ductory part, in addition to those systems that will be the focus of out attention later
on, we will present a number of coagulation-fragmentation equations that have been
studied in the mathematical literature, although we will not enter into much detail,
and, in several cases, will not refer to them again afterwards.

The mathematical literature on this type of equations has had a huge growth in
the last two decades, so much so that a comprehensive review of the field is no
longer possible in a work such as this. And this is not only true about the mathemat-
ical literature, but even more so about the mathematical modelling literature, as well
as the extremely rich and variegated contributions coming from Physics and other
scientific and technological areas. This scientific literature is also a seemingly inex-
haustible fountain of interesting and difficult mathematical problems, and so every
mathematician must spend as much (if not more) time being acquainted with it than
he/she will spend with the mathematical literature. This feature is also reflect in the
list of references of the present work.

Although the Mathematical Analysis of the coagulation-fragmentation equations
is a relatively recent research area, there exists already anumber of reviews that
are useful to whoever wants to obtain an overview of the problems, methods, and
existing results. Two of the most recent reviews, [133, 219], have important over-
laps with topics we deal with in this work. Another recent review, largely (but not
exclusively) centered on the study of coagulation-fragmentation-diffusion systems
using duality arguments and entropy and entropy-dissipation methods is [68]. A
very interesting introduction to some of the classical models in this field, including
a discussion of the physical ideas involved, is [43]. Another interesting reference, al-
though somewhat outdated, is [74]. Reference [72] was the first review article about
mathematical modelling of these problems and although veryfew of its content is
mathematically rigorous it is still an interesting source for the literature before the
1970s. Finally, although somewhat outside the scope of our work, it is important
to point out the review article of David Aldous [2] that seemsto had a tremendous
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importance in calling the attention of probabilists to thisarea of research which re-
sulted in the contemporaneous explosion of works using a stochastic approach to
the coagulation and fragmentation processes (see, for instance, [21] and references
therein). Similarly to what happens with the studies using astochastic approach,
those on numerical analysis (see, e.g., [88, 119, 141, 142, 189, 226]) are outside the
scope of this work; a natural consequence of space limitations and also of my lack
of expertise in those fields.

1.1 Coagulation and fragmentation processes

By coagulation (or coalescence, or agglomeration, or aggregation) one means a class
of phenomena by means of which there is an increase in the size(or mass) of par-
ticles through their collision with other similar particles. In the overwhelming ma-
jority of cases simultaneous collision of more than two particles are extremely rare
and are not considered.

In Figure 1 we present a schematic coagulation event betweena particle of size
(or mass)x, calledx-cluster, and another of size (or mass)y, y-cluster. As will be
pointed out below there are modelling situation in which particle sizes vary contin-
uously (inR+) and others for which the size is assumed discrete, indexed in N+.

Fig. 1 Scheme of the coagu-
lation process of anx-cluster
and ay-cluster.
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(y)

(x+y)

The reciprocal process of spontaneous fragmentation is, asthe name implies, that
by which a given particle breaks up and originates two, or more than two, smaller
particles, and is schematically presented in Figure 2.

A different type of fragmentation that is sometimes considered in the literature is
the collision induced fragmentation, also known as non-linear fragmentation: we can
consider this process as made of two consecutive steps: a coagulation step forming
an extremely unstable cluster that (in the time scale of the full process) instanta-
neously breaks into two or more smaller aggregates, as schematically illustrated in
Figure 3.
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Fig. 2 Scheme of the spon-
taneous (or linear) multiple
fragmentation process of an
x-cluster into several smaller
y-clusters.

(x)

(y< x)

Fig. 3 Scheme of the colli-
sional (or non-linear) frag-
mentation process.
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(y)

(z< x+y)

The differential equations of coagulation-fragmentationtype are one of the at-
tempts at the mathematical modelling of the processes schematically represented
in figures 1, 2, and 3. All these equations can be considered asequations of struc-
tured population dynamics, as they model the dynamics of systems of particles with
some kind of internal structure (due to size, mass, or some other characteristic). In-
deed, there are cases where standard equations of biological population dynamics
pop up in the study of coagulation systems, although not in a direct and obvious
way (e.g.: see [53, 61]), but the fact remains that, due to thespecial structure of the
coagulation-fragmentation, the general methods of structured population dynamics
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(as in, e.g., [221]) are usually not relevant (however, see Subsection 1.10.4). A much
more important connection, as far as mathematical methods are concerned, is with
kinetic theory, as is made plain in some of the most recent studies on the long time
behaviour of solutions and self-similarity we shall refer to below.

In the following parts of the present section we briefly present some of the co-
agulation and fragmentation models that have been more widely studied from the
mathematical point of view.

1.2 Smoluchowski’s coagulation equations

The coagulation differential equation was originally proposed in 1916 by the physi-
cist Marian von Smoluchowski as a model for the kinetics of colloid formation
[204, 205], and in spite of the fact that it is at present one ofthe best studied, there
are still a number of important open mathematical problems about it.

Let us represent the coagulation process of Figure 1 in the following notation,
usual in chemical kinetics:

(x)+ (y)
a(x,y)−→ (x+ y) ,

wherea(x,y) is the rate of the coagulation reaction among anx-cluster and ay-
cluster, usually called the coagulation coefficient or coagulation kernel. Often these
coefficients depend only on the mass of the clusters, but there are cases where it is
important to consider dependences on some other characteristic (cf. cases in Subsec-
tions 1.9 and 1.10) or upon time [212, 223]. The only general mathematical property
imposed by all physical situations is the symmetry and non-negativity of the coagu-
lation kernel:a(x,y) = a(y,x)≥ 0.

When the cluster masses assume only discrete values, multiples of a smaller
quantity considered as unity (the mass of the 1-cluster, ormonomer), the usual no-
tation for a(x,y) is ax,y, and the usual letters to denote cluster sizes arei, j,k, . . . ,
instead ofx,y, . . . .

In Table 1 we collected some coagulation kernels occurring in the literature (see
references cited in [49, 72, 133]).

Let us start by considering the case of discrete masses, which was also the one
considered by Smoluchowski. Assuming the system is spatially homogeneous, we
represent the concentration (or density) at timet of the j-cluster byc j = c j(t), and
denote byc = (c j) the vector of concentrations of all clusters. Assuming valid the
mass action law of chemical kinetics the rate of chance ofc j is given by the differ-
ential equation

ċ j = Qc(c)( j) (1)

whereċ j denotes the time derivativec j andQc(c)( j) is the mathematical function
that represents the coagulation (hence the subscriptc) reaction terms affecting thej
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Table 1 Some coagulation kernelsa(x,y) occurring in the literature

a(x,y) Comments

1 Approximately Brownian coagulation
Linear chain polymerization

x+y Polymerization of branched chains ofARBf−1 type ( f ≫ 1)
Limit case of gravitation coagulation

x−2/3+y−2/3 Diffusional growth of supported metal crystalites
xy Polymerization of branched chains ofRAf type ( f ≫ 1).
xα yβ +xβ yα A general case including e.g. Golovin, Stockmayer, etc.
(x1/3 +y1/3)(x−1/3+y−1/3) Brownian coagulation (continuum regimen)
(x1/3 +y1/3)2(x−1+y−1)1/2 Brownian coagulation (free molecular regimen)
(x1/3 +y1/3)3 Tangential coagulation (linear velocity profiles)
(x1/3 +y1/3)7 Tangential coagulation (non-linear velocity profiles)
(x1/3 +y1/3)2

∣

∣x1/3−y1/3
∣

∣ Gravitational deposition (particles bigger than∼ 50µm).
(xα +yα)β |xγ −yγ | Ballistic coagulation (α ,β ,γ ≥ 0,αβ + γ ≤ 1)

component of the concentration vectorc. There are two contributions to this reaction
term:

1. the creation ofj-clusters due to the reactions of smaller clusters with appropriate
masses,( j−k)+(k)→ ( j), with k= 1, . . . , j−1, and j ≥ 2, to which corresponds
the term

Q1(c)( j) :=
1
2

j−1

∑
k=1

a j−k,kc j−kck , (2)

and definingQ1(c)(1) := 0;
2. the destruction ofj-clusters due to the coagulation reactions of aj-cluster and

any other present in the system,( j)+(k)→ ( j+k), with k= 1,2, . . .. Not impos-
ing ana priori upper bound on the size of the clusters, to this process corresponds
the term

Q2(c)( j) := c j

∞

∑
k=1

a j ,kck . (3)

Hence, the right-hand side of (1) is

Qc(c)( j) := Q1(c)( j)−Q2(c)( j)

=
1
2

j−1

∑
k=1

a j−k,kc j−kck− c j

∞

∑
k=1

a j ,kck , j ∈ N. (4)

The discrete Smoluchowski system is the system of a countable number of ordinary
differential equations (1) with the right-hand side given by (4).

In several cases it is preferable to consider the version of Smoluchowski equa-
tions for which the cluster masses can be any positive real number. This continuous
version, first considered by Hans Müller in 1928 [72, 164], can be written as the
following integro-differential equation
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∂tc(t,x) = Qc(c)(t,x) (5)

with c(t,x) the concentration (or density) ofx-clusters at timet, and

Qc(c)(t,x) :=Q1(c)(t,x)−Q2(c)(t,x)

:=
1
2

∫ x

0
a(x− y,y)c(t,x− y)c(t,y)dy−c(t,x)

∫ ∞

0
a(x,y)c(t,y)dy. (6)

The first mathematical works about (1) seem to have been the papers by Brice
McLeod [154] and [155]. On the continuous version (5) the first mathematical pa-
pers are those by Morgenstern [163] and Melzak [158] (this last one also including
fragmentation, see Subsection 1.5). In the last two decadesthere has been a huge
progress in our understanding of several questions about existence, uniqueness, reg-
ularity, and asymptotic behaviour of solutions to these equations, and part of these
results will be presented below.

1.3 Oort-Hulst-Safronov coagulation equations

Another coagulation equation that has received some attention is the Oort-Hulst-
Safronov equation [65, 177], [194, Chapter 8], that was firstproposed to model
astronomy phenomena. This equation has also the general form (5) but differs in the
wayQ1(c)(t,x) andQ2(c)(t,x) are defined:

1. thex-clusters creation rate depend on a kind of mean value size ofthe clusters,
namely:

Q1(c)(t,x) :=−∂x

(

c(t,x)
∫ x

0
ya(x,y)c(t,y)dy

)

; (7)

2. the destruction ofx-clusters due to the coagulation with other existing clusters
only occurs through the reaction with higher masses, i.e., through a kind of sedi-
mentation of smaller clusters onto larger ones:

Q2(c)(t,x) := c(t,x)
∫ ∞

x
a(x,y)c(t,y)dy. (8)

As a consequence, some solution properties are distinct from the corresponding ones
in the Smoluchowski’s system, the most notable of them is thefinite speed of prop-
agation of the support of solutions [75], which contrasts strongly to what happens
in Smoluchowski’s (see, for instance, [46] for the discretecase). Notwithstanding
these differences in behaviour, both these equations are related and can be seen as
limit cases of one-parameter families of cluster equations[75, 120].
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1.4 Fragmentation equations

The first references to fragmentation processes took place in the context of chemical
studies on polymer degradation (see, e.g., [197]). The firstreference to the mathe-
matical modelling of the spontaneous fragmentation process seems to have been
done, using probabilistic methods, by Kolmogorov [112], who also suggested and
supervised the later study [89] by A.F. Filippov. The first non-probabilistic math-
ematical reference to these processes is included in Melzakwork [158] about the
continuous coagulation-fragmentation system. For the discrete version the first ref-
erence seems to be the paper [206] by Spouge. As the spontaneous fragmentation
process can be modelled by a linear equation (see below), themodern approach to
these problems is intimately connected with tools and methods from Linear Func-
tional Analysis, and an excellent introduction to them can be seen in [7, Chapters 8
and 9].

In this section we will consider the spontaneous fragmentation case; other pro-
cesses, such as collisional fragmentation or volumetric dispersion, which are also
related with coagulation processes will be presented lateron in Subsection 1.7.

We can represent the fragmentation process of Figure 2 by3

(x)
B(x)−→ (y1)+ (y2)+ . . . ,

whereB(x) is the rate of fragmentation ofx-clusters. Letψ(x,y) be the average
number ofy-clusters produced by the fragmentation of anx-cluster. In the case of
discrete masses, denoted byi, j,k, . . ., we use the traditional notationB j andψ j ,k,
instead ofB( j) andψ( j,k).

Mass conservation in each simple fragmentation reaction implies that the total
mass of daughter particles must be equal to the mass of the original particle, namely

∫ x

0
yψ(x,y)dy= x or

j−1

∑
k=1

kψ j ,k = j, (9)

for the continuous and for the discrete cases, respectively.
For definiteness, let us consider the discrete case. Assuming the mass action law

the rate of change ofc j due to spontaneous fragmentation processes is given by the
differential equation

ċ j = Qf (c)( j) , (10)

whereQf (c)( j) encodes the fragmentation reaction contributions (hence the sub-
script f ) to the evolution of thej-cluster concentration, that can be expressed by

Qf (c)( j) :=−Q3(c)( j)+Q4(c)( j), j ∈ N, (11)

3 The notation is not very good since it suggests there can be atmost a countable number of daugh-
ter particles(yk): in fact, there is noa priori reason preventing the distribution to be continuous.
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where

1. the destruction ofj-clusters due to the fragmentation( j)→ (k)+ . . . , is given by

Q3(c)( j) := B jc j and Q3(c)(1) := 0; (12)

2. the creation ofj-clusters due to fragmentation of bigger clusters is modelled by

Q4(c)( j) :=
∞

∑
k=1

B j+kψ j+k, jc j+k . (13)

A frequent assumption, valid, for instance, in the degradation of polymers [228],
is that of binary fragmentation, i.e., each fragmenting cluster produces only two
daughter particles, and thus, by the symmetry of the physical process,ψi, j = ψi,i− j .

Hence, (9) implies∑ j−1
k=1 ψ j ,k = 2, which has the obvious interpretation that the av-

erage number of daughter particles in each fragmentation isequal to two4.
In this case, denoting byb j ,k the rate constant for the binary fragmentation reac-

tion ( j+k)→ ( j)+(k), i.e.,b j ,k :=B j+kψ j+k,k,we conclude thatB j =
1
2 ∑ j−1

k=1b j−k,k

and thus the right-hand side of the binary fragmentation reaction is

Qf (c)( j) :=−1
2

j−1

∑
k=1

b j−k,kc j +
∞

∑
k=1

b j ,kc j+k. (14)

As with the case of Smoluchowski’s equations, the continuous versions of the
fragmentation equations consist in integro-differentialequations obtained formally
by substituting the sums by integrals.

The fragmentation mechanism is mathematically encoded in the functionsB(x),
ψ(x,y) andb(x,y) and the only general property these functions must obey, on phys-
ical grounds, is non-negativity. Furthermore, the binary fragmentation coefficients
must be symmetric:b(x,y) = b(y,x).

In the mathematical literature it is common to assume growthconditions such as
b(x,y)≤ (x+y)γ , orb(x,y)≤ xγ +yγ , orb(x,y)≥ (x+y)γ , etc., or other conditions,
such as thestrong fragmentation[34, 45], and theweak fragmentation[29, 30, 36,
48]. In models of some specific phenomena particular fragmentation kernels need
to be considered (e.g.: see [103]).

An assumption that is particularly important from the physical viewpoint, cor-
responding to the occurrence of microscopic reversibility, is called the detailed
balance condition. This presupposes the simultaneous existence of coagulation and
fragmentation processes (cf. next section) and, informally, it says that it must exist
an equilibrium (i.e., time independent) solution to each ofthe individual reactions

( j)+ (k)⇀↽ ( j + k).

The detailed balance condition is the following: there exists a positive sequence
(M j), with M1 = 1, such that

4 As it should, in a binary fragmentation. . .
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a j ,kM jMk = b j ,kM j+k. (15)

The sequence(M j) is physically interpreted as the system’s partition function [13,
36].

1.5 Coagulation-fragmentation equations

The coagulation-fragmentation equations are the system that describes phenom-
ena where coagulation and fragmentation processes are simultaneously present. As
such, it has the form

ċ j(t) = Qc(c(t))( j)+Qf (c(t))( j) , (16)

or
∂tc(t,x) = Qc(c)(t,x)+Qf (c)(t,x) , (17)

in the discrete and in the continuous case, respectively.
Possibly the first explicit reference to this system in the literature is in [23] treat-

ing phenomena of polymerization and de-polymerization in chemistry. The authors
consider the discrete version of the equations, binary fragmentation, and reaction
kernels independent of the cluster sizes,a j ,k ≡ a, b j ,k ≡ b.

The first mathematical study about the existence of solutions is Melzak’s 1957
paper cited in the last section [158], that considers the continuous system with
bounded kernels. The extension to unbounded kernels started more than three
decades latter in Iain Stewart’s papers [210, 211]. For the discrete system the first
existence result was published by John Spouge [206] in 1984,valid for bounded
fragmentation coefficients. More general results were obtained by John Ball and
Jack Carr [12], by Philippe Laurençot [126], by the author [45], among many oth-
ers. Analogous existence results where obtained for similar equations modelling an
Ising spin system with Glauber dynamics by Markus Kreer [116].

Long time behaviour of solutions to coagulation-fragmentation systems is a
rather difficult problem, not yet completely understood. The first significant con-
tribution was by Michael Aizenman e Thor Bak in 1979, for the continuous system
with constant coefficients, [1]. In the last couple of decades a number of important
papers have greatly advanced our understanding of the dynamic behaviour of solu-
tions of both the discrete and the continuous coagulation-fragmentation equations.
Some of these contributions will be analysed below.

The vast majority of the mathematical studies have considered binary fragmen-
tation, but some other types of fragmentation processes have also been considered
[84, 85, 86, 139, 215] and we shall briefly refer to them in Section 1.7.
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1.6 Becker-D̈oring equations

The original Becker-Döring model was proposed in 1935 in the context of nucle-
ation studies [17] (formation of liquid droplets in a supersaturated vapour) in which
the concentrations of large clusters are so small that one assumes the only relevant
reactions are those of coagulation between a cluster and a monomeric particle, and
the fragmentation of a cluster by shedding off a single monomeric particle at a time,
as schematically illustrated in Figure 4.

Even at very low densities it is not physically reasonable toexpect the Becker-
Döring to be a good approximation [182]. However, the rich (and difficult) mathe-
matics of the Becker-Döring system, together with the factthat some of its properties
are believed to also hold in more general systems whose mathematical study is con-
siderably more complex, have turned the Becker-Döring system into a paradigmatic
model in coagulation-fragmentation studies whose importance and contribution to
the understanding of the issues involved can hardly be overstated [202]. Even from
the physical and mathematical modelling points of view, Becker-Döring like sys-
tems continue to this day to be proposed and studied [73, 107].

Fig. 4 Scheme of the Becker-
Döring processes.

a j

b j+1

( j)

(1)

( j +1)

In the original version of the Becker-Döring system the monomer concentration
was assumed to be time independent. It was J.J. Burton [28] and Oliver Penrose and
Joel Lebowitz [182] who first considered the current versionof the equations, in
which the mass of the system is formally constant and thus themonomer concentra-
tion has to change with time, and by this turning them into a non-linear system of
the differential equations that is a particular case of the coagulation-fragmentation
system with the rate kernels satisfying the restriction5

a j ,k = b j ,k = 0 if j ∧k> 1. (18)

Due to historical reasons, the notation used in Becker-Döring system is slightly
different from the one that would be obtained by substituting (18) into (4),(14)

5 In this work we shall use the notationx∧ y= min{x,y} andx∨ y= max{x,y} and analogously
for the comparison of more than two numbers.
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and the result into (16). Forj > 1 let us definea j := a j ,1 andb j+1 := b j+1,1. let
a1 =

1
2a1,1, b2 =

1
2b2,1, and remember that the rate coefficientsa j ,k eb j ,k are invari-

ant under permutation of the subscripts. Thus, the Becker-Döring system is usually
written as















ċ1 =−J1(c)−
∞

∑
j=1

Jj(c),

ċ j = Jj−1(c)− Jj(c), j ≥ 2,

(19)

whereJj(c) := a jc1c j −b j+1c j+1.

1.7 Equations with non-linear fragmentation

As pointed out in Section 1.1 there is a fragmentation mechanism that is quiet differ-
ent from the spontaneous fragmentation considered in subsections 1.4–1.6, and that
mathematically originates non-linear contributions to the equations. There are some
situations in astrophysics and atmospheric sciences wherethis non-linear fragmen-
tation model has been used [194, 208, 209] and also in the mathematics literature
there has been some interest (see, for example [42, 76, 213, 222]).

Considering the discrete case, assume that the collision between ak-cluster and a
( j−k)-cluster can give rise to aj-cluster with probabilitywj−k,k, or, with probability
1−wj−k,k, to a variable number of daughter particles with total mass equal to j.
Observe that, in contradistinction to spontaneous fragmentation, in this collisional
fragmentation process some of the daughter particles can belarger than any of the
original clusters.

As usual, the equations are of the type

ċi = Qd(c)(i) (20)

where the reaction term has the following additive contributions:

1. formation ofi-clusters by coagulation of smaller clusters of appropriate size, say
i − j and j, with probabilitywi− j , j , to which corresponds the term

1
2

i−1

∑
j=1

wi− j , jai− j , jci− jc j ; (21)

2. destruction ofi-clusters by their collision with any other cluster, independently
of the final result be a coagulation or a fragmentation, whichcorresponds to a
contributionQ2(c)(i) given by (3);

3. the formation of ani-cluster as the result of a collision followed by instantaneous
fragmentation, with probability complementary to the one above, whose term
reads as
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1
2

∞

∑
j=i+1

j−1

∑
k=1

Ψ i
j−k,k(1−wj−k,k)a j−k,kc j−kck, (22)

whereΨ i
j−k,k gives the distribution of sizei fragments produced by collisional

fragmentation ofj − k and k-clusters. Thus, this function is analogous to the
functionψ in the spontaneous fragmentation models (cf. Section 1.4).Observe
thatΨ has to satisfy the identityΨ i

j ,k =Ψ i
k, j , and, considering that each reaction

conserves mass, also
j+k−1

∑
i=1

iΨ i
j ,k = j + k.

Hence, the general coagulation-fragmentationsystem withcollisional fragmentation
(20) is

ċi =
1
2

i−1

∑
j=1

wi− j , jai− j , jci− jc j − ci

∞

∑
j=1

ai, jc j +

+
1
2

∞

∑
j=i+1

j−1

∑
k=1

Ψ i
j−k,k(1−wj−k,k)a j−k,kc j−kck.

Naturally, to the right-hand side of this system one can add the spontaneous frag-
mentation termQf (c)(i) given by (11).

The specification of the functionsΨ i
j ,k, wj ,k and a j ,k allows the modelling of

particular cases of interest such as, for example, that considered in [209] where
collisional fragmentation always produces only monomers.

The first mathematical study of these equations is due to Philippe Laurençot and
Dariusz Wrzosek [139]. An analogous (continuous) system, with the imposition
of a maximum cluster size was proposed by Antonio Fasano and co-workers in
the context of liquid-liquid dispersions in chemical engineering [84, 85, 86] (see
also [215]). Another similar system was considered in studies of polymerization
reactions with catalysed fragmentation [111].

1.8 Diffusive coagulation-fragmentation equations

The previous approaches to coagulation-fragmentation processes assumed spatially
homogeneous systems and so the cluster densities are independent of the spacial
location. However, the spacial dependence of the cluster densities, and in particu-
lar the consideration of diffusive effects, has been recognized important is several
situations [22, 70, 178].

The discrete version of these systems can be written as

ċ j = ∇z(d j∇zc j)+Qc(c)( j)+Qf (c)( j) , in Ω ×R+ ⊆ Rn×R+ (23)



14 F. P. da Costa

where the diffusion coefficientsd j = d j(z,c) are non-negative functions, and ade-
quate conditions are imposed toc j = c j(z, t) on the boundary∂Ω , or to their decay
at infinity.

The first mathematical study about these systems seems to be by Marshall
Slemrod [199], but the first general existence and uniqueness result (without frag-
mentation,Qf (c)( j) ≡ 0) is [19] by Philippe Bénilan and Dariuz Wrzosek. In
the last decade a growing number of papers have been published about systems
like (23), or its continuous analogue, dealing with existence, uniqueness, and
behaviour of solutions. In this context the contributions by Amann, Laurençot,
Mischler, Wrzosek, among others, are extremely important (see, for example,
[3, 4, 5, 68, 78, 121, 129, 132, 137, 138, 224, 225]). In the present chapter we
shall not further consider these works.

1.9 Equations with kinetic and transport terms

Another type of space dependence in these cluster equationsis the introduction of
transport terms, first considered in meteorological studies, in particular in models of
cloud formation [20, 143]. The goal is to model the convection of clusters due to a
given velocity field. We shall exemplify with the case studied in [74, Chapters 10
and 11]. Letz∈ Ω ⊆ R3 denote the space variable,v(z, t,x) ∈ R3 the velocity of the
x-cluster at timet and positionz, and letr(z, t,x) ∈ R be the rate of change of the
concentrationc(z, t,x) by condensation or evaporation of droplets of sizex in the
space-time location(z, t). The equation, first proposed by Levin and Sedunov, and
by Berry, is

∂tc(z, t,x)+ ∂x(r(z, t,x)c(z, t,x))+∇z(v(z, t,x)c(z, t,x)) = Qc(c)(t,x), (24)

whereQc(c) is defined by (6), with the concentrations also dependent of thez vari-
able, but the coagulation kernel only dependent on the masses.

In this model the velocity field is an “exterior” field where the clusters are embed-
ded. In particular, the coagulation reactions are not influenced by the velocity fieldv.
A different possibility is to consider the coagulation process depending on the local
velocity, that is, considering the velocity field not as somefield carrying the clus-
ters, but essential as the field that describes the local velocity of each cluster. This
more detailed model, analogous to the viewpoint used in kinetic theory, was first
considered in the context of discrete velocity models by Slemrod and co-workers
[201, 203], and, more recently, in the general case, among others by Escobedo,
Laurençot and Mischler in [79] where they proved results onglobal existence of
weak solutions and their convergence ast → ∞.

Let c(z, t,x, p) be the concentration ofx-clusters with linear momentump, and
located atzat timet. The system studied in [79] is

∂tc+ v ·∇zc= Qc(c), (25)
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wherev= p/x, and the coagulation termQc = Q1−Q2 is defined by

Q1(c) :=
1
2

∫

R3

∫ x

0
a(y′,y− y′)c(·, ·,y′)c(·, ·,y− y′)dx′dp′

Q2(c) :=
∫

R3

∫ x

0
a(y,y′)c(·, ·,y)c(·, ·,y′)dx′dp′

wherey := (x, p) ∈ R+×R3, etc.
A similar model, without the space dependence, was considered before by

Baranger in [15] and by Roquejoffre and Villedieu in [193]. Still another model was
studied by Nicolas Fournier and Stéphane Mischler [94, 95], in which, although
there is also no spacial dependence, there are, additionally to the binary collisions
resulting in coagulating events, other binary elastic collisions (modelled by Boltz-
mann collision operator) and inelastic collisions (modelled by a granular collision
operator).

Naturally, the analysis of this type of equations makes use of methods closely
related to those used in studies of Boltzmann’s and related kinetic equations. In this
chapter we will not consider these works further.

1.10 Other models

Other models have been considered in the literature. We shall now describe some of
them.

1.10.1 Multi-index cluster models

In the systems of previous sections clusters were characterized by a single “internal”
quantity, their mass or volume, and, in some cases, by some “external” ones, such as
the spacial position or velocity. However, for some applications one needs to char-
acterize the existing clusters by additional variables identifying relevant physical
quantities.

One obvious case is in co-polymerization reactions when there are two mono-
meric species,A andB say, and it is important to keep track of the way a given
cluster is made, not only by the total number of monomeric particles, but account-
ing for how many of each monomeric species a given cluster is formed. Thus, in the
simplest situation a cluster has to be described by a vector subscript(iA, iB) inform-
ing that the cluster is made byiA units of the monomeric speciesA and byiB units
of B. This approach was used in kinetic studies of micelles and vesicle formation
(cf. e.g. [64]) where the following two component Becker-D¨oring like system was
proposed:

d
dt

ci, j = JA
i−1, j(c)− JA

i, j(c)+ JB
i, j−1(c)− JB

i, j(c), i, j ∈ N+ \ {1},
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with the terms of microscopic balance for monomerA given byJA
i, j(c) := ai, jc1,0ci, j −

bi+1, jci+1, j and those forB by JB
i, j(c) := αi, jc0,1ci, j −βi, j+1ci, j+1, with the meaning

of the symbols analogous to that in the usual Becker-Döringequation (19).
A similar case occurs when the clusters are made of two phasesof the same

substance and one needs to keep track of the quantities of each of them. An example
is presented in [186], where it is considered that each particle has a continuously
varying massx, of which α ≤ x is the mass of one of the phases (ice or liquid
water). Using a notation analogous to that in Section 1.2, the coagulation operator
correspondent to (6) is now

Qc(c)(x,α) =
1
2

∫ x

0

∫ α

0
a(x− y,α −β ;y,β )c(·,x− y,α −β )c(·,y,β )dydβ −

= −c(·,x,α)

∫ ∞

0

∫ ∞

0
a(x,β ;y,β )c(·,y,β )dydβ .

Other model requiring a multi-index is considered in [220],where each cluster is
characterized by its massj and also by another subscriptk≤ j describing its shape
in the sense that it reflects its diameter. In this case a cluster can not only be subject
to coagulation and fragmentation reactions, but also to internal rearrangement “re-
actions” that are a mere change in its geometry, as Figure 5 attempts to exemplify.

Fig. 5 An example of an
internal geometric rearrange-
ment “reaction” of a(15,9)-
cluster to a(15,7)-cluster, at
a rateγc15,9. c15,9 c15,7

γ

A further model of this type was used in the study of surface capping in cell-
antibody interactions [37, 63]. In this case aj-cluster can be represented by a graph
for which each of thej nodes stands for a monomeric unit in the cluster. All nodes
are potentially of maximum degree three but not all of them have this valency at a
given particular time. Thek< j nodes with degree one (the leaves of the graph) are
particularly important in this model and so the clusters arecharacterized by the pair
( j,k) and their dynamic was studied using an adapted version of theBecker-Döring
system.

Finally, another case with an associated graph (in this casea tree) was studied in
[56], motivated by the study of self-organized criticalityin [100]. The model con-
sists in a coagulation system for the evolution of clusters described by a pair(p,q),
wherep is the “order” andq its mass, and where the reactions are schematically
represented by

(i, j)+ (k,m)→ (∨(i,k,(i ∧k)+1), j +m).

This means that the mass satisfies the usual additivity, and the order satisfy the
Horton-Strahler rules. Each cluster is represented by an edge of a tree and a reaction
between two clusters corresponds to the respective edges concurring in a node (cf.
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Figure 6). In [56] a coagulation system for the time evolution of the concentrations

Fig. 6 Illustration of the
Horton-Strahler rules in the
orders of the edges of a tree.
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ci, j of the (i, j)-clusters is studied, as well as the evolution of some mesoscopic
quantities, like the total number of clusters of a given order.

1.10.2 Annihilation models

We now briefly consider a class of systems in which clusters are also made up of two
monomer species but merit a reference outside Section 1.10.1 because part of the
physical processes involved are significantly different from the usual coagulation
in that cluster can annihilate each other. The two-species coagulation-annihilation
system describe the time evolution of the concentration of clusters of two different
particle species (A and B, say) in which theA-particle clusters [resp.,B-particle
clusters] undergo coagulation between themselves, symbolically

Aµ +Aλ
Ka−→ Aµ+λ [resp., Bµ +Bλ

Kb−→ Bµ+λ ], (26)

but when anA-particle cluster and aB-particle cluster come together, they annihilate
each other, and in the simplest such model the annihilation is complete, i.e., for all
µ andλ ,

Aµ +Bλ
L−→ /0, (27)

where /0 represents a physically inert species. In the physics literature these pro-
cesses have been approached through a variety of techniques. Using a mass ac-
tion approach as in coagulation studies, one of the first works seems to be Ben-
Naim and Krapivsky [18] where, for the case of discrete cluster sizes, it is as-
sumed that reactions rates are independent of the cluster sizes and all have the
same value,Ka(µ ,λ ) = Kb(µ ,λ ) = L(µ ,λ ) = 2. In that work, the authors inves-
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tigated the time evolution of the system and the existence, or non-existence, of
a universal similarity behaviour of the solutions. More recently, Laurençot and
van Roessel [135] considered these same issues in the case ofcontinuous cluster
sizes with reaction rates still independent of the cluster sizes but with the coagula-
tion ratesKa(µ ,λ ) = Kb(µ ,λ ) = k possibly different from the annihilation kernel
L(µ ,λ ) = L, a case that had already been considered by Krapivsky in [115] for the
discrete case withk = 2. Still within the context of rate coefficients independentof
cluster sizes, in [61] da Costa, Pinto, van Roessel, and Sasportes extended [135] by
considering the possibility of the coagulation rates ofA-clusters and ofB-clusters to
be different from each other, i.e.,Ka(µ ,λ ) = Ka, Kb(µ ,λ ) = Kb, andL(µ ,λ ) = L,
whereKa,Kb,L are positive constants, otherwise unrestricted. A slightly more gen-
eral process has also been proposed consisting in an incomplete annihilation be-
tweenA andB-particles (see, e.g., [115]), which means that theA andB species still
annihilate each other but only to the extent corresponding to their respective sizes,
which is represented schematically by

Aµ +Bλ −→







Aµ−λ if µ > λ
/0 if µ = λ
Bλ−µ if µ < λ

. (28)

Coagulation-annihilation with incomplete annihilation are hard to analyse math-
ematically and the method used for the complete annihilation case, based on Laplace
transform techniques, do not seem to work. This difficulty has led to the considera-
tion of some toy models that still show some interesting behaviour. One such model
was first introduced by Redner, Ben-Avraham and Kahng in [191] and a similar but
more general one was introduced in [108]. These toy models retain the incomplete
annihilation process but get rid of both, the two different monomeric species, and
the coagulation reactions. The process is schematically represented by

A j +Ak
a j,k−→ A| j−k|,

whereA0 := /0. Still assuming that there is no destruction of mass in each individual
reaction, it now makes more sense to think ofj as the size of the cluster “active
part”, being the difference betweenj + k and| j − k| the size of the resulting cluster
that has become inactive after the reaction. One illustration of this is in Figure 7

Fig. 7 Schematic reaction
in the RBK coagulation-
annihilation model.

j k | j −k|

The dynamics of this cluster system is governed by the following equations,
called the RBK cluster system in [59],



Mathematical Aspects of Coagulation-Fragmentation Equations† 19

ċ j =
∞

∑
k=1

a j+k,kc j+kck−
∞

∑
k=1

a j ,kc jck, j = 1,2, . . . , (29)

whose mathematical study started only recently [59, 60]. Itis worth noticing the sim-
ilarities, and also the differences between the RBK system (29) and Smoluchowski’s
coagulation equations.

1.10.3 Coagulation of intervals in the real line

The models considered in this section are toy models for maturation and ageing
processes in physical systems far from equilibrium and havebeen considered exten-
sively in the Physics literature. Below we shall concentrate exclusively on mathe-
matical works. It is also interesting to remark that some of these models can be seen
as a kind of “dual” processes to the RBK system with mono-disperse initial data
[108].

The first of these models was studied in 1992 by Jack Carr and Robert Pego [39].
Their motivation was the studies of metastability in solutions to reaction-diffusion
systems of Chafee-Infante typeut = ε2uxx+u− u3 in the bounded interval(0,1)
with homogeneous Neumann conditions at the boundary, and very small diffusion
coefficientε. This rather interesting behaviour had been discovered andstudied by
the same authors and by Giorgio Fusco e Jack Hale in a series ofremarkable papers
(cf. [38, 98] for an introduction to those results). It consists in the fact that a typical
solution rapidly approaches functions that, in spite of notbeing equilibria (and being
far from one) are practically time independent for an extraordinarily large interval
of time (of the ordere1/ε ). The graph of these functions are essentially constant
but for what happens in the neighbourhood of a finite numberN of points of(0,1),
where very sharp transitions take place. When, due to the extra slow dynamics,
two of these transition layers finally come close to one another, the dynamics has
a markedly increase in its speed in such a way that the transition layers suddenly
collapse and disappear, after which the dynamics returns toits exponentially slow
pace.

The mean field coagulation like model [39, 99] for this behaviour was first de-
rived by [165] and is the following: considerN ≫ 1 points arbitrarily chosen in the
interval(0,1) (these points represent the location of the transition layers in the solu-
tion to the reaction-diffusion equation); assume the following process with discrete
time: in each time unit look for the shortest interval in the partition of (0,1) defined
by theN chosen points and eliminate the two points that are its boundary, thus pro-
ducing the fusion of that interval with its nearest neighbours (this corresponds to the
quick collapse of the transition layers) and having as a result the reduction of the
number of points toN−2 in the next time unit (cf. Figure 8). Denoting byf (x, t)
the density, at timet, of the distribution of the number of intervals by unit length,
the total number of intervals by unit length is

N(t) =
∫ ∞

0
f (x, t)dx.
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tk

tk+1 > tk

Fig. 8 A schematic interval’s coagulation process.

LetL (t) be the smallest interval at timet. The time evolution off due to the process
described above has the following two contributions:

1. formation of an interval with lengthx by coalescence of an interval of length
L (t) with two intervals of lengthsy andx− y−L (t),

2. disappearance of an interval of lengthx by coalescence with any other interval.

The differential equation forf is

∂t f (x, t) =
f (L (t), t)L̇

N2(t)

[

∫ ∞

0
f (y, t) f (x− y−L (t), t)dy−2 f (x, t)N(t)

]

, (30)

wheref (x, t) = 0 if x<L (t). In [39] the time scale was chosen so that the expected
number of coagulation events per unit time isf (L (t), t)dL

dt = 1. In [99] the time
was parametrized by the smallest interval size, i.e.,L (t) = t, and the system was
written for the probability densityρt(x) := f (x, t)/N(t), instead off .

A more general model, also studied by Carr and Pego [40], is a generalization of
previous models by Derrida, Godrèche, and Yekutieli [67] and by Pesz and Rodgers
[185]. The difference relative to the previous model is thatnow, in each unit of
time, the smallest interval is divided inα−1 parts according to a probability density
dν(α) and these parts are randomly redistributed by the remainingintervals in the
partition.

Let X(t) be the size of the smallest interval at timet, ϕ(x, t) be the expected
number of intervals with length larger than or equal tox at timet normalize by the
initial number of intervals, and letN(t) be the normalized total number of intervals
at timet. Then, the dynamics is determined by the equation

∂tϕ(x, t) =− Ṅ(t)
N(t)

∫ ∞

0

(

ϕ(x−αX(t), t)−ϕ(x, t)
)

α−1dν(α)

subject to
N(t) = ϕ(x, t), for −∞ < x≤ X(t).

Another model was proposed and rigorously studied by Menon,Niethammer and
Pego [162]. The corresponding process is the following: at each time step choose an
integerk ≥ 1 at random with probabilitypk, and merge the smallest interval withk
randomly chosen intervals.

With ρ⋆k
t denoting thek-fold self convolution ofρt , and the remaining variables

as above, the dynamics is described by the equation
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∂t f (x, t) = f (L (t), t)L̇
∞

∑
k=1

pk

(

ρ⋆k
t (x−L )− kρt(x)

)

, with x> L (t).

In [162] the time scale was taken ast = N(t)−1, and the analysis was based on the
method of Gallay and Mielke [99].

1.10.4 Proliferation models in population dynamics

The mathematical studies about proliferation processes inbiological populations,
being them of individuals, cells, or biochemical molecules, have resulted in an ap-
preciable diversity of differential equation used as models [184].

One of these equations, to model the time evolution of a cell population under-
going mitosis, by which a cell of sizex is broken into two of sizesx/2 at a rateB(x),
is the following [184, Chapter 4]

∂tn(x, t)+ ∂xn(x, t) =−B(x)n(x, t)+4B(2x)n(2x, t),

wheren(x, t) is the density of cells of sizex at timet. It is possible to generalize this
process by assuming that a cell can be broken intoα equal daughter cells with sizes
x/α [55]. On the other hand, if the fragmentation process allowsthe two daughter
cells to have distinct sizes, the differential equation forthe densityn(x, t) has the
typical form of a fragmentation equation with mass transport [184] (cf. sections 1.4
and 1.9 above):

∂tn(x, t)+ ∂xn(x, t) =−B(x)n(x, t)+
∫ ∞

x
b(x,y)n(y, t)dy.

In order to model more specific situations, the mathematicalmodels can become
correspondingly more complex. As an example that has recently received some at-
tention, we can point to models of growth and proliferation of prions (i.e., of proteins
with transmissible pathological conformations) responsible for the Bovine Spongi-
form Encephalopathy (“Mad Cow Disease”) [102, 187] and several mathematical
models have already been object of a rigorous analysis [136,198, 216]. According
to the contemporary biological understanding, there are two basic prion forms, a
normal, non-infectious, monomeric one (denoted by PrPC in the literature) and an
infectious polymeric form (PrPSc) formed by the polymerization of the monomeric
form. Above a certain critical sizen, the PrPSc seems to be have the strong tendency
to rapidly bond with the monomers. The PrPSc has also break up into polymers be-
low the critical size that are quickly degraded into PrPC monomers. Denoting by
y0(t) the PrPC concentration and byyi the concentration of PrPSc polymeric chains
made up ofi monomers, the differential equation model is the following[102, 187]
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ẏ0 = λ −dy0− y0

∞

∑
i=n

βiyi +2
n−1

∑
j=1

∞

∑
i=n+ j

jbiyi +2
n−1

∑
j=1

n+ j−1

∑
i=n

ibiyi

ẏi = βi−1y0yi−1−βiy0yi −aiyi − (i −1)biyi +2
∞

∑
j=i+1

b jy j ,

whereai ,bi ,βi ,λ en are positive constants. Continuous mass versions of these equa-
tions were also considered in the literature [102, 136, 198,216].

1.11 Other problems about coagulation and fragmentation models:
relation with particle models

To finish this introductory part, we will refer to a differenttype of mathematical
studies of coagulation and fragmentation equations. So far, the mathematical works
that we have referred to were those that, starting with a given differential equa-
tion, have as goal the study of (some) properties of its solutions (say: existence,
uniqueness, regularity, mass conservation, long time behaviour, self-similarity). In
the following sections of this chapter this is also the themewe will be interested in,
but in the present section we consider another important class of problems that have
attracted some attention: starting from more fundamental non-equilibrium Statisti-
cal Physics assumptions in terms of stochastic processes, to obtain the coagulation
equations as some kind of thermodynamic limit of these processes. Here we will just
present, in a brief way adapted from [192], the kind of approach used, and direct the
interested reader to the works of, among others, Flavius Guiaş [105], James Nor-
ris [175], Großkinsky and co-workers [104], Vassili Kolokoltsov [114], Fraydoun
Rezakhanlou [192], and Nicolas Fournier and co-workers [66, 92].

In the microscopic model one initially considers a collection of N ≫ 1 particles
randomly distributed in pointsxi ∈ Rd, with d ≥ 2 andi ∈ I = {1,2, . . . ,N}. Each
particle have an integer massmi ∈ N+ and is animated with a Brownian motion
with diffusion constant 2d(mi). When two particles of massesmi andmj are at a
distance from one another equal to‖xi − x j‖ = ε > 0 they can coagulate to made
a particle of massmi +mj , randomly located in any of the positionsxi or x j , with
probability dependent of the masses of the original particles6; Due to this coagula-
tion process the number of particles in the system diminishes with time and so the
indexing set is time dependent ,Iq(t) ⊂ I . One assumes that the dynamics of this par-
ticle systemq(t) :=

{

(xi(t),mi(t))|i ∈ Iq(t)
}

is a Markov process with infinitesimal
generatorL = Adif +A ε

c , whereAdif is the contribution of the Brownian motion
between collisions, andA ε

c is the coagulation term. For this microscopic process
one defines the empirical measure

6 In other versions of this coagulation process of stochasticparticles it is assumed the resulting
particle is located at the centre of mass

xi mi+x j mj
mi+mj

[176], in still others coagulation can happen

within a whole interval of distances between the particles and not only at the distanceε [104]
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gn(dx, t) =
1

Kε
∑
i

δxi(t)(dx)1(mi(t) = n).

BeingKε
ε→0−→∞ an appropriate scaling factor andZ a constant (the total macroscopic

density), one can prove that in the thermodynamic limit, i.e., whenN → ∞ keeping
N/Kε = Z, the measuregn(dx, t) converges to a measurecn(x, t)dx in the following
sense

lim
N→∞

EN

∣

∣

∣

∣

∫

Rd
J(x, t)(gn(dx, t)− cn(x, t)dx)

∣

∣

∣

∣

= 0,

for all test functionsJ bounded and continuous inRd × [0,∞). The densitycn(x, t)
of the limit measure solves the coagulation equation with diffusive terms (23).

2 Existence and uniqueness of solutions to discrete
coagulation-fragmentation systems

In this section we shall review results about existence and uniqueness of solutions
to coagulation-fragmentation systems, with special emphasis to the discrete case.
Note, however, that most of the results in one case have equivalent in the other,
and a rigorous relation between the two can be established [131]. We start with the
special case of Smoluchowski’s coagulation equation because of its importance, his-
torically and conceptually. Most of the section will be devoted to existence results.
Uniqueness will be treated in the last part.

We start by briefly presenting the most relevant spaces needed afterwards.

2.1 Finite density spaces

With the notation introduced in Subsection 1.2, letc j(t) be the concentration ofj-
clusters at timet and, without loss of generality, assume the mass of aj-cluster isj.
Thus, the quantityρ(t) := ∑∞

j=1 jc j (t) can be interpreted as the total density of the
system (total mass, assuming the volume is constant) and it is reasonable to impose
that solutions to (16) must have finite density, which means that, for allt ≥ 0, the
solution must be an element of the Banach spaceX1 ⊂ ℓ1 of finite density solutions
defined by

X1 :=
{

c= (c j) ∈ RN+
: ‖c‖1 :=

∞

∑
j=1

j|c j |< ∞
}

. (31)

In many situations it is important to consider other Banach spaces, namely

Xα :=
{

c= (c j) ∈ RN+
: ‖c‖α :=

∞

∑
j=1

jα |c j |< ∞
}

, α ≥ 0. (32)
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Some of these spaces have also physical meaning, for example, the norm inX0 =
ℓ1 is a quantity proportional to the total number of clusters. Due to the physical
meaning associated to the coagulation and fragmentation equations we will consider
only non-negative solutions, i.e., those remaining in the non-negative cone of the
relevant spaceXα ,

X+
α :=

{

c∈ Xα : c j ≥ 0,∀ j
}

. (33)

It is not hard to prove [44, Theorem 1.2.1] that the spacesXα with the norms‖·‖α
constitute a compact and normal scale of Banach spaces, which means that, for all
β > α ≥ 0, Xβ ⊂ Xα with the inclusions being continuous, dense, and compact, and
for all c∈ Xβ it holds that‖c‖α ≤ ‖c‖β , and the following interpolation inequality
is also valid

∀0≤ α < β < γ, ∀c∈ Xγ , ‖c‖γ−α
β ≤ ‖c‖γ−β

α ‖c‖β−α
γ .

This scale is also regular, meaning that the norm of the dual spacesX′
α is a logarith-

mically convex function of the parameterα, but this result in not needed in what
follows.

For the continuous version of the coagulation-fragmentation equations (17),
where the cluster masses are inR+ = (0,∞), one defines the relevant spaces in
an analogous way, but with the difference that the need to control what happens to
very small clusters, and the non-existence of an inclusion relation in theLp(R+)
spaces similar to what exists in theℓp, leads to the following finite density space

Y1 := L1(R+,(1+ y)dy) = L1(R+,dy)∩L1(R+,ydy),

wheredy is the Lebesgue measure onR. The norm in this space is

‖ · ‖Y1 := ‖ · ‖L1(R+,dy)+ ‖ · ‖L1(R+,ydy).

2.2 Discrete Smoluchowski equations

Let us consider the Cauchy problem for Smoluchowski’s coagulation system (1)-(4),

ċ j =
1
2

j−1

∑
k=1

a j−k,kc j−kck− c j

∞

∑
k=1

a j ,kck,

c j(0) = c j0,

(34)

The approach to questions of existence to (34) that have beenmost fruitful so
far consists in its approximation by finiten-dimensional truncations for which one
can prove that their solutionscn(t) approach, in an adequate sense, a functionc(t)
which can be proved to be a solution of the infinite dimensional system (34). This
approach was used from the very first mathematical works, in the coagulation sys-
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tem by McLeod [154], in the coagulation-fragmentation systems by Spouge [206]
and in the Becker-Döring, by Ball, Carr and Penrose [13].

A different approach that has been occasionally used in continuous coagulation-
fragmentation systems consists in the use of fixed point theorems and operator semi-
group theory, techniques that were pioneered by Melzak [158] and by Aizenman e
Bak [1]. The approach using semi-group theory has been very successful in the
study of (linear) fragmentation systems (cf., for example,[14, 153]).

In the present chapter we will only use the approach based on truncation. There
are essentially two finiten-dimensional truncations used in the literature: then-
maximal truncationand then-minimal truncation,in the designation introduced in
[49]. The first one corresponds to the following system ofn ordinary differential
equations for the phase space vector(c1,c2, . . . ,cn):

ċ j =
1
2

j−1

∑
k=1

a j−k,kc j−kck− c j

n− j

∑
k=1

a j ,kc jck, j ∈ {1, . . . ,n}. (35)

The second corresponds to the system

ċ j =
1
2

j−1

∑
k=1

a j−k,kc j−kck−
n

∑
k=1

a j ,kc jck, j ∈ {1, . . . ,n} (36)

for the same phase space vector. A 2n-dimensional truncation analogous to then-
minimal truncation, for which the 2n-dimensional vector is(c1,c2, . . . ,c2n), is the
following, [123]:

ċ j =
1
2

j−1

∑
k=1

a j−k,kc j−kck−
n

∑
k=1

a j ,kc jck, j ∈ {1, . . . ,n}

ċ j =
1
2

n

∑
k= j−n

a j−k,kc j−kck, j ∈ {n+1, . . . ,2n}.
(37)

The starting point of the analysis consists in considering an appropriate and rig-
orous version of the formal identity, which is a weak versionof the coagulation
equation:

∞

∑
j=1

g jc j(t)−
∞

∑
j=1

g jc j(τ) =
1
2

∫ t

τ

∞

∑
j=1

∞

∑
k=1

(g j+k−g j −gk)a j ,kc j(s)ck(s)ds, (38)

where one assumes that 0≤ τ ≤ t, and(g j) is a non-negative test sequence.
From this equality (or for a rigorous version of it) one extracts thea priori es-

timates needed for the proofs. For instance, from (38) one can infer that the only
a priori estimate expected to hold inX+

1 is the boundedness of density (corre-
sponding to the test sequenceg j = j ), and also that the stronger the growth rate
of the coefficients, the harder to get the estimates one needsand the more likely
it is to expect the need of some control via assumptions on thehigher moments
Mp(c) :=∑∞

j=1 j pc j(t), p>1. (Note that for non-negativesequencesMp(c)= ‖c‖p.)



26 F. P. da Costa

Before proceeding it is necessary to be precise about what ismeant by a solution
[12, 123]:

Definition 1 Let T ∈ (0,+∞] and c0 =
(

c j0
)

∈ [0,+∞)N+
. A solution c= (c j) of

(34) in [0,T) is a sequence of non-negative continuous functions satisfying ∀ j ≥ 1
and∀t ∈ (0,T),

(i) c j ∈C([0,T))

(ii)
∞

∑
j=1

a j ,kc j ∈ L1(0, t)

(iii) c j(t) = c j0+

∫ t

0

(1
2

j−1

∑
k=1

a j−k,kc j−k(s)ck(s)−
∞

∑
k=1

a j ,kc j(s)ck(s)
)

ds

A problem that immediately arises is to know if solutions with non-negative
[resp. positive] initial data remain non-negative [resp. positive] for all later times.
This problem was first studied in the Becker-Döring case [13], and afterwards in the
coagulation-fragmentation in [34, 36]. For the Smoluchowski coagulation system
the following result was proved in [46]:

Theorem 1 [46] Let a j ,k > 0 for all j ,k. Take any c0 ∈ X+
1 and let c be a solution

of (34) in [0,T) ⊂ [0,+∞). For each t∈ [0,T), let J (t) be the set of subscripts
j for which cj(t) > 0. ThenJ (t) ≡ J is independent of t and is given byJ =

spanN0
(J (0)) :=

{

j = ∑i ni pi : pi ∈ J (0),ni ∈ N0,maxi ni > 0
}

.

It is easy to conclude from this result that if, for some subscript p, we have
cp(0) > 0 then it is always true thatcp(t) > 0 for all t > 0. On the other hand,
the proof of the result implies that ifcp(0) = 0 then, eithercp(t) = 0,∀t > 0 (if
p 6∈ spanN0

(J (0))), or it will be always positive (ifp∈ spanN0
(J (0)).)

The proof of the theorem uses in a fundamental way the following way to write
Smoluchowski’s equation:

c j(t)E j(t) = cτE j(τ)+
∫ t

τ
E j(s)Rj (s)ds (39)

where

E j(t) := exp

(

∫ t

0

∞

∑
k=1

a j ,kck(s)ds

)

, Rj(t) :=
1
2

j−1

∑
k=1

a j−k,kc j−k(t)ck(t),

andR1(t)≡ 0.
These positivity results are also relevant for the coagulation-fragmentation sys-

tems, for which this method (with the obvious modification inthe definitions ofE j

andRj ) was first used in [34, 36], where it was also used to prove that, for all t > 0,
all componentsj of (c j (t)) are strictly positive (i.e.,J ≡ N) provided that, for all
natural numbersk, the coefficientsa1,k andb1,k are positive.

Naturally, the existence results depend on the hypothesis on the coagulation coef-
ficientsa j ,k. It is interesting to observe that not only the growth but also the structure
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of the coefficients is crucial for the existence of solution,as it is clear in the follow-
ing results. Let us start by considering the following coagulation coefficients, that
will be calledmultiplicative type coefficients:

(H1) There exists non-negative sequences(r j) and(α j ,k) such that

a j ,k = r j rk+α j ,k, (40)

and one of the two conditions is satisfied:

lim
j→∞

r j

j
= 0, lim

j→∞

α j ,k

j
= 0, ∀k≥ 1, (41)

or
inf
j≥1

r j

j
= R> 0, α j ,k ≤ Kr j rk, ∀ j,k ≥ 1, (42)

for non-negative constantsR andK.

For this kind of coefficients we have the following result dueto Laurençot [123],
and Leyvraz and Tschudi [147],

Theorem 2 Assuming (H1) and being c0 ∈ X+
1 , there exists at least one solution

c of (34) in[0,+∞) such that, for all t∈ [0,+∞), it holds true that c(t) ∈ X+
1 and

‖c(t)‖1 ≤ ‖c0‖1.

Sketch of proof:The basic idea of the proof is, by taking limits asn → ∞ in the
sequence of solutions ofn-truncated systems, to obtain a non-negative continuous
function and to prove that this function is, in fact, a solution to the Cauchy problem
for Smoluchowski’s equation (34).

Being a bit more precise, assume the coagulation coefficients satisfy (41). Then,
the existence of a functionc = (c j) that is limit of the sequence of solution(cN

j )
of the truncated systems (for instance, using (35)) is a consequence of the Ascoli-

Arzela theorem, due to the compact inclusion ofX1 in X(r) :=
{

c = (c j) ∈ RN+
:

‖c‖(r) < ∞
}

, where‖c‖(r) := ∑∞
j=1 r j |c j |, and the equiboundedness and uniform

equicontinuity of the sequence of solutions to the truncated systems. Another way
to prove the existence of a limit asN → ∞ of the sequence of truncated solutions
(cN

j ) is due to Ball and Carr [12] and consists in the application ofHelly’s theorem
[113, pp. 370-371] to an equibounded sequence of uniformly bounded variation
functions built from the solutions(cN

j ).

By (41), thea priori uniform boundedness of the density of(cN
j ) is sufficiently

strong to conclude the following estimate (uniform inNk)

Nk

∑
i=M

r ic
Nk
i ≤ sup

i≥M

r i

i

Nk

∑
i=M

icNk
i ≤ ‖c0‖1 sup

i≥M

r i

i
, (43)

which allows us to control the infinite sum in the right-hand side of (35) and to
obtain the pointwise limit



28 F. P. da Costa

lim
k→∞

∣

∣

∣

∣

∣

Nk

∑
j=1

ai, jc
Nk
j −

∞

∑
j=1

ai, jc j

∣

∣

∣

∣

∣

= 0. (44)

By the dominated convergence theorem, implies that we can take limits asN → ∞
and prove thatc is a solution of (34).

If the coagulation coefficients satisfy (42) instead of (41)the problem is harder
and the argument has to be modified. The difficulty of this casearises from the fact
that the uniform bound on the density of(cN

j ) is not strong enough to control the
terms in the second sum of the right-hand side of the truncated system. A way to
overcome this problem, due to Laurençot [123], uses truncation (37).

The first part of the proof consists in getting the existence of a functionc that
is limit of the solutions(cN

j ) of the truncated systems. This is a consequence of the

compact injection ofH1(0,T) in C(0,T). We start by pointing out that the version
of (38) for the solutions(cN

j ) of (37) is

2N

∑
j=1

g jc
N
j (t)−

2N

∑
j=1

g jc
N
j (τ) =

1
2

∫ t

τ

N

∑
j=1

N

∑
k=1

(g j+k−g j −gk)a j ,kc
N
j (s)c

N
k (s)ds, (45)

and the needed estimates are concluded by exploiting thisg-moment propagation
equation. Choosing in (45)g j = j 1{1,...,N}, g j = 1, andg j = j1/21{1,...,N}, one gets

N

∑
j=1

jcN
j (t)≤

N

∑
j=1

jcN
j (τ)≤

N

∑
j=1

jc j0 (46)

2N

∑
j=1

cN
j (t)+

1
2

∫ t

0

∣

∣

∣

N

∑
j=1

r jc
N
j (s)

∣

∣

∣

2
ds≤

2N

∑
j=1

c j0 (47)

∫ t

τ

∣

∣

∣

N

∑
j=M

r j c
N
j (s)

∣

∣

∣

2
ds≤ 4

( N

∑
j=1

j1/2cN
j (τ)

)

M−1/2. (48)

Thesea priori estimates imply that, for everyT ∈ (0,+∞) andN ≥ j, cN
j (t)≤‖c0‖0

in [0,T] and
∥

∥

∥

∥

∥

dcN
j

dt

∥

∥

∥

∥

∥

L2(0,T)

≤ T1/2

(

j−1

∑
i=1

ai, j−i

)

‖c0‖2
0+

√
2(1+K)r j‖c0‖3/2

0 . (49)

Hence,(cN
j ) is bounded inH1(0,T) and thus is relatively compact inC(0,T). Using

a diagonalization argument, one can conclude the existenceof a subsequence(cNk
j )

converging inC(0,T) to some functionc= (c j) asNk → ∞.
This convergence, together with the estimates (46) and (48)imply the version of

(44) for the present case,
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lim
k→∞

∥

∥

∥

∥

∥

Nk

∑
j=1

ai, jc
Nk
j −

∞

∑
j=1

ai, jc j

∥

∥

∥

∥

∥

L2(0,T)

= 0, (50)

which is the main ingredient to pass to the limit in theith equation of (37), thus
concluding the proof thatc is a solution of (34).

Let us now consideradditivecoagulation coefficients, i.e., those satisfying the
condition

(H2) There exist non-negative sequences(r j) and(α j ,k) such that

a j ,k = r j + rk+α j ,k, (51)

and also 0≤ α j ,k ≤ K( j + k), for some constantK ≥ 0.

If the sequences(r j ) and α j ,k are sublinear and satisfy (41) the argument of
Leyvraz and Tschudy presented above can be adapted to obtainan existence proof
also in this case. Whenr j ≤ (const.) j it is necessary to modify those arguments:
it is still possible to use Helly’s theorem to prove the convergence of a subse-
quence of the sequence of solutions to truncated systems butthe remaining proof
needs to be changed using an identity like (38) for the evolution of the partial sums
∑N

j=mg jcN
j (t). This approach, due to Ball and Carr [12], is also applicableto the

coagulation-fragmentation system, and so we leave a more detailed presentation to
the next section. The result that is proved is the following:

Theorem 3 Let K > 0 be a constant and assume aj ,k ≤ K( j + k). Let c0 ∈ X+
1 .

Then, there exists at least one solution c of (34) in[0,+∞) such that c(t) ∈ X+
1 e

‖c(t)‖1 ≤ ‖c0‖1, for all t ∈ [0,+∞).

An important distinction between systems with multiplicative and additive co-
efficients is that, in the last case, there are no solutions tothe Cauchy problems
(34) when the coefficients grow superlinearly, which certainly contrasts with what
happen in the multiplicative case, as seen in Theorem 2.

This somewhat surprising non-existence result is a consequence of the following
two theorems, to which we shall return in Section 4 on densityconservation:

Theorem 4 [12] Assume (H2) and let c0 ∈ X+
1 . Then, for every T> 0, all solution

c of (34) in[0,T) conserve density,‖c(t)‖1 = ‖c0‖1.

Theorem 5 [35, 69] Let T∈ (0,+∞], and let CL,CU > 0 andβ ≥ α > 1 be con-
stants such that CL( jα + kα) ≤ a j ,k ≤CU ( jk)β . Let c0 6= 0 be an arbitrary element
of X+

1 . Then, there are no solutions c of (34) in[0,T) that conserve density in[0,τ),
∀τ ≤ T.

Clearly, one can multiply the number of existence results indefinitely by making
assumptions about the coefficients different from (H1) or (H2), but for these studies
to be of any relevance it is necessary that the assumptions are either inordinately
general, or of special interest for the applications. The case of the Becker-Döring
type coefficients falls into this last class (cf. Section 1.6):
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a j ,k = 0 if j ∧k> N,

whereN ≥ 1 is a fixed constant. The classic case corresponds toN = 1 [182] and
is the only important one for the applications (cf., e.g., [16]). This means that the
only non-zero coefficients area j ,1 (= a1, j ) and the coagulation system is sometimes
called the “addition model” (cf. [124]). The Cauchy problem(34) for these models
with c0 ∈ X+

1 has density conserving solutions in every interval[0,T) whena j ,1 ∼
O( j), [13], and, by arguments similar to those used with assumption (H2), do not
have any solution in whatever non degenerate time interval if a j ,1 is superlinear
(satisfying somewhat technical but not very restrictive conditions) [124]. We shall
return to these addition systems later in the chapter.

2.3 Discrete coagulation-fragmentation equations

Let us now turn our attention to the problem of existence of solutions to the initial
value problem for discrete coagulation-fragmentation equations (16), that we now
write as follows:

ċ j =
1
2

j−1

∑
k=1

Wj−k,k(c)−
∞

∑
k=1

Wj ,k(c),

c j(0) = c j0,

(52)

whereWj ,k(c) := a j ,kc jck−b j ,kc j+k.
The approximation of these systems by finite dimensional truncations works as

in the previous section. The systems are analogous to those then considered, (35)-
(37), the main difference being the substitution ofap,qcpcq by Wp,q(c). With this
minor change, and with the additional condition∑∞

j=1b j ,kc j ∈ L1(0, t), we obtain
a definition of solution for coagulation-fragmentation systems of the same type as
Definition 1.

As pointed out in Section 1.5, the first mathematical work on these equations was
due to Spouge [206], who considered sublinear coagulation coefficientsa j ,k ≤ r j rk

with r j ∼ O( j) as j → ∞, and somewhat restrictive conditions on the fragmentation
coefficients.

More recent results, valid for much more general coefficients were proved by
Ball and Carr [12], da Costa [45], Laurençot [126], and others, and it is to these
that we will now turn our attention. The fundamental technique of these works is,
as in the coagulation system considered in the previous section, the exploitation of
the evolution of appropriateg-moments of the solutions(cN) of the N-truncated
systems as a way to obtaina priori estimates useful for taking limits asN → ∞.

The version of (38) for solutions(cN
j ) of theN-truncated maximal system that is

useful in this study is

N

∑
j=m

g jc
N
j (t)−

N

∑
j=m

g jc
N
j (τ) =

∫ t

τ

(

1
2 ∑

T1
m,N

(g j+k−g j −gk)Wj ,k(c)+
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+
1
2 ∑

T2
m,N

g j+kWj ,k(c)+ ∑
T3

m,N

(g j+k−gk)Wj ,k(c)

)

ds,

(53)

whereT p
m,N are the following subsets ofN× N : T1

m,N := { j,k ≥ m, j + k ≤ N},
T2

m,N := { j,k≤ m−1,m≥ j + k≤ N}, andT3
m,N := { j ≤ m−1,k≥ m, j + k≤ N},

with the sum defined to be zero if the corresponding set is empty.
Let us start with the case where the coagulation coefficientsare of the typea j ,k ≤

K( j + k), for some positive constantK. This condition includes the casea j ,k ≤
(const.)( jk)1/2, but not other important cases such asa j ,k ≤ (const.)jk, that will be
considered afterwards.

Theorem 6 [12, 126] Let aj ,k ≤K( j+k), where K is an arbitrary positive constant.
Let c0 be any element of X+1 . Then, there exists at least one solution c of (34) defined
on [0,+∞) and satisfying‖c(t)‖1 = ‖c0‖1.

The original proof of this theorem is due to Ball and Carr [12,Theorems 2.4 and
2.5]. In what follows we present a simpler version by Laurenc¸ot [126] that is based
on the adaptation and generalization of a classical result of de la Vallée Poussin
[190, Theorem I.1.2-2] which,grosso modo,guarantees that every integrable func-
tion has an higher integrability property (cf. Lemma 1 below). It is this additional
integrability that allows the deduction of ana priori estimate to pass to the limit
N → ∞ in the sequence(cN)

A noteworthy aspect of these proofs is that no assumptions are made on the bi-
nary fragmentation coefficients (apart from the general ones of positivity and sym-
metry). The result of [126] is even applicable to equations with multiple fragmen-
tation (10)-(11), but here we will particularize for the case of binary fragmentation
(52) .

Sketch of proof:To get a functionc as limit of solutions(cN) to the truncated
systems we proceed as in the proof of Theorem 2, applying Helly’s theorem to an
auxiliary sequence [12]. The fundamental problem is to prove that the limit function
is a solution to the Cauchy problem. It is on this problem thatwe will centre our
attention.

Let K1 be the subset ofC1([0,+∞))∩W2,∞
loc (0,+∞) whose elements are non-

negative convex functionsU such thatU(0) = 0, U ′(0)≥ 0, andU ′ is concave. Let
K1,∞ ⊂ K1 be the set of those functions that, additionally, satisfy

lim
x→+∞

U ′(x) = lim
x→+∞

U(x)
x

=+∞. (54)

The following lemma is an extension of a result of de la Vallée Poussin that is
useful in what follows:

Lemma 1 [122, 140] Let(Ω ,B,µ) be a measure space, and let w∈ L1(Ω ,B,µ).
Then, there exists a function U∈ K1,∞ such that U(|w|) ∈ L1(Ω ,B,µ).
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In applying this lemma to our caseΩ = N, B = 2N, and, for I ∈ B, define
µ(I) := ∑i∈I c0 j , wherec0 ∈ X+ is the initial condition of the Cauchy problem (34).
Sincec0 ∈ X+ we have(x 7→ x) ∈ L1(Ω ,B,µ) and, by Lemma 1, there exists a
functionU0 ∈ K1,∞ such that(x 7→U0(x)) ∈ L1(Ω ,B,µ), and so

∞

∑
i=1

U0(i)c0i < ∞. (55)

Observe that, in the sense of (54),U0 grows faster at infinity than the identity
and thus (55) provides a stronger decay of the initial condition c0. As with the co-
agulation equations, the equation for the evolution of theU-moments of solutions
(cN) to the truncated systems is essential to obtain the needed estimates. For that we
need to know that, for everyU ∈ K1, there exists a positive constantmU such that
(i + j)(U(i + j)−U(i)−U( j)) ≤ mU(iU ( j) + jU (i)), for all i, j ∈ N. Using this
inequality in (53) withm= 1 eg=U0 we obtain, for every 0≤ t ≤ T <+∞,

N

∑
j=1

U0( j)cN
j (t)≤C(T), (56)

0≤
∫ T

0

N−1

∑
i=1

i
N

∑
j=i+1

(U0( j)
j

− U0(i)
i

)

bi, j−ic
N
j (s)ds≤C(T), (57)

where byC(T) we denote constants depending onT, and also ofK, c0 andU0.
The same estimates are valid if in (56) we sum only up toi ≤ M and in (57) only

up to i ≤ M−1 and j ≤ M, with M ≤ N−1. Taking limits, firstN →+∞, and then
M → ∞, we conclude that

∞

∑
j=1

U0( j)c j (t)≤C(T), (58)

0≤
∫ T

0

∞

∑
i=1

i
∞

∑
j=i+1

(U0( j)
j

− U0(i)
i

)

bi, j−ic j(s)ds≤C(T), (59)

and from this it follows that∑∞
j=1ai, jc j ∈ L1(0,T), and∑∞

j=i+1bi, j−ic j ∈ L1(0,T).
From (56) we deduce the following estimate, similar to (43),

N−i

∑
j=M

ai, jc
N
j ≤ 2iK sup

j≥M

j
U0( j)

N−i

∑
j=M

U0( j)cN
i ≤C(i,T) sup

j≥M

j
U0( j)

, (60)

which, together with the analogous one obtained from (58) and with Lebesgue dom-
inated convergence theorem, allow us to control the tails ofthe series corresponding
to the coagulation terms and get

lim
N→∞

∥

∥

∥

∥

∥

N−i

∑
j=1

ai, jc
N
i cN

j −
∞

∑
j=1

ai, jcic j

∥

∥

∥

∥

∥

L1(0,T)

= 0. (61)
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The corresponding limit for the fragmentation terms, namely

lim
N→∞

∥

∥

∥

∥

∥

N

∑
j=i+1

bi, j−ic
N
j −

∞

∑
j=i+1

bi, j−ic j

∥

∥

∥

∥

∥

L1(0,T)

= 0, (62)

results from (57), (59) and the dominated convergence theorem.
This concludes the proof that the functionc obtained as the limit of the trunca-

tions(cN) whenN → ∞, is a solution of (52). To prove that the norm ofc is equal to
the norm of the initial condition we again use (56) and (58) inorder to write, with
N ≥ M−1≥ 2 arbitrary,

∣

∣

∣
‖c(t)‖1−‖c0‖1

∣

∣

∣
≤

M−1

∑
j=1

j|cN
j (t)− c j(t)|+

∞

∑
j=N+1

jc0 j +
N

∑
j=M

jcN
j (t)+

∞

∑
j=M

jc j(t)

≤
M−1

∑
j=1

j|cN
j (t)− c j(t)|+

∞

∑
j=N+1

jc0 j +2C(T) sup
j≥M

j
U0( j)

, (63)

which, by the arbitrariness ofM andN, implies that‖c(t)‖1 = ‖c0‖1.
If the coagulation coefficients do not satisfy the bounda j ,k ≤ K( j + k), but only

the weaker conditiona j ,k ≤ K( jk)α , with α ∈ [0,1], there are also several existence
theorems for which it is also necessary to impose, in addition to the growth condi-
tion on the coefficients, some conditions on their structure, as well as restrictions
upon the fragmentation coefficients. As we pointed out in page 30 a first result of
this type, by Spouge [206], is the following (written with the hypothesis of binary
fragmentation).

Theorem 7 [206] Let aj ,k ≤ O( j)O(k), as j,k→+∞ where K is an arbitrary posi-

tive constant, and let bj ,k satisfy∑ j−1
k=1b j ,k ≤ Q and bj ,k ≤ O(k) when k→+∞, for j

fixed, where Q> 0 is a constant. Let c0 6= 0 be an arbitrary sequence in X+1 . Then,
there exists at least one solution c of (52) defined in[0,+∞).

The proof of this result, like the one of Theorem 2, uses Helly’s and Ascoli-
Arzela theorems in order to obtain a solution of the Cauchy problem (52) by taking
the limit N → ∞ in the sequence of solutions to truncated systems, [206].

Another existence result, obtained in [45] with a so calledstrong fragmentation
conditionon the fragmentation coefficients, is the following:

Theorem 8 [45] Let a j ,k ≤ Ka( jk)α , with constants Ka > 0 and α ≤ 1. Let bj ,k

be such that∑
⌊ r−1

2 ⌋
j=1 jµ b j ,r− j ≥ K f (µ)rγ+µ , whereµ ,γ and Kf (µ) are non-negative

constants, andγ >α. Take any element c0 ∈X+
1 . Then, there exists at least one solu-

tion c of (52) defined on[0,+∞). The solutions of (52) obtained as limits of solutions
of maximally truncated systems are unique and satisfy‖c(t)‖1 = ‖c0‖1,∀t ≥ 0.

Observe that the strong fragmentation condition used in this theorem is satisfied
by fragmentation coefficients of the type
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b j ,k ∼ ( j + k)β or b j ,k ∼ ( jk)β , with β >−1. (64)

Sketch of proof:The basic ingredient of the proof is the regularizing effectthe strong
fragmentation condition has on some higher moments, a fact that allows us to obtain
the neededa priori estimates. This regularization result consists in the local integra-
bility of moments‖c(·)‖1+γ−ε , ∀ε, of functionsc that are obtained as weak-∗ limits
of sequences of solutions to truncated systems. This idea had already been used by
Carr [34] in the study of the asymptotic behaviour of solutions when the coagulation
coefficients satisfy the conditions of Theorem 6. The main difference between the
tools used in [34] and in [45] is that the differential inequality for the evolution of
higher moments of solutionscN to truncated systems is now

d
dt
‖cN‖µ ≤ C0+C1‖cN‖α1

µ −C2‖cN‖α2
µ , (65)

whereµ ≥ 1+α, α1 = 1+ 2α−1
µ−1 , α2 = 1+ γ

µ−1 andC j positive constants dependent
only onα,γ,µ and‖c0‖. In [34], the inequality akin to (65) has the right-hand side
of the Bernoulli equation and thus can be explicitly solved by a standard change of
variable. In the case of (65) the analysis is less direct but one can prove that‖cN‖µ
satisfies the inequality

‖cN‖µ ≤ [(ν −1)At]−
1

ν−1 , (66)

for every constantν ∈ (1,α2), and for constantsA = A(ν,α1,α2,C0,C1,C2) > 0
appropriately chosen. By taking the limitN → ∞ in (66) we obtain the local inte-
grability of theµ-moments (µ < 1+ γ) of functions obtained as weak-∗ limits of
solutionscN. It is this local integrability of(1+ γ − ε)-moments that is thea pri-
ori estimate which, together with the dominated convergence theorem and Fatou’s
lemma, allows taking limits in the truncated equations, both in the coagulation and
in the fragmentation terms.

To finish this section it is worth observing that the results hereby presented do
not cover all possible conditions on the coefficients or definitions of solution. In
particular, note that if the fragmentation coefficients decay more rapidly that what
is determined by the estimates (64) the above results are notapplicable to the case
a j ,k ∼ O( jk) (Theorem 7, due to Spouge, requiresa j ,k ∼ O( j)O(k)). The existence
of solution in a case close to this critical growth case, where the coefficients have
the structurea j ,k = jα k+ kα j, with α ∈ (0,1), was obtained in [81] for continu-
ous coagulation-fragmentation systems, as a consequence of estimates proved for
the study of the gelation problem. The analysis presented inthat paper can also be
applied to discrete equations and will be analysed later in Section 4.

2.4 On the uniqueness of solutions

As in the case of existence studies, the results about uniqueness have been obtained
under several different assumptions about the rate coefficients. The approach used
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by these studies consists, essentially, in assuming the existence of two distinct so-
lutions c andd to the Cauchy problem (34) or (52), and then proving that some
moment of the function|x| := |c−d| satisfies a differential inequality which implies
x≡ 0 (cf. e.g. [12, 13, 45, 126]).

In order to get the needed differential inequalities one needs to control the evo-
lution of certain moments, which requires the imposition ofrestrictions, either on
the class of solutions under consideration, or on the coefficients, that are usually
more stringent than those required in order to prove existence. As an illustration
we present the case, studied in [12], where all coagulation coefficients are bounded,
which already contains the main ingredients used in more general cases:

Theorem 9 [12] Let a j ,k ≤ K where K> 0 is a constant. Take as initial condition
any c0 ∈X+

1 . Then, there exists one and only one solution c to (52) definedin [0,+∞)
and satisfying‖c(t)‖1 = ‖c0‖1 for all t ≥ 0.

Sketch of proof:Assuming there are two solutions of the initial value problem (52),
c andd, definex := c−d and consider the functionψ1(t) := ‖x(t)‖1. The version
of (38) withg j = j1( j ≤ n) andc substituted by|x| gives

n

∑
j=1

j|x j (t)|=
∫ t

0

(

Un(s)+Vn(s)
)

ds, (67)

where

Un :=
1
2 ∑

T1
1,n

( f j+k− f j − fk)(Wj ,k(c)−Wj ,k(d)), Vn :=−∑
T4

1,n

f j (Wj ,k(c)−Wj ,k(d)),

with f j := j sgn(x j), T4
1,n := {1≤ j ≤ n, j + k≥ n+1} and T1

1,n was previously
defined in page 31. Noting thatWj ,k(c)−Wj ,k(d) = (c jxk + dkx j)a j ,k − b j ,kx j+k,
and usinga j ,k ≤ K, we get∑T1

1,n
( f j+k − f j − fk)(c jxk + dkx j)a j ,k ≤ const.ψ , and

thus, because−( f j+k − f j − fk)x j+k ≤ −(( j + k) − j − k)|x j+k| = 0, we have
∫ t

0
Un(s)ds≤ (const.)ψ(t). The limit

∫ t

0
Vn(s)ds→ 0 asn → ∞ is obtained using

the condition on the coefficients and the hypothesis thatc andd are density con-
serving, which is natural since these last conditions are equivalent to

n

∑
j=1

jc j (t)−
n

∑
j=1

jc j 0 =−
∫ t

0
∑
T4

1,n

jWj ,k(c(s))ds
n→∞−→ 0, (68)

and similarly ford.
With these estimates we can write

ψ1(t)≤ (const.)
∫ t

0
ψ1(s)ds, (69)

and hence, by Gronwall’s inequality,ψ1 ≡ 0, implying uniqueness of density con-
serving solutions.
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Observe that Theorem 9 imposes a very strong boundedness condition on the
coagulation coefficients but none on the fragmentation ones(apart from the basic
ones of non-negativity and symmetry used to prove existence). Observe also that the
theorem establishes uniqueness just in the family of density conserving solutions.

This type of restrictions occur also in other cases. In [45] it is proved that, under
the hypothesis of Theorem 8, density conserving solutions are unique. The proof
uses the same ideas as presented before but the estimates forUn andVn are now
obtained using the following integrability result‖c(·)‖1+α ∈ L1(0, t), ∀t < ∞, of
solutionsc to (52). This additional regularity, similar to what was used in the proof
of Theorem 8, has to be established for all solutions of (52),not only for those
obtained by taking limits of solutions to truncated problems, and this is achieved
by a kind of step-by-step argument first used by Carr in [34]. The estimates finally
result in the following inequality, similar to (69),

ψ1(t)≤ const.
∫ t

0
ϕ(s)ψ1(s)ds, (70)

whereϕ(s) = Ka‖c(s)‖1+α +Ka‖d(s)‖1+α .
Another uniqueness result, similar to the one in Theorem 9, is proved in [126] and

complements the existence result whose proof was presentedin Theorem 6. Under
the conditiona j ,k ≤ A j +Ak, whereAi ≤ Kai, it is shown, by a proof like the one
above, that uniqueness holds in the class of density conserving solutions satisfying

the integrability condition
∞

∑
j=1

jA jc j ∈ L1(0, t), for eacht < ∞. There is a natural

problem that immediately comes to mind, which is the existence of solutions with
this additional regularity, or, better still, to know what are the additional conditions
(if any) that need to be imposed att = 0 that ensure this extra regularity at later
times. The answer to this problem was given by Laurençot in [126] and generalizes
previous similar results by Carr and da Costa [36]. Before presenting the result we
need to introduce the following notation: we say that a function U is an element of
K2 if it is non-negative, convex, belongs toC2([0,+∞)), satisfiesU(0)=U ′(0) = 0,
its derivative is a convex function and there exists a positive constantKU such that
U ′(2x)≤ KUU ′(x) for all x≥ 0. (The functionsx 7→ xm are inK2 if m≥ 2.)

Proposition 1 [126] Let aj ,k ≤ K( j + k), where K> 0 is a constant. Let c0 ∈ X+
1

be such that there exists U∈ K1∪K2 with
∞

∑
j=1

U( j)c j0 < ∞. Then, there exists at

least one solution c of (34) defined in[0,+∞), satisfying‖c(t)‖1 = ‖c0‖1 and, for
each t< ∞,

sup
s∈[0,t]

∞

∑
j=1

U( j)c j(s) < ∞.

This type of results, usually called “propagation of moments”, are very useful for
the study of the long time behaviour of solutions and we shallreturn to them in the
next section.
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Imposing growth restrictions on the kinetic coefficients itis possible to prove
uniqueness without further regularity restrictions on theinitial data. An example,
due to Ball and Carr [12], is the following:

Theorem 10 [12] Let K > 0 and α ∈
[

0, 1
2

]

be constants such that, for all nat-

ural numbers j,k,n0, it holds aj ,k ≤ K( jk)α , ∑⌊(k+1)/2⌋
j=1 j1−αbk− j , j ≤ Kk1−α and

∑⌊(r+1)/2⌋
j=n0

j1br− j , j ≤ Kr, for r ≥ 2n0. Let c0 ∈ X+
1 be arbitrary. Then, there exists

only one solution c of (52) defined on[0,T).

Note that, due to( jk)α ≤ ( jk)1/2 ≤ 1
2( j + k), Theorem 6 can be applied to this

case and this means that, under these conditions, solutionsto (52) are unique and
conserve density. However, note that the present result is not a uniqueness theorem
in the class of density conserving solutions (as in the result of [46] cited above) but in
the universe of all solutions to the Cauchy problem (52) in the sense of Definition 1.
The proof of this theorem uses the method presented above forTheorem 9. The only
relevant difference is that now is more convenient to get estimates onψ1−α(t) :=
‖x(t)‖1−α instead ofψ1(t) = ‖x(t)‖1. The final result, from which uniqueness easily
follows, is the inequality (69) withψ1 substituted byψ1−α .

A natural question at this point is to know to what extent the cases not covered by
these uniqueness theorems correspond to real cases of non-uniqueness. Clearly, the
complete elucidation of this problem means a complete characterization of unique-
ness, something not yet achieved at present. However, thereare examples of non-
uniqueness that seem to provide evidence that this problem is not simple. To con-
clude we present one of these examples, due to Ball and Carr, [12]. Note that it is
an example about the linear fragmentation system.

Example 1 [12] Let a j ,k = 0 and bj ,k = 1. Then, cj(t) = e−( j−1)t/2
(

1−e−t/2
)2

is
a solution of (52) with initial condition c0 ≡ 0.

Observe that the assumptions in Example 1 are included in those considered in
Theorem 9. Hence, we know that density conserving solutionsare unique. As a
solution of (52) withc0 ≡ 0 is the identically zero solution, the above example im-
plies that we have non-uniqueness. Due to the linearity of the system, we can obtain
analogous non-uniqueness results for other initial conditions. For further discussion
on these issues see [7].

3 Long-time behaviour of solutions to coagulation-fragmentation
systems

We shall now review some of the most important mathematical aspects of the long
time behaviour of solutions. The large number of results in the literature forces us
to make some choices about the results we will cover. We will keep the approach at
the level used in the previous section so as to give the readernot only a guide to the
literature but also to the ideas and some details of the proofs of the existing results.
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3.1 Convergence to equilibria and phase transitions

In this section we consider results about the convergence toequilibria of solutions
to the discrete coagulation-fragmentation systems.

Since, as was pointed out in the Introduction, these equations can be seen as a
mathematical model of an isolated chemical system, it is natural to expect solutions
to converge to some equilibrium ast → +∞. In fact, in the usual chemical kinet-
ics models this is exactly what normally happens. We shall see that in the infinite
dimensional coagulation-fragmentation systems the asymptotic behaviour is much
more interesting, even surprising, and a behaviour that is physically interpreted as a
dynamical phase transition can take place under appropriate conditions.

3.1.1 Strong fragmentation systems

Let us start with thestrong fragmentationcase. This case was studied by Carr [34]
and by Fournier and Mischler [93] and these conditions on thefragmentation coeffi-
cients were also considered by da Costa in [45] for the study of existence of solutions
discussed above (cf. Theorem 8). The technique used in [34, 93] is based on the fact,
pointed out in the discussion of the proof of Theorem 8, that this assumption on the
fragmentation coefficients imply the boundedness of some higher moments, which
implies the solution is pre-compact inX+

1 for the the norm topology. The existence
of a Lyapunov function and the application of LaSalle’s invariance principle were
the tools that allowed Carr to prove the convergence of the solution to a unique equi-
librium. Estimates based on the regularity of higher order moments were essential
to obtain the exponential convergence to equilibria by Fournier and Mischler, valid
for sufficiently small initial data. The result of [34] is thefollowing:

Theorem 11 [34] Let K,K f > 0, α ∈ [0,1] and γ > α be constants such that,
for all natural numbers j,k, the following holds aj ,k ≤ K( jα + kα), a1,k,b1,k > 0

and ∑
⌊ r−1

2 ⌋
j=1 jµb j ,r− j ≥ K f (µ)rγ+µ . Assume that the detailed balance condition

(15) is satisfied and that, for some q≥ 1, the partition function(M j) satisfies

lim inf
j→∞

M1/ jq

j > 0. Let ρ ≥ 0 be arbitrary. Then, there exists a time-independent so-

lution cρ of the coagulation-fragmentation equations, with densityρ , such that, for
all initial data c0 ∈ X+

1 with density‖c0‖= ρ , the unique solution c(·) of (52) with

constant density satisfies‖c(t)− cρ‖m
t→∞−→ 0, for all m≥ 1.

Sketch of proof:With these assumptions on the coefficients the moments of solutions
cN to the truncated systems satisfy the following differential inequality, analogous
to (65),

d
dt
‖cN‖µ ≤ C0‖cN‖µ −C1‖cN‖α2

µ , (71)

whereµ > 1, α2 = 1+ γ
m−1, C0, andC1 are positive constants. The standard change

of variables used to solve the Bernoulli ordinary differential equations,‖cN‖µ 7→
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u := ‖cN‖1−α2
µ , can be used to solve explicitly this differential inequality and taking

N → ∞ we conclude the solutions of (52) that are obtained as limitsof truncated
system satisfy

‖c‖µ ≤ A
(

1−e−Bt)−
µ−1

γ , (72)

whereµ > 1, A andB are positive constants.
The strong fragmentation condition also implies that the(1+ γ − ε)-moments

of every density conserving solution to (52) are integrable, as stated above (cf.
page 36), and this implies the uniqueness of density conserving solutions. This fact
means that there exists a semi-group of operatorsT(·) defined byT(·)c0 := c, where
c is the unique density conserving solutions of (52). The inequality (72) implies
that, for eachµ > 1 andτ > 0, ∪t≥τ T(t)c0 is a bounded set ofXµ , and so, by the
compact inclusion among the spacesXα (cf. page 24) it is a pre-compact subset of
X+

1 . Hence, for each initial conditionc0 ∈ X+
1 , the solutionT(t)c0 has a non-empty

invariantω-limit set ω(c0) ⊂ Xµ , for all µ ≥ 1. What remains to be proved it that
#ω(c0) = 1 and its single element is an equilibrium, i.e., a time independent solution
with densityρ = ‖c0‖, and that this equilibrium is independent of the initial condi-
tion, provided its density isρ . It is at this point that the detailed balance condition
is used, and the existence of a Lyapunov functions plays a central role.

For everyd1 ≥ 0 define the sequenced = (d j) by

d j := M j (d1)
j . (73)

Clearly, the detailed balance condition implies that

Wj ,k(d) = a j ,kd jdk−b j ,kd j+k = a j ,kM jMk (d1)
j+k−b j ,kM j+k (d1)

j+k = 0,

and sod is a stationary solution of (52) withc0 = d if and only if d ∈ X+
1 . The

positivity is obvious from (73), but the fact thatd has finite density requires a little
more care. In order to study the density ofd = (d j) =

(

M j(d1)
j
)

it is natural to
consider the functionz 7→ F(z) : [0,+∞)→ [0,+∞] defined by

F(z) :=
∞

∑
j=1

jM j z
j . (74)

Letzs∈ [0,+∞] be the convergence radius of this series, and letρs := supz∈[0,zs)F(z).
Clearly, there are three distinct cases forzs: if z0 = 0 thenρs= 0 and the only equilib-
rium solution is the zero solution; ifzs=+∞ thenρs=+∞ and for eachρ ≥ 0 there
exists a unique equilibrium (73) with density‖d‖1 = F(d1); finally, if zs ∈ (0,+∞),
it can happen eitherρs=+∞ or ρs<+∞, and in this last case there are no equilibria
with densitiesρ > ρs. This case will be important in the next section but under the
strong fragmentation conditions that we are currently considering it is possible to
prove thatρs = +∞, and so, for everyρ > 0 there exists an equilibrium given by
(73) with densityρ , [34]. We will denote this equilibrium bycρ .

The discovery of Lyapunov functions for coagulation-fragmentation systems, re-
lated with the free energy, or with the entropy, of the physical system, was first made
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by Aizenman and Bak [1] for continuous systems with constantrate coefficients. For
more general systems, the existence of a Lyapunov function seems to have been first
identified, at a formal level, by Buhagiar in the Becker-Döring system (cf. ref. cit.
[13]) and was first used in a mathematically rigorous way by Ball, Carr and Penrose
in [13]. Our presentation will follow this paper closely, although the boundedness of
higher moments due to our present strong fragmentation condition greatly simplifies
it.

Let c∈ X+
1 and consider the function

V(c) :=
∞

∑
j=1

c j

(

log
c j

M j
−1

)

, (75)

where the term in the sum is defined to be zero if the corresponding c j is zero. The
continuity and minimization properties of this functionalwere established in [13]
and will be presented next: letV(c) = G(c)−Fm(c), with

G(c) =
∞

∑
j=1

c j(logc j −1), Fm(c) =
∞

∑
j=1

jmc j logM1/ jm

j . (76)

It is not hard to prove thatG is finite and sequentially weak-∗ continuous inX+
1 . As

the radius of convergence of the series (74) is positive, limsupj→∞ M1/ j
j < ∞, and

we conclude thatV is bounded below in

X+
1,ρ :=

{

c∈ X+
1 : ‖c‖1 = ρ

}

, (77)

cρ is the only minimizer ofV in X+
1,ρ , and every minimizing sequence

(

c( j)
)

of V in

X+
1,ρ converges tocρ strongly inX1. If liminf j→∞ M1/ jq

j > 0, for someq≥ 1, thenV

is bounded above inXm∩X+
1,ρ and is continuous in this set ifm≥ q.

For solutions(cn) of the Cauchy problem for the maximally truncated coagulation-
fragmentation system, the following holds:

V(cn(t))+
∫ t

τ
Dn(c

n(s))ds=V(cn(τ)) (78)

where

DN(c
n) :=

1
2 ∑

j+k≤N

H j ,k(c
n) (79)

and

H j ,k(c) := (a j ,kc jck−b j ,kc j+k)(log(M j+kc jck)− log(M j Mkc j+k)) (80)

= (a j ,kc jck−b j ,kc j+k)(log(a j ,kc jck)− log(b j ,kc j+k)) ≥ 0,
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where the second equality comes from the detailed balance condition (15), and the
positivity from the fact that solutions have all their components positive (cf. page 26)
and∀x,y> 0, (x− y)(logx− logy)≥ 0.

Since for everym≥ 1 we havecn → c strongly inX+
m , by the continuity ofV we

conclude thatV(cn(t))→V(c(t)), for everyt ≥ τ > 0. Fixing a positive integerN
we haveDn(cn)≥ DN(cn) for n≥ N, and thus,

liminf
n→∞

∫ t

τ
Dn(c

n(s))ds≥
∫ t

τ
DN(c(s))ds

which, lettingN → ∞, gives

V(c(t))+
∫ t

τ
D(c(s))ds≤V(c(τ)), (81)

with

D(c) :=
1
2 ∑

j ,k≥1

H j ,k(c). (82)

This concludes the proof thatV is a Lyapunov function for (52).
With these ingredients is now easy to prove the existence of one, and only one,

equilibriumcρ with densityρ (which has necessarily the form (73)), and to get the
characterization ofω(c0): since this set must consist of solutions along which the
Lyapunov function is constant, this implies, by (81) and density conservation, that
ω(c0) = {cρ}, with ρ = ‖c0‖, as we wanted to prove.

As the main ingredient of the above proof is, as already pointed out, the finiteness
of higher order moments, Theorem 11 can be adapted, without further difficulties, to
the conditions considered in [45], with the condition on thecoagulation coefficients
changed toa j ,k ≤ K( jk)α , with α ≤ 1, [50].

To finish this section it is interesting to observe that the detailed balance condition
isnota necessary condition to get convergence to equilibria. In fact, in [93], Fournier
and Mischler proved that, ifa j ,k ≤ K( jk)α andL( j + k)γ ≤ b j ,k ≤ K f ( j + k)s, with
α ∈ [0,1], γ > −2(1−α) and s,γ ∈ (−1,∞), then, for allρ = ‖c0‖ sufficiently
small7, the solutionT(t)c0 satisfies

‖T(t)c0− ĉ‖2 ≤ Ke−κt , ∀t ≥ 1, (83)

where the constantsK,κ > 0 depend only onα, γ, Kc, L, andρ , andĉ is the only
equilibrium of the system with densityρ . Note that this result establishes an expo-
nential rate of convergence to equilibria.

The proof of this result is also based on the finiteness of higher order moments,
which comes from the lower bound on the fragmentation coefficients. More specif-

7 The precise technical condition used in [94], possibly not necessary, is thatρ satisfies the in-
equality

128
Kcρ

L
+2

(

32Kcρ
L

)2+ 1+2α
γ+2(1−α)

< 1.
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ically, under the stated conditions one proves the following contraction property:
there exists aT∗ such that, for allt ≥T∗, and all solutionscandd of the coagulation-
fragmentation system with initial datac0 andd0, respectively, both with densityρ ,
the following inequality holds

d
dt
‖c(t)−d(t)‖2 ≤−κ‖c(t)−d(t)‖2. (84)

This differential inequality is obtained from

d
dt
‖c−d‖2 ≤

(

2K‖c+d‖3−
L
16

)

‖c−d‖2,

and from an estimate on the third moment ofc+d proving that one can estimate its
value uniformly in time by a quantity smaller than the absolute value of the negative
term, provided the densityρ of the initial condition (and hence of the solutions at
later times, since they conserve density) is sufficiently small. It is likely that this
restriction on the initial density can be improved, but so far this nice result is the
best one available on rates of convergence with strong fragmentation conditions.

3.1.2 Weak-fragmentation systems

When fragmentation is weak (in a sense to be made precise soon) an extraordinarily
interesting phenomenon occurs which is physically interpreted as corresponding to
the existence of a dynamic phase transition in the system being modelled by (52).
The phenomenon is the following: there exists a critical density ρs∈ (0,∞) such that

(i) if the initial conditionc0 has densityρ > ρs, then the solutionc to (52) con-
verges weak-∗, but not strongly, to the only equilibriumcρs with densityρs (su-
percritical case),

(ii) if the initial condition c0 has densityρ ≤ ρs, then the solutionc to (52) con-
verges strongly inX+

1 to the unique equilibriumcρ with densityρ (subcritical
case).

Note that in case (i) the density of theω-limit solution,cρs, is strictly smaller than
the density of the solution to (52) in every time instantt < ∞, whereas in case (ii)
the density is also conserved in the limit.

Before going through a brief history of this result and analysing its proof, it is
interesting to attend to a possible phase transition interpretation of this behaviour.

If we consider that each componentc j of the solutionc = (c j) represents the
concentration of a microscopicj-cluster in a certain physical state, a gas say, and
that ρ is the vapour density, the quantityρs can be interpreted as the saturation
density of the system. Thus, if the system is in a supersaturated state (i.e., a state
with ρ > ρs,) there is no vapour equilibrium state with that density and the system
will evolve to an equilibrium with density exactly equal to the saturated density. The
excess densityρ −ρs disappears from the gaseous system via condensation, which
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corresponds to the formation of another physical phase not modelled by none of the
variablesc j but, heuristically, corresponding to a cluster incommensurably bigger
than j, for every j).

If the system is in a saturated or in a sub-saturated state, with densityρ ≤ ρs,
then its evolution proceeds to the unique equilibrium with that density, the density
being conserved along the process and in the limit state.

The behaviour described above was first observed in the context of the Becker-
Döring equations by Ball, Carr and Penrose in [13]. The (weak-∗) convergence to
an equilibrium is proved using a Lyapunov function, as in thecase of strong frag-
mentation described earlier (cf. page 40), however in the present case the finiteness
of higher order moments is not valid, fact that increases thedifficulty of the proof
of orbit pre-compacity and the identification of the limit density in the subcritical
case. In order to obtain these results, in [13] there was the need to impose the fol-
lowing extra decay condition on the initial data (typically, an exponential decay [13,
Eq.(5.10)]):

∞

∑
j=1

c0 j

M jz
j
s
< ∞, wherezs is the only solution ofF(zs) = ρs, (85)

which provided the seeked for control on the tail of the solution (c j(t)). This re-
striction was later eliminated in [11] by noting that, for the variablesxn := ∑∞

j=n jc j ,
it is possible to construct a supersolution independently of the decay behaviour of
the initial conditionx0, and this implies pre-compacity of the orbit inX+

1 and thus
strong convergence inX1, which has as consequence that the limit equilibrium has
the same density of the solution at finite times.

The extension of this result to coagulation-fragmentationsystems (52) more gen-
eral than the Becker-Döring was marred with several difficulties and was only truly
achieved two decades later, with the work of Cañizo [30]. A first attempt was made
by Carr and da Costa in [36] where, in order to prove strong convergence in the
subcritical case, the following generalized Becker-Döring assumption was used:

a j ,k = b j ,k = 0 if j ∧k> N, (86)

whereN is a fixed positive integer. In the classic Becker-Döring case N = 1 (cf.
(18)). With this assumption, with the restriction (85) on the initial data, and with
some technical assumptions on the kinetic coefficients, like the ones used in [13],
it was possible to rigorously prove the behaviour describedin (i) and (ii) above. A
subsequent attempt to overcome the restrictions about the regularity of the initial
condition was made by da Costa in [48] but was only partially successful: the re-
sult obtained, inspired in the method of [11], only allows todraw conclusions for
initial data inX+

1 that, although has no extra decay requirement, needs to haveits
densityρ bounded above by a bound likeρN ∼ O(N−1) whenN → ∞. This cer-
tainly seems to point to the fact that the method is not only insufficient to deal with
the generalized Becker-Döring, but it really is totally inadequate for the general
coagulation-fragmentation (that corresponds, formally,to takeN → ∞).
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Notwithstanding these failures, the idea to construct supersolutions, introduced
in [11], was a good one and could finally be carefully exploited by Cañizo in [29] to
get rid of the restriction on the initial density imposed in [48]. With the assumptions
on the coefficients used in previous works [36, 48], Cañizo used an argument similar
to the one of Ball and Carr and proved [29, Proposition 3.3] that, if z< zs, λ ∈ (1, zs

z ),
and if (λ j) is a decreasing sequence such that

λ j−1−λ j

λ j −λ j+1
< λ ,

then, when the initial condition (in thexn variables introduced above) satisfyxn(0)≤
λn for all n, then there exist positive constantsC andn0 such thatxn(t)≤Cλn for all
n≥ n0 andt > 0. The proof of this pre-compacity result is based on the following
differential inequality forH j(·) := (x j(·)−Cλ j)

+, whereu+ = u∨0,

d
dt

∞

∑
j=n0

H j ≤ (const.)
∞

∑
j=n0

H j ,

and on the application of Gronwall’s lemma.
In the remaining of this section we shall present a more general result, also due to

Cañizo, [30], that overcomes the need to impose (86) and proves the phase transition
behaviour for the general coagulation-fragmentation system and, in a sense, com-
pletes the work started by Ball, Carr and Penrose in 1986 withthe Becker-Döring
system. Cañizo work [30] imposes an additional decay to theinitial datac0 ∈X+

1 but
it is typically the existence of a moment of order smaller than two, and not an expo-
nential decay, as in [13, 36]. This very mild restriction is more than compensated by
the fact that the result is valid for the general coagulation-fragmentation equations,
and not only to the restrictive Becker-Döring versions. Atpresent it is not clear if
this restriction is essential. The hypotheses considered in [30] are the following:

(H3) There exists constantsK > 0, γ ∈ R andλ ∈ [0,1) such that

a j ,k, b j ,k ≤ K
(

jλ + kλ) (87)
i−1

∑
j=1

b j ,i− j ≤ Kiγ , ∀i ≥ 1. (88)

(H4) There exists a positive sequence(M j ) satisfying (15).

(H5) limM1/ j
j = z−1

s ∈ (0,∞) andρs := F(zs) ∈ (0,∞], whereF is given by (74).

(H6) The sequence(M j z
j
s) is monotone decreasing.

(H7) There exists a constantK1 > 0 such that

a j ,1 ≥ K1 jλ , ∀ j ≥ 1 (89)

(H8) The initial data arec0 ∈ X+
µ , with µ := max{2−λ ,1+λ ,1+ γ}.
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The main result, extending to coagulation-fragmentation the result of [13], is the
following:

Theorem 12 [30] Assume (H3)–(H8). Let c be a solution of (52) with (constant)
densityρ = ‖c‖1 = ‖c0‖1. The following holds:

(i) If ρ > ρs, then c(t)
∗
⇀
(

M jz
j
s
)

when t→+∞.
(ii) If ρ ≤ ρs, then c(t)→ ceq strongly in X1, when t→+∞, where ceq is the only

equilibrium solution with densityρ .

Sketch of proof:The general strategy to prove this result was already used in[13]
and in [29, 36] and consists of proving that, if a solution converges weak-∗ to an
equilibrium with density strictly smaller than the critical one ρs, then the conver-
gence is actually strong in the norm topology ofX1 and thus the limit density is
equal to the initial one.

That all solutions of (52) converge weak-∗ to equilibria had already been proved
in [36]: assuming (H3)–(H8), solutionsc to (52) satisfyc(t)

∗
⇀ cρ whent → ∞, for

someρ ≤ min{‖c0‖,ρs}, wherecρ is the only equilibrium solution with densityρ .
As in the case of strong fragmentation presented earlier, the proof of this result of
weak-∗ convergence to equilibria is based on the existence of a Lyapunov function.
The proof in [30] is based on the Lyapunov function, on the control of the density by
the(2−λ )-moment, and in an estimate that implies that the growth of this moment
is at most linear int.

Cañizo also proved a result on the rate of convergence to equilibria using a
slightly different Lyapunov function introduced by Jabin and Niethammer in the
study of the rate of convergence to equilibria in Becker-Döring systems [109]: for
c∈ X+

1 , let V be defined by (75) and, forz∈ (0,zs], define theenergy of c relative
to the equilibrium

(

M jzj
)

by the expression

Vz(c) :=V(c)− (logz)
∞

∑
j=1

jc j +
∞

∑
j=1

M jz
j . (90)

Observe that, ifρs<∞ and if we choosezso thatceq=
(

M jzj
)

satisfies‖ceq‖= ‖c‖,
then, it is easy to conclude thatVz(c) = V(c)−V(ceq), which justifies the name
given toVz(c).

The fundamental inequality used in the proof of Theorem 12, relating the density
of a positive sequencec= (c j) with its (2−λ )-moment, is

‖c‖−
∞

∑
j=1

jM jc
j
1 ≤C

√
D
√

‖c‖2−λ , (91)

whereC is a positive constant andD := D(c) is given by

D(c) :=
∞

∑
j=1

a jM j

(

c1c j

M j
− c j+1

M j+1

)(

log
c1c j

M j
− log

c j+1

M j+1

)

, (92)
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wherea j = a j ,1 if j ≥ 2, anda1 =
1
2a1,1. The inequality is valid under the assump-

tions (H3)–(H7) and providedc1 ∈ (0,zs) andc∈X2−λ . The functionD is called the
Becker-D̈oring free energy dissipation ratein [30], which is a natural designation
since it was proved in [13] that the time evolution of the Lyapunov functionV along
solutionsc(t) of the Becker-Döring system satisfies

V(c(t)) =V(c(0))−
∫ t

0
D(c(s))ds.

Observe that, as pointed out before,∀x,y> 0, (x− y)(logx− logy) ≥ 0, and so the
functionD(c) is non-negative.

Its should be noted that (91) is a purely algebraic relation valid for certain se-
quencesc and has nothing to do with these sequences being solutions ofsome dif-
ferential equation. It is merely a consequence of the following estimate about the
tail of the series∑ j jM j c

j
1, which is valid under the same assumptions,

∞

∑
i= j+1

iMic
i
1 ≤ jM j+1c j+1

1 .

Under the hypotheses of Theorem 12, taking a solutionc = c(t) of (52) with
initial condition c0 ∈ X2−λ , and using the approximation ofc by solutions to the
truncated systems, we can prove that‖c(t)‖2−λ satisfies the differential inequality
d
dt‖c(t)‖2−λ ≤ (const.)ρ2, and thus, for some constantC independent oft, it holds
that

‖c(t)‖2−λ ≤C(1+ t) (93)

As stated above the idea of the proof consists in showing thatif a solution with
initial densityρ0 converges weak-∗ to an equilibrium with densityρ < ρs, then it
converges strongly inX1 and thusρ = ρ0.

Let us assume thatc(t)
∗
⇀ ceq whent → +∞, whereceq =

(

M jzj
)

andz< zs.

Thusc1(t)→ z< zs andc1(t)≤ z+zs
2 < zs, for all timest > t0, wheret0 is sufficiently

large. Using (91) and (93) we know thatρ −ρ1(t)≤C
√

D
√

1+ t, for t ≥ t0, where
ρ1(t) =

∥

∥

(

M jc1(t) j
)∥

∥

1 , andC is a constant. By continuity of (74) in the interior of
its interval of convergence,ρ1(t)→ ρz := ‖ceq‖, ast → ∞.

Now, eitherρ −ρ1(t) > 0 after somet1, or there exists a sequencetn → ∞ such
thatρ −ρ1(tn)≤ 0. Let us start by the first possibility: ifρ −ρ1(t)> 0 for all t > t1
the previous inequality gives the estimateD(c(t))≥ (ρ−ρ1(t))

2

1+t C−2 and the evolution
of V along solutions satisfies

V(t) = V(t1)−
∫ t

t1
DCF(c(s))ds (94)

≤ V(t1)−
∫ t

t1
D(c(s))ds (95)

≤ V(t1)−C−2
∫ t

t1

(ρ −ρ1(s))2

1+ s
ds, (96)
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whereDCF is thecoagulation-fragmentation free energy dissipation ratedefined by

DCF(c) :=
1
2

∞

∑
i, j=1

ai, jMiM j

(

cic j

MiM j
− ci+ j

Mi+ j

)(

log
cic j

MiM j
− log

ci+ j

Mi+ j

)

. (97)

It is worth calling the reader attention to the fact that, although the formal
derivation of the evolution equation (94) is trivial, its rigorous proof is far from
being simple [36, Theorem 5.2]. The inequality (95) is due tothe obvious fact
that DCF(c) ≥ D(c) > 0. The Lyapunov functionV is bounded from below along
solutions; using this result the integral in the right-handside of (96) has to be
bounded from above and, sinceρ1(t)→ ρz, we conclude thatρz= ρ . But then, since
c(t)

∗
⇀ ceq and‖c(t)‖ = ρ = ρz = ‖ceq‖, [13, Lemma 3.3] implies thatc(t) → ceq

strongly inX1.
It remains to consider the possibility of existence of a sequencetn → ∞ such that

ρ −ρ1(tn) ≤ 0. In this case we would haveρ ≤ ρ1(tn) → ρz and thusρ ≤ ρz. By
the lower semicontinuity of the norm ofX1 with respect to weak-∗ convergence, we
haveρz ≤ ρ and thusρz = ρ . This concludes the proof.

Once the long-time limit of solutions in Theorem 12 has been proved, a natural
problem to consider is to clarify the way the limit equilibrium solution is approached
as t → ∞. Recall that in the strong fragmentation case solutions converge to the
limit equilibrium exponentially fast, at least for sufficiently small initial data (cf.
page 41). Note that, for that type of coefficients, the critical density is infinite and
so all solutions are subcritical.

Under weak fragmentation conditions the long-time behaviour of solutions is
expected to be richer, and the cases of supercritical and subcritical densities are
thought to exhibit distinct behaviours. However, at present, rigorous results about
these aspects are restricted to the Becker-Döring case, and we shall briefly review
them next.

For the Becker-Döring equations with subcritical initialdensity a recent paper
by Cañizo and Lods [31] improved previous results by Jabin and Niethammer [109]
and prove that, under appropriate assumptions that includeexponentially decaying
initial conditions, subcritical solutions converge exponentially fast to the limit equi-
librium, and give an estimate for the convergence rate. The precise statement of the
result requires the introduction of some hypotheses:

(H9) On the coagulation coefficients:

a j = O( j) as j → ∞, lim
j→∞

a j+1

a j
= 1, inf

j
a j > 0.

(H10) On the fragmentation coefficients:b j = O( j) as j → ∞.

(H11) On the partition function: lim
j→∞

M j

M j+1
=: zs ∈ (0,+∞)

Under these conditions the following was proved:

Theorem 13 [31] Assume (H9)–(H11). Let c be a solution of (19) with initial con-
dition M := ∑∞

j=1eν jc j(0) < +∞, for someν > 0, and let z> 0 be the monomer
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density of the corresponding limit equilibrium ceq =
(

M jzj
)

. Then, there exists
ν̄ ∈ (0,ν) and λ⋆ > 0, such that, for everyη ∈ (0, ν̄), there is C> 0, depending
only onρ ,η ,M, and∑∞

j=1eη jM jzj , such that the following holds for all t≥ 0,

∞

∑
j=1

eη j
∣

∣c j(t)−M jz
j
∣

∣≤Ce−λ⋆t ,

where, if lim j→∞ a j =+∞, we can takeλ−1
⋆ = supk

(

∑∞
j=k+1M jzj

)(

∑k
j=1

1
a j M j zj

)

.

The proof of this theorem is rather lengthy and involved and we will not delve with
it here: the interested reader should consult the original paper [31]. We just point
out that the main tool is an appropriate linearisation of theBecker-Döring equations
around the equilibriumceq and the proof of an appropriate spectral gap in suitable
sequence spaces.

Let us now briefly consider the case of supercritical solutions to the Becker-
Döring system. As stated in Theorem 12(i), solutions (all of them conserve initial
densityρ in finite times) converge to the limit equilibrium with critical densityρs<
ρ . That, in general, this convergence can be a complicated dynamical process has
been shown by Penrose in [180], where he proved that, for certain nonequilibrium
initial conditions, each component of the solution of (19) remain exponentially close
to the initial condition for a time that is exponentially long in (ρ−ρs)

−1, after which
it converges to the critical equilibrium. This is a metastability behaviour that, in
some sense, agrees with the physical fact that nucleation processes in supersaturated
mixtures are exceedingly slow processes.

The occurrence of metastability behaviour is an interesting feature of the Becker-
Döring system. Another very interesting and challenging problem is to know what
happens to the solution for times so large that all possible metastability regimes have
elapsed. So, the problem is to understand how do the excess density ρ −ρs spreads
to larger and larger clusters once the solution “starts to move”. This problem of
evolution of large clusters has been studied, in the small excess density regime, by
several authors [130, 166, 167, 168] striving to get rigorous proofs to the pioneering
work Penrose and collaborators [181, 183] who established the relation of the large
time asymptotic of small excess density solutions with solutions to the Lipschitz-
Slyozov-Wagner equation of Oswald ripening [149, 214]. Thedetailed presentation
of the existing rigorous results on this very interesting hydrodynamic limit of the
Becker-Döring (as yet with no parallel in more general coagulation-fragmentation
models) would take too long. In what follows we will just attempt to give an heuris-
tic idea of the approach.

A very crude formal computation suggests a possible connection: if one consid-
ers extremely large clusters sizesj, then j − 1 and j are extremely close to each
other and, consideringj as a continuous real variable, the right-hand side of the
equation for thej-cluster in the Becker-Döring system is roughly equal to−∂ jJ, so
the equation itself is∂tc+ ∂ jJ = 0; the assumptions about the reaction coefficients
a j andb j determine the way the fluxJ depends onc(t, j), and the monomer dynam-
ics is determined by density conservation. To make more precise this idea, let us
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take the following situation, considered in Penrose’s approach to the modelling of
first-order phase transitions:

(i) a j = jα , for someα ∈ [0,1).
(ii) b j = a j

(

zs+q j−γ), for constantszs,q> 0, andγ ∈ (0,1).

The more precise heuristic argument is roughly the following [166, 180, 202]: since
we are considering large times, consider a new time scaleτ := ε1+γ−α t, with a
small positive parameterε → 0.Adequately choosing a separationj∗ = j∗(ε)→+∞
between small and large clusters, we consider the large cluster sizes j > j∗ as a
continuous variablex = ε j and introduce the rescaled functionsν(τ,x), υ(τ,x),
andu(τ), such thatc j(t) = ε2ν(τ,x), Jj(c) = ε2+α−γυ(τ,x), andc1 = zs+ εγu(τ),
respectively. The equation for large cluster sizes becomes, in the limit ε → 0,

∂τ ν + ∂x

(

xα(u−qx−γ)ν
)

= O(1). (98)

In the other hand, density conservation and a judicious choice of j∗ lead to, in the
limit ε → 0,

∫ ∞

0
xν(τ,x)dx= ρ −ρs+O(1), (99)

which is equivalent to

u(τ) =
q
∫ ∞

0
xα−γν(τ,x)dx

∫ ∞

0
xα ν(τ,x)dx

,

at least for some relation betweenα andγ [166].
System (98)-(99) is the classic Lipschitz-Slyozov-Wagnermodel. We direct the

interested reader to the references above for the precise statement and proof of this
result.

3.2 Self-similar behaviour of solutions

Contrasting to what happens with the coagulation-fragmentation system, in Smolu-
chowski’s coagulation equations it is easy to prove that theidentically zero sequence
is the only non-negative equilibrium, and the proof that every solutions converges,
in the weak-∗ sense, to this equilibrium ast → ∞ is also elementary (cf. below, and
Subsection 3.2.1).

The zero sequence has density equal to zero and, being this density value the
largest for which there is an equilibrium, it can be considered the critical density of
the system and so, in a sense, all non-zero solutions are supercritical. So, the prob-
lem considered in the closing part of last subsection, namely how does the excess
density is spread to larger and larger cluster sizes ast → ∞, is also relevant in the
Smoluchowski’s equation setting, where its concretization has taken the form of the
investigation of self-similar behaviour of solutions, i.e., the existence of a function
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(or family of functions) for which, after an appropriate rescaling of the variables, all
solutions converge whent → ∞. This problem, of clear scientific importance, has
received a good deal of attention in the mathematical modelling community (cf.,
e.g. [71, 72, 96, 144, 145, 146, 150, 217] and ref. cit.) but important progresses in
its rigorous analysis are much more recent. In what follows we will review some of
these.

3.2.1 Similarity behaviour in Smoluchowski’s coagulationequations

Let us start by justifying the sentence above about the triviality of the convergence
to equilibria in the Smoluchowski system:

Theorem 14 [36] Let a j , j > 0 for all j . Let c be a solution of (34) in[0,∞) with

c0 ∈ X+
1 . Then c(t)

∗
⇀ 0 as t→+∞.

Sketch of proof:The heuristic idea is clear enough: since the coagulation process
entails the increase of the clusters’ mean size (cf. Section1.2) we expect the total
density of clusters with sizes below any arbitrarily fixed value to decrease with time.
The convergence proof is based in this monotonicity property.

Let c be a solution of (34) and, for eachn∈ N, let us consider

pn(t) :=
n

∑
j=1

jc j(t). (100)

This function measures the total density at timet of clusters with size not larger than
n. By (100) and the definition of solution we get, for allt,τ ≥ 0,

pn(t + τ)− pn(t) =−
∫ t+τ

t
∑
T4

1,n

ja j ,kc j(s)ck(s)ds≤ 0, (101)

whereT4
1,n was defined in page 35. Ascn(t) and pn(t) are non-negative functions,

there exists a non-decreasing positive sequence(p̄n) such thatpn(t) → p̄n when

t → +∞. Sincecn(t) =
pn(t)−pn−1(t)

n , these functionscn(t) also converge to some

constants, ¯cn := p̄n− p̄n−1
n ≥ 0, ast → +∞. By induction in the coagulation equation

integrated in[t, t + τ] the conclusion that ¯cn ≡ 0 is easily reached [36].
We are now interested in knowing whether or not solutions to (34) converge to

the zero solution in a self-similar way. In a slightly more precise maner: under what
conditions there exists a functionΦ such that, for a large class of initial conditions,
the corresponding solutions to (34) satisfy

c j(t)≈ ς(t)−aΦ( jς(t)−b), ast →+∞ and j →+∞, (102)

whereς(·) is a positive increasing function, anda andb are positive constants?
Not much is rigorously known about the problem in this general setting. What we

present next are answers for certain particular coefficients a j ,k (constant, additive,
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product) for which rigorous and fairly complete answers have been obtained, and
then point to very recent rigorous analysis for systems withmore general classes of
rate coefficients.

We start by the constant coefficient case8, a j ,k = 2. This case was studied by
Kreer and Penrose [117] and by da Costa [47] using an idea firstintroduced by
Lushnikov [150] which is based in exploiting the generatingfunction

ϕ(z, t) :=
∞

∑
j=1

c j(t)z
j , |z| ≤ 1. (103)

Observe that (103) is the discrete Laplace transform∑∞
j=1c j(t)e− jw, (Re(w) ≥ 0),

of the solutionc of (34). It is easy to prove thatϕ is solution of the initial value
problem

{

d‖c‖0
dt =−‖c‖2

0
∂ϕ
∂ t = ϕ2−2‖c‖0ϕ

(104)

with ‖c(0)‖0 = N0 := ‖c0‖0 andϕ(z,0) = φ(z) := ∑∞
j=1c0 jzj , from which we im-

mediately conclude that

ϕ(z, t) = t−2 1
N0+ t−1

φ(z)
N0+ t−1−φ(z)

. (105)

Sinceϕ(·, t) is an analytic function on the unit open ballB1 ⊂ C, we use Cauchy’s
integral formula to write

t2c j(t) =
1

2π i
1

N0+ t−1

∮

γ0

1
zj+1

φ(z)
N0+ t−1−φ(z)

dz, (106)

whereγ0 = {z∈ C : |z| = r0 < 1}. In order to conclude something about the long-
time behaviour of the right-hand side of (106) we need to knowthe behaviour of
the zeros ofF(z,τ) := N0+ τ −φ(z) asτ → 0. With the additional hypothesis of an
exponentially decaying initial conditionc0 j ≤A(1+∆)− j , for some constantsA≥ 0
and∆ ∈ (0,1), it can be proved that, for all sufficiently smallτ there existsq simple
zeros ofF(z,τ), zk(τ), satisfying|zk(τ)| > 1 andzk(τ) = ωk

q

(

1+ 1
‖c0‖1

τ +O(τ2)
)

,

whenτ → 0, whereωq is theqth root of unity,e2π i/q; all the remaining roots of
F(z,τ) are in the exterior ofB1 and keep a distance uniformly positive fromB1 when
τ → 0. The positive integer constantq is given byq= gcdJ (0), whereJ (0) is
the set of subscriptsj for which c0 j > 0 (cf. statement of Theorem 1). With this
result and the representation formula (105) it is not difficult to prove the following:

Theorem 15 [47, 117] Let aj ,k ≡ 2 and consider a non-negative exponentially de-
creasing initial condition c0 ∈ X+

1 . Let q andJ (0) be as above. Thus, the solution
c of (34) has the following self-similar behaviour:

8 The value of the constant is irrelevant for the result since it can always be transformed into
another value by a time rescaling. The choice we make simplifies the computations a bit.
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lim
j, t →+∞

ξ = j/t fixed
j ∈ spanN0

J (0)

t2c j(t) =
q

‖c0‖1
e−ξ/‖c0‖1. (107)

A version of this result valid for the continuous Smoluchowski’s equations, was
also proved by Kreer and Penrose in [117], also for exponentially decaying initial
data. The same behaviour occurs with the obvious changes of notation:

lim
j, t →+∞

ξ = j/t fixed

t2c(x, t) =
1

‖c(x,0)‖1
e−ξ/‖c(x,0)‖1. (108)

If the coefficientsa j ,k (or a(x,y)) are not constants, or if the initial condition
does not decay exponentially, the above technique is not applicable. In these cases,
only recently the rigorous analysis of the self-similar behaviour of solutions was
achieved, in a number of notable papers by Menon and Pego [159, 160, 161] (see
also [179]). These works use a more general notion of solution, in terms of measures,
allowing for the simultaneous consideration of the discrete and the continuous cases
of the Smoluchowski’s equation. Using the modified Laplace transformϕ(z, t) :=
∫ ∞

0 (1− e−zx)νt(dx), whereνt (dx) = c(x, t)dx is the finite measure on(0,∞) that
describes the cluster size distribution, Menon and Pego proved the following:

Theorem 16 [179] Let a(x,y) ≡ 2, and t0 = 1 and consider initial data satisfying
∫ ∞

0 ν1(dx) = 1. Let νt(dx), be a finite measure solution of (5)-(6), and let Ft be the
probability distribution function

Ft(x) :=

∫ x
0 νt(dy)
∫ ∞

0 νt(dy)
= t
∫ x

0
c(t,y)dy. (109)

1. Suppose there exists aλ (t) → ∞ and a probability distribution F∗ such that
F∗(x)< 1 for some x> 0, and

Ft(λ (t)x)→ F∗(x), ast → ∞, (110)

in its points of continuity. Then
∫ x

0
yν1(dy)∼ x1−ρL(x), asx→ ∞, (111)

for some constantρ ∈ (0,1] and some function L slowly varying at infinity [87,
pp. 275-9].

2. Reciprocally, suppose (111) is true. Then (110) holds, with

F∗(x) := Fρ(x) =
∞

∑
k=1

(−1)k+1xρk

Γ (1+ρk)
, (112)

being a Mittag-Leffler distribution [87, page 453], whose Laplace transform is
∫ ∞

0 e−zxF∗(dx) = 1
1+qρ .
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Observe that Theorem 16 provides a classification of all possible self-similar
solutions of the Smoluchowski’s equation with constant coefficients, which are so-
lutions of the type

c(t,x) = t−1−1/ρnρ
(

t−1/ρx
)

, ρ ∈ (0,1], (113)

wherenρ(·) = F ′
ρ(·) is the Mittag-Leffler distribution density (112).

Using the Laplace transform, the self-similaransatzlike (102) for the transform,
and separation of variables, it is easy to check that the functions (113) are in fact
solutions to (5)-(6).

It is interesting to observe that ifν1(dx) has finite density, thenρ = 1 andF1(x) =
1−e−x, corresponding to the solutionc(t,x) = 1

t2
e−x/t . Compare this with (108).

This result is similar to the Central Limit Theorem. The distributionsFρ with
ρ ∈ (0,1) have infinite density and correspond to Lévy’s stable distributions.

Menon and Pego also proved that the convergence to the self-similar limit is
uniform in the similarity variablext :

Theorem 17 [160] Let c(1,x)> 0, be an initial condition satisfying
∫ ∞

0 c(1,x)dx=
∫ ∞

0 xc(1,x)dx= 1. Suppose the Fourier transform of xc(1,x) is integrable. Then

lim
t→+∞

sup
x
t >0

x
t

∣

∣

∣
t2c(t,x)−e−x/t

∣

∣

∣
= 0.

An improved version, establishing convergence in a stronger topology and provid-
ing an upper boundKt−δ for the rate of this convergence to zero was obtained by
Cañizo, Mischler and Mouhou on [33]. The result of this theorem is also valid,mu-
tatis mutandis,for the solutions of the discrete system (cf. [160, Theorem 2.2]).

Results similar to those above were also proved by Menon and Pego [159] for the
two solvable types of coefficients (additivea(x,y) = x+y, and producta(x,y) = xy)
for which they also obtained a complete characterization ofthe self-similar attractor
[161]. For these kernels the rate of the convergence stated in the theorem was proved
to be exponential by Ravi Srinivasan [207] also using methods based on the Laplace
transform in an approach that is analogous, in spirit, to theBerry-Esséen theorem
when one considers the result in theorems 16 and 17 as a Central Limit Theorem for
the clusters distributions.

The first rigorous proofs of existence of self-similar solutions for non-solvable
kernels are by Fournier and Laurençot [90] and Escobedo andcollaborators [82],
who proved the existence of (but not the convergence to) self-similar solutions to the
continuous system (5)-(6). Their approach is different from those presented above,
not resorting to Laplace transforms, and returning to an idea commonly used in
the mathematical modelling and physics literatures [72, 144], which is to use the
ansatz(102) directly in (5)-(6) in order to obtain an integro-differential equation
for the self-similar profileΦ(·), and to prove that, for certain types of coefficients,
this equation has a non identically zero weak solution. Thisis an extremely natural
approach from a mathematical perspective and was certainlyattempted before; the
fact that only in [82, 90] this idea could have been set on a firmbasis attests to
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the very demanding technical difficulties its concretization involves. We will now
present a very brief description of the result and approach of [90].

Write
c(t,x) = ς(t)−2Φ(ς(t)−1x) (114)

and assume the coagulation coefficients satisfy the homogeneity condition

a(ux,uy) = uλ a(x,y), ∀u,x,y∈ R+, (115)

for some real constantλ .
Substituting (114) into (5)-(6) and using (115) the following equation arises

γ
d
dx

(

x2Φ(x)
)

+ xQc(Φ)(x) = 0 (116)
∫ ∞

0
xΦ(x)dx= ρ , (117)

for the unknown functionΦ and the real positive unknowns(γ,ρ).
It is easy to conclude that, if(Φ,γ,ρ) is a solution of (116)-(117), then each

of the elements of the two parameter family
(

aΦ(bx),aγb−1−γ ,aρb−2
)

is also a
solution of (116)-(117). This means that, without loss of generality, we can consider
γ = 1

1−λ ,ρ = 1.
A non-negative functionΦ ∈ L1(0,∞,xdx) is a weak solution of (116) ifΦ ∈

L1(0,∞,x2dx), if (x,y) 7→ xya(x,y)Φ(x)Φ(y) ∈ L1(R+×R+), and if

γz2Φ(z) =
∫ z

0

∫ ∞

z−x
a(x,y)xΦ(x)Φ(y)dydx, (118)

for almost allz∈ R+. Thus, if Φ is a weak solution of (116) we have, for every
φ ∈C1

b([0,∞)),

γ
∫ ∞

0
x2Φ(x)φ ′(x)dx=

∫ ∞

0

∫ ∞

0
xa(x,y)(φ(x+ y)−φ(x))Φ(x)Φ(y)dydx. (119)

From a technical viewpoint, it is more suitable to consider the unknown function
Φ̃(x) = xΦ(x) instead ofΦ(x), and, instead of (119), to write the weak version of
(116) as

γ
∫ ∞

0
xΦ̃(x)φ ′(x)dx=

∫ ∞

0

∫ ∞

0

a(x,y)
y

(φ(x+ y)−φ(x))Φ̃(x)Φ̃(y)dydx. (120)

The main result of [90] is the following:

Theorem 18 [90] Consider coagulation coefficients satisfying any one of the fol-
lowing conditions:

(i) a(x,y) = (xα + yα)(x−β + y−β ), α ∈ [0,1),β ∈ R+,λ = α −β ∈ (−∞,1)
(ii) a(x,y) = (xα + yα)β , α ∈ [0,∞),β ∈ R+,λ = αβ ∈ [0,1)
(iii) a (x,y) = xαyβ + xβ yα , α ∈ (0,1),β ∈ (0,1),λ = α +β ∈ (0,1)
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Letγ = 1
1−λ ,ρ = 1. Then, there exists a positive weak solutionΦ of (116)-(117) and

the function cs(x, t) := t−2γΦ(xt−γ ), with x, t > 0, is a (self-similar) weak solution
of (5)-(6) with unit density for all t> 0.

The proof by Fournier and Laurençot starts by the followingdiscretization of
(120),

− γ
n

(

i11≤i≤n2−1 fi+1− (i −1) fi
)

=
i−1

∑
j=1

1
j
a
( i − j

n
,

j
n

)

fi− j f j −
n2−i

∑
j=1

1
j
a
( i

n
,

j
n

)

fi f j .

Considering the solutions of this system ofn2 equations as the stationary solu-
tions of an appropriate system of ordinary differential equations, one concludes the
existence of a non-negative solutionf = f̃ n satisfying

n2

∑
i=1

f̃ n
j = 1, ∀n.

Using the solutions̃f n, the following sequence of probability measures indexed by
n is constructed

Φ̃n(dx) =
n2

∑
i=1

f̃ n
i δi/n(dx), (121)

and thea priori estimate

sup
n≥1

∫ ∞

0
xσ Φ̃n(dx)< ∞, (122)

is proved, where the domain of the parameterσ depend of the type of coefficient,
(i), (ii) or (iii), considered. From (121) and (122) one deduces the tightness of the
sequence

(

Φ̃n(dx)
)

and thus the existence of a probability measureΦ̃(dx) and a
subsequence

(

Φ̃nk(dx)
)

such that, for all functionsφ ∈C1
b([0,∞)), it holds that

lim
k→∞

∫ ∞

0
φ(x)Φ̃nk(dx) =

∫ ∞

0
φ(x)Φ̃(dx).

The last step in the proof is to establish thatΦ̃ is a weak solution of (120) and thus

Φ(x) = Φ̃(x)
x is a weak solution of (116)-(117).

The problem of self-similar dynamic behaviour in (5)-(6), i.e., the convergence of
a “generic” solution of (5)-(6) to the self-similar ones, whose existence was proved
in Theorem 18, is still largely open.

A natural approach to study this stability problem would be to consider a trans-
formation like the following one, more general than (114),

c(t,x) = ς(t)−2ϕ(logς(t),ς(t)−1x),

and, substituting in (5)-(6), to obtain an evolution equation for ϕ that would al-
low to prove that, for an appropriate notion of convergence,ϕ(logς(t), ·)−→ Φ(·),
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whent →+∞. This idea was successfully implemented, in the framework ofweak
convergence inL1, in the case of constant coefficientsa(x,y) ≡ 1, using Lyapunov
functions whose construction were strongly dependent of the known form of the
limit Φ, [134], which turns the potentially promising method useless if the form of
Φ is not known. The idea was also applied with success in the prove of existence and
stability of self-similar solutions in the Oort-Hulst-Safronov equations with constant
[127], with additive [9], and with multiplicative [128] coefficients.

A number of recent studies have greatly enhanced our understanding of the
self-similar behaviour of Smoluchowski’s equation with non-solvable kernels. It
was established by Fournier and Laurençot in [91] that, forsum type kernels
a(x,y) = xλ +yλ , with λ ∈ (0,1), the self-similar profileη 7→ Φ(η) proved to exist
in [82, 90] is continuously differentiable inR+ decay exponentially fast asη → ∞
and is singular atη → 0. Further improved results on the behaviour of the profile
Φ(η) whenη → 0 were obtained in [32, 170] and whenη → ∞ in [173]. A very in-
teresting, albeit formal, study of the behaviour of the density conserving self-similar
profiles in the limitη → 0 was published in [157].

The regularity of self-similar profiles in [91] was greatly improved by Cañizo
and Mishler [32] who proved that, ifa(x,y) = xαyβ + xβ yα , with −1< α ≤ β < 1
andα +β ∈ (−1,1), then the profiles areC∞(R+). Some results on the uniqueness
of self-similar profiles have also been established [32, 172].

The existence of self-similar fat tail solutions (i.e., non-exponentially decaying
profiles, as exists for solvable kernel equations) has been proved by Niethammer
and Velázquez for diagonal kernels, in [169], and more recently, in [171], for homo-
geneous kernels satisfyinga(x,y)≤C(xλ + yλ ), with λ ∈ [0,1).

Most of these papers use anansatzlike (114) in order to get an equation for the
profile Φ that is then exploited recurring to a variety of means, comprising among
other tools, rather delicate estimates and adequately carved fixed point theorems.
We direct the reader to the original papers for the statementof the results and to
fully appreciate the beauty and difficulty of their proofs.

With the exception of the exact casea(x,y) = xy, studied by Menon, Pego, and
Srinivasan [159, 161, 207], all the above results correspond to systems for which so-
lutions conserve density. The general problem of conservation, or non-conservation,
of density will be treated in Section 4. Here we just briefly refer to a recent work
by Breschi and Fontelos [25] which is the first rigorous proofof existence of self-
similar solutions for a non-exact kernel for which solutions do not conserve density
for all times, namelya(x,y) = (xy)1−ε , with ε ≪ 1. With these coefficients there
exists a timeTg before which all solutions conserve density, but density decrease
afterwards (cf. Theorem 21 in Section 4). In [25] the authorsstudy the existence of
self-similar solutions fort < Tg; in particular they prove, among other things, that,
with these coefficients, the Laplace transform of Smoluchowski equation results
in a nonlocal Burgers’ equationω(λ , t) = 1

2∂λ
(

D−ε
λ ω(λ , t)

)2
, whereω(λ , t) :=

−
∫ ∞

0 (e−λ x − 1)xc(x, t)dx, andD−ε
λ is a nonlocal operator. If one proves that this

Burgers’ equation has self-similar solutions of the formω(λ , t) = (Tg− t)α ψ (ξ ) ,
where ξ := λ (Tg − t)−β , one can use the inverse Laplace transform to prove
that the original Smoluchowski equation has a corresponding self-similar solution
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Φ(η) = 1
2π i

1
η2

∫ i∞
−i∞ eξ ηψ ′(ξ )dξ . The equation satisfied byψ is the following ordi-

nary differential equation

−((1−2ε)β −1)ψ(ξ )+β ξ ψ ′(ξ ) =
1
2

d
dξ

(

D−ε
ξ ψ(ξ )

)2
,

the (rather non-trivial) analysis of which, using perturbative functional analytic tech-
niques, is one of the accomplishments of [25].

3.2.2 Similarity behaviour in addition models with input of monomers

Another system for which the self-similar behaviour of solutions has been studied
is the “addition model”, referred to in page 30, with input ofmonomers. Its kinetics
consists of the Smoluchowski’s coagulation equation wherethe only coefficients
that are eventually non-zero are those corresponding to reactions between clusters
and monomers:a j ,k = 0 if j ∧ k > 1. This kind of models are extensively used in
studies of the early stages of submonolayer epitaxial growth, where a thin layer of
a material is built on the surface of a crystal by bombarding it with monomers (see,
for example, [10, 16, 101]). This is an extremely important technological process
and has been theoretically modelled by a variety of techniques.

Using the notation adopted for the Becker-Döring system (cf. page 12) the mean
field approach to these processes by coagulation equations consists in the following
addition model







ċ1 = J1(t)−a1c2
1− c1

∞

∑
j=1

a jc j

ċ j = a j−1c1c j−1−a jc1c j , j ≥ 2,
(123)

whereJ1(t) is a function describing the input rate of monomers.
The first rigorous studies of the self-similar behaviour of solutions to systems like

(123) are relatively recent [54, 57, 58, 62, 195] and only forthe case of constant rate
coefficientsa j ≡ 1, and for monomer input rate of polynomial-like typeJ1(t) = (1+
ε(t))αtω , whereα > 0 andω are real constants andε(·) is a continuous function
converging to zero at infinity. The methods used in these works are distinct from
those presented above and are based, in an essential way, in the fact that by defining
the auxiliary variable

c0 :=
∞

∑
j=1

c j , (124)

the equation (123) can be written as






ċ0 = (1+ ε(t))αtω − c0c1,
ċ1 = (1+ ε(t))αtω − c0c1− c2

1,
ċ j = c1c j−1− c1c j , j ≥ 2.

(125)
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The essential observation is that (125) can be studied by decoupling the system
with the first two equations, for the variables(c0,c1), from the remaining infinite
dimensional system for the variablesc j(t) with j ≥ 2. Furthermore, considering in
this last system the change of time scale defining byt 7→ ς(t) :=

∫ t
t0

c1(s)ds, the
infinite system is transformed in the lower triangular linear system

c̃ j
′ = c̃ j−1− c̃ j , j ≥ 2, (126)

wherec̃ j(ς) := c j(t(ς)). Clearly, (126) can be explicitly solved by the variation of
constants formula to get

c̃ j(ς) = e−ς
j

∑
k=2

ς j−k

( j − k)!
ck(0)+

1
( j −2)!

∫ ς

0
c̃1(ς − s)sj−2e−sds. (127)

Hence, to study the self-similar behaviour of solutions to (123) we can exploit the
representation formula (127) if the needed information about the behaviour of the
component ˜c1(ς) of the solution is known, and this can in principle be obtained from
the study of the long-time behaviour of solutions to the two-dimensional system

{

ċ0 = (1+ ε(t))αtω − c0c1

ċ1 = (1+ ε(t))αtω − c0c1− c2
1.

(128)

The result obtained in [54, 58] using this approach is the following:

Theorem 19 [54, 58] Let aj ≡ 1 and J1(t) = (1+ ε(t))αtω , with α > 0, ω > − 1
2,

and ε(t) a continuous function such thatε(t) → 0 when t→ +∞. For r0 := 1−ω
2+ω ,

define Q0(ω) :=
(

3
(1+2ω)α

)
1

2+ω (2+ω
3

)r0 . Let(c j) be a solution to (123) with initial

condition cj(0) ∈ X0, and letς(t) andc̃ j(ς) be as above. Then

(i) lim
j, ς →+∞

η = j/ς fixed
η 6= 1

Q0(ω)ς r0 c̃ j(ς) = Φ1,ω (η) :=

{

(1−η)−r0 , if 0< η < 1
0, if η > 1,

(ii) Furthermore, if cj(0) = 0 when j≥ 2, then

lim
j, ς →+∞

ξ = j−ς√ς fixed
ξ ∈ R

(π
2

)
1
2
Q0(ω)ς

1
2 r0 c̃ j(ς) = Φ2,ω (ξ ) := e−

1
2ξ 2
∫ +∞

0
y1−2r0e−ξy2− 1

2y4
dy.

In Figure 9 we present the graphs of some similarity profilesΦ1,ω andΦ2,ω for
several values of the parameterω . It is interesting to observe that the functionsΦ2,ω
can be thought of as something like an inner expansion for thejump discontinuity
that exists in the functionsΦ1,ω at η = 1 whenω ≤ 1.

Sketch of proof:In order to use (127) to get the seeked for conclusions we needto
know not only the limit of ˜c1(ς) whenς → +∞, but also its rate of convergence.
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η

ω = 1

ω > 1

ω < 1

1

1
ω = 0.99

ω =−0.342

1

2

2 4−2−4−6 ξ

Fig. 9 Graphs of the similarity limits in Theorem 19.
On the left:Φ1,ω for values ofω below and above 1 in steps of 0.1;
On the right:Φ2,ω with ω from −0.342 to 0.99 in steps of 0.148.

In order to obtain this information a detailed study of the long-time behaviour of
the solutions of (128) is needed. In the autonomous case (ω = 0 andε(t)≡ 0), this
study can be done using invariant regions for the dynamics of(128), a change of
variables suggested by Poincaré’s compactification and the use of central manifolds
techniques [57], or else using only elementary (but somewhat more elaborate) argu-
ments based on invariant regions and monotonicity [52]. Forthe non-autonomous
case all of these approaches do not seem to be applicable and the study uses an
ansatzfor a non-autonomous change of variables that is suggested by Wattis in
[218]. In the new variables system (128) takes the form

{

x′ = (1+ ε(τ)− xy)−Aτ−
1
2 x2+Bτ−1x

y′ = (1+ ε(τ)− xy)·Aτ−
1
2 −A2τ−1y,

(129)

where τ is the new time, related with the variablet used in (128) bydτ
dt =

(

3α2

1+2ω

)1/3
t

1+2ω
3 , the constantsA andB are defined byA :=

(

1+2ω
4+2ω

)
1
2 , andB :=

1−ω
4+2ω , respectively, and the vector(x,y) is obtained from(c1,c0) by the same non-
autonomous change of variables. Exploiting some differential inequalities, the be-
haviour of the auxiliary functionsh := xy andb := y−Aτ−

1
2 x along solutions, and

methods from the qualitative theory of ordinary differential equations, leads to the
following [58, 54]:

(

3
α(1+2ω)

) 1
3

t
1−ω

3 c1(t)
t→+∞−→ 1. (130)

Using (130) and the change of variablest 7→ ς we conclude that

Q0(ω)ς r0 c̃1(ς)
ς→+∞−→ 1, (131)

and using this result and appropriate estimates for the sum and the integral of (127)
we obtain the similarity limits stated in the theorem.
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What happens if the monomers input rate is slower than the stated in Theorem 19
is studied by Sasportes in [195], where he concludes that ifω = − 1

2 there exists a
self-similar profile for the variableη , correspondent to (i) in Theorem 19, and the
limit:

lim
j, ς →+∞

η = j/ς fixed
η 6= 1

(1/2)1/3(3/α)2/3ς(logς)2/3 c̃ j(ς) = Φ1,−1/2(η).

However, the limit in (ii), for that similarity variable, does not exist.
The kind of self-similar behaviour presented in Theorem 19(i) seems to be valid

also whena j = j p with p < 1. Although a rigorous proof is lacking, non-rigorous
formal computations [51] seem to suggest that, for certain functionsQp(ω) and

A(ω , p), for rp =
1−ω(1−p)
(2+ω)(1−p) , and for the time scaleτ =

(

(3−2p)A(ω,p)
2+ω

)
1

1−p
t

2+ω
3−2p , it

could be true that

lim
j, ς →+∞

η = j/ς fixed
η 6= 1

Qp(ω)ς rp c̃ j(ς) = Φ1,ω,p(η) :=

{

η−p
(

1−η1−p
)−rp , if η < 1

0, if η > 1.

An important feature of many physical systems that is definitely not considered in
the simple model (123) is the existence of a critical clustersize below which clusters
are very unstable and do not exist. The first rigorous approach to the modelling of
this phenomenon in the framework we are considering was proposed recently by
Costin and co-workers in [62], where the following system, analogous to (123) but
with constant input of monomers, constant reaction rates, and a critical cluster size
n> 2, was considered:















ċ1 = α −ncn
1− c1

∞

∑
j=n

c j

ċn = cn
1− c1cn

ċ j = c1c j−1− c1c j , j > n.

(132)

Again, as in (123), the definition of an auxiliary variableX(t) := ∑∞
j=nc j(t) allows

for the decoupling of (132) into a two-dimensional and an infinite dimensional that
can be solved recursively. The qualitative methods used in [52, 57] for the determi-
nation of the exact long-time convergence rates of solutions of (123) do not seem to
work in this case. However, a careful rigorous asymptotic analysis was possible to
implement fully and the following self-similar behaviour was obtained in [62]:

lim
j, ς →+∞

η = j/ς fixed
η 6= 1

(n/α)(n−1)/nς (n−1)/n c̃ j(ς) =
{

(1−η)−(n−1)/n , if 0 < η < 1
0, if η > 1.

Observe that ifn= 2 the result of Theorem 19(i) is recovered.
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4 Density conservation and gelation

More than once in this chapter we referred to problems and results related to the
conservation, or non conservation, of the solution densitythrough time evolution.
The problem of characterizing the rate coefficients and the initial data for which
there is conservation of density, or lack thereof, has been one of the main open
problems in the mathematics of coagulation-fragmentationfor many decades. Only
from the late 1990s was real significant progress made, first by Jeon [110], using
probabilistic methods, and afterwards by Escobedo, Mischler and Perthame [81]
and by these authors together with Laurençot [80], using purely analytic methods.

Seeing the coagulation-fragmentation equations as a modelfrom chemical kinet-
ics it is all too natural to expect the density of solutions tobe a time invariant, due
to mass conservation in each elementary reaction. In fact, proceeding in a formal
way, if we substitute (4), (14) and (16) into∑∞

j=1 j ċ j we obtain∑∞
j=1 j ċ j = 0, with

an analogous formal result being valid for the continuous version of the equations.
The attempts to turn these formal computations rigorous were faced, from the

beginning, with mathematical difficulties, perhaps unexpected, which resulted in
that, for many years, the results available in the literature were formal studies (cf.
e.g. [77, 83, 106, 227]), rigorous studies of particular cases [26, 27], and examples
of solutions that did not conserve density [147, 148]. All these studies were for
Smoluchowski’s equation with product type coagulation kernels growing fast with
the cluster size. We will start by a brief review of the first mathematically rigorous
studies.

The first results on the existence of solution to Smoluchowski’s coagulation sys-
tem, proved by McLeod in the beginning of the 1960s [154, 155,156] considered
coagulation coefficientsa j ,k = r j rk and an initial conditionc0 j = δ j ,1. The condi-
tion considered in those studies on the finiteness of the solutions’ second moment
‖c(t)‖2 < ∞ implied that, whenr j = j, the maximal interval of existence is[0,1),
when r j ≤ j it contains[0,e−1], and whenr j = jq j , with q j → +∞, there is no
solution in any non degenerate time interval. Observe that,whena j ,k ≤ jk, the re-
quirement of finite second moment easily implies density conservation of the solu-
tion (cf. (68)) and, in fact, waving this condition Leyvraz and Tschudi proved [147]
that for r j = j McLeod’s solution can be continued fort > 1, using to that end the
generating function

G(t,z) :=
∞

∑
j=1

ϕ j(t)z
j , where ϕ j (t) := jc j (t)e

j
∫ t
0 ‖c(s)‖1ds.

This generating function is a solution of the equation

∂G
∂ t

= zG
∂G
∂z

, z∈ (0,1), t > 0,

with G(0,z) = z. As this problem can be integrated by the method of characteristics
to obtain an explicit expression forG, from which we then obtainϕ j and hencec j .
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The final result is Leyvraz-Tschudi’s solution:

c j(t) =























j j−2

j!
t j−1e− jt , if 0 ≤ t ≤ 1

j j−2e− j

j!
1
t
, if t > 1,

(133)

for which an easy computation results in

‖c(t)‖1 =

{

1, if 0 ≤ t ≤ 1
t−1, if t > 1.

Thus, Leyvraz-Tschudi’s solution does not conserve density for t > 1. This same re-
sult was later re-derived by Slemrod [200] without recourseto generating functions.

It is very interesting to observe that the nonconservation of density happens at a
finite time (in Leyvraz-Tschudi’s solution, att = 1) and not at the long-time limit,
t →+∞, as in the Becker-Döring and the coagulation-fragmentation equations with
weak fragmentation. The physical interpretation is analogous: the missing density
‖c(0)‖1−‖c(t)‖1 corresponds to the runaway of part of the density to entitieswhose
sizes are not described by subscriptsj ∈ N (or x ∈ R+ in the continuous version),
which means that they are, from the physical point of view, incommensurably larger
than everyj. This “infinite cluster” is interpreted in the physics literature as a differ-
ent macroscopic phase, called agel,and its occurrence is called the sol-gel transition
or gelification. The smallest timeTg ≥ 0 after which density conservation no longer
holds is called the geling time9.

The above interpretation for the finite time break down of density conservation
also suggests that such a phenomenon occurs when the coagulation coefficients
grow fast with the cluster sizes. In fact, Leyvraz showed in [148] that, if r j = jα ,
with α > 1

2, then there exists a solution of (34) with a specially chosen initial con-
dition, for whichTg = 0. This result, as well as those above are examples of non
density conserving solutions with very particular initialdata; nevertheless they are
historically important because for many years they were essentially the only rigor-
ous examples known of solutions exhibiting a behaviour thatwas generally believed
to hold for all non zero solutions to (34) whena j ,k ≥ ( jk)α with α > 1

2.
The caseα > 1 was first studied by van Dongen [69] and rigorously proved by

Carr and da Costa [35]:

Theorem 20 [35] Let CL( jα + kα) ≤ a j ,k ≤ CU( jk)β , with constants CL, CU > 0
andβ > α > 1. Let c be a solution of (34) in[0,T) with c0 6= 0. Then, c does not
conserve density in any time interval[0, t∞), ∀t∞ ≤ T.

Sketch of proof:The basic idea of the proof is an argument by contradiction using
higher moments: assuming thatc is a density conserving solution in an interval

9 There is an analogous behaviour of loss of mass in the pure fragmentation system, called “shatter-
ing” and interpreted as a loss of mass to infinitesimal clusters. We shall not consider this behaviour
here, directing the interested reader to the literature, e.g., [7, 89, 152].
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[0, t∞) and using the lower bound for the coefficients it is possible to prove that, for
all p> 1,

∞

∑
j=m

j pc j(t)≤ ‖c0‖1

∞

∑
j=m

j p−1e−CL‖c0‖1 j1−α (ε−t)/2, (134)

where 0< t < ε < t∞ andm is sufficiently large.
Obviously (134) implies that all moments‖c(t)‖p are finite in(0, t∞) and this is

the result that is at the centre of the contradiction becausethe lower bound on the
coefficients, the hypothesis of density conservation, and Hölder’s inequality imply
that,∀δ , t,τ ∈ (0, t∞) with δ < t ≤ τ,

‖c(t)‖p−‖c(δ )‖p ≥ pCL‖c0‖1− α−1
p−1

∫ t

δ
‖c(s)‖1+ α−1

p−1
p ds,

from which we get a blowing up time for‖c(t)‖p, T(p), with lim p→+∞ T(p) ≤ δ .
For many decades the only rigorous results for the caseα ∈

(1
2,1
]

were the
particular solutions in [147, 148], already referred to. Anattempt by da Costa [49]
to prove that the same behaviour would occur for all solutions, based in a dynamical
systems approach, resulted in the identification of a largerfamily of gelling solutions
but did not solve the problem, although it had some use in the numerical analysis of
the gelling phenomenon [8]. For the continuous system Laurençot [125] considered
a(x,y) = r(x)r(y)+α(x,y) with α(x,y)≤ Ar(x)r(y) andr(x)≥ Rx, and proved that
all solution exhibit gelation and obtained some results about the density decay and
the gelification time.

In other works fragmentation was also included. Recall that, in [46] it was proved
that, with coagulation coefficients for which gelation was expected to occur, a suf-
ficiently strong fragmentation prevents that to happen at least for solutions obtained
as limits of truncated systems (cf. Theorem 8). This is also in line with the interpre-
tation of gelation as a loss of density to an infinite size entity, because it is natural
to expect that a high rate of fragmentation of big clusters inhibits the accumulation
of density in larger and larger clusters, thus preventing the runaway phenomenon
causing the emergence of gelation

The rigorous analytic elucidation of gelation was achievedin 2002 by Escobedo,
Mischler and Perthame in [81], and in 2003 by the same authorswith Laurençot in
[80]. In what follows we briefly describe those results.

Let us start by observing that the results in [80, 81] are proved for the continuous
version of the coagulation-fragmentationequations but, naturally, they are also valid
for the discrete case. We shall concentrate our attention inthe coagulation equation:

Theorem 21 [81] Let a(x,y) = 1
2

(

xαyβ + xβ yα) , with 0 ≤ α ≤ β ≤ 1 and λ :=
α + β > 1. Let c be an arbitrary weak solution of (5)-(6) with a non zero initial
condition10 c0 ∈Y1. Then, there exists a positive constant C∗ =C∗(M1(0),M0(0),λ )
such that, for all t≥ 0, it holds

10 The Banach spaceY1 was defined in page 24.
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M1(t)≤
C∗

(1+ t)1/λ (135)

and so the geling time is finite and satisfies the upper bound

Tg ≤ T∗ :=

(

C∗
M1(0)

)λ
. (136)

In this statement the notationMk(t) := ‖c(t, ·)‖L1(R+,ykdy) was used.
Sketch of proof:The proof is based on some estimates for the weak solutions using
carefully constructed test functions, from which it is possible to conclude that, for
all τ ≥ 0,

∫ ∞

τ
M1(t)

2dt ≤Cλ M0(0)
λ−1M1(τ)2−λ , (137)

from which we obviously see that the density cannot be constant and, with a bit
more extra work, obtain (135). Let us look at this argument inmore detail. The
definition of weak solution of (5)-(6) is like the one in the discrete case: it is any
functionc∈C([0,∞);L1)∩L∞(0,T;Y1), ∀T > 0, satisfyingM1(t)≤ M1(0), ∀t ≥ 0,
such that, for allt ≥ τ ≥ 0 andg∈ L∞(0,∞), the following holds

∫ ∞

0
g(x)c(t,x)dx−

∫ ∞

0
g(x)c(τ,x)dx=

=
1
2

∫ t

τ

∫ ∫

R+×R+
(g(x+ y)−g(x)−g(y))a(x,y)c(s,x)c(s,y)dxdyds. (138)

Let c be a weak solution of (5)-(6) and in (138) consider the test functiong(x) =
gA(x) := x∧A∈ L∞(0,∞).As gA(x+y)−gA(x)−gA(y)≤ 0 inR+×R+ it is possible
to estimate the right-hand side of (138) keeping only the contribution due to the
integration on[A,∞)2, which immediately results in

∫ t

τ

(

∫ ∞

A
yλ/2c(s,x)dx

)2

ds≤ 2M1(τ)
A

. (139)

Consider now a functionΦ : [0,∞) → [0,∞) which is monotonic increasing,
differentiable a.e., withΦ(0) = 0, andCΦ := ‖Φ ′‖L1(R+,y−1/2dy) < ∞. Writing

Φ(x) =
∫ x

0 Φ ′(A)dA, using Fubini’s theorem, Cauchy-Schwarz inequality and (139)
we concluded that

∫ t

τ

(

∫ ∞

0
xλ/2Φ(x)c(s,x)dx

)2

ds≤ 2C2
ΦM1(τ).

Taking limits ast → ∞ and consideringΦ(x) :=
(

x1−λ/2− (R/2)1−λ/2
)+

, where
R> 0 is an arbitrary constant, we conclude that

∫ ∞

τ

(

∫ ∞

R
xc(s,x)dx

)2

ds≤CR1−λ M1(τ). (140)
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Finally, (137) is obtained by usingM1(t)2 ≤ 2
(
∫ R

0 xc(t,x)dx
)2

+2
(
∫ ∞

R xc(t,x)dx
)2
,

and
(
∫ R

0 xc(t,x)dx
)2 ≤ R2−λ Mλ/2(τ)2, applying (140) and (138) with the test func-

tion g≡ 1, and takingR= M1(τ)/M0(τ).
Reference [81] also contains an extensive study of several properties of the den-

sity of weak solutions of (5)-(6), including the behaviour of the solutions at geling
timeTg.

The same method was used in [80, 81] for the continuous systemwith fragmen-
tation, establishing the following result:

Theorem 22 [80, 81] Let a(x,y) = 1
2

(

xαyβ + xβ yα) , with 0≤α ≤ β ≤ 1 andλ :=
α +β . Let b(x,y) = (1+ x+ y)γ, with γ ∈ R. Then, the following hold:

(i) if λ ≤ 1 or if γ > λ −2, there exists a density conserving weak solution (17)
(ii) if λ > 1 andγ < λ −2, there exists a critical densityρ∗ > 0 such that, when

c0 ∈Y1 satisfies‖c0‖L1(R+,ydy) > ρ∗, every weak solution of (17) with initial con-
dition c0 exhibits gelation.

Note that when the condition onγ is (i) the behaviour of solutions is the same that
occurred for the discrete system in the strong fragmentation case (cf. page 33), that
is: even with conditions on the coagulation coefficients forwhich solutions to the
purely coagulating dynamics have break down of density conservation, a sufficiently
strong fragmentation forces density to remain constant through time evolution.

Case (ii) leaves unanswered what happens for sufficiently small densities. Formal
arguments presented in [80] lead to the conjecture that, ifγ ∈ ((λ − 3)/2,λ − 2),
there are weak solutions, with low density initial conditions, for which density is
conserved, whereas ifγ < (λ −3)/2, all non zero solutions have gelation.

As stated above, Theorems 21 and 22 are fundamental contributions to the prob-
lem of density conservation in coagulation-fragmentationsystems, although, as
stated in [80, 81], several relevant problems still wait fora proof.
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(supp. 1) (2004) 85–92.
169. B. Niethammer, J. J. L. Velázquez, Self-similar solutions with fat tails for a coagulation

equation with diagonal kernel, C.R. Acad. Sci. Paris, Ser. I, 349(2011) 559–562.
170. B. Niethammer, J. J. L. Velázquez, Optimal bounds for self-similar solutions to coagulation

equations with product kernel, arXiv:1010.1857v2 (11 February 2011).
171. B. Niethammer, J. J. L. Velázquez, Self-similar solutions with fat tails for Smoluchowski’s

coagulation equations with locally bounded kernels, Commun. Math. Phys.,318 (2), (2013)
505–532 (erratum: same volume 533–534).

172. B. Niethammer, J. J. L. Velázquez, Uniqueness of self-similar solutions to Smoluchowski’s
coagulation equations for kernels that are close to constant, arXiv:1309.4621v1 (18 September
2013).

173. B. Niethammer, J. J. L. Velázquez, Exponential tail behaviour of self-similar solutions to
Smoluchowski’s coagulation equation, arXiv:1310.4732v1(17 October 2013).

174. H.-S. Niwa, School size statistics of fish, J. Theor. Biol., 195(1998) 351–361.
175. J. R. Norris, Smoluchowski’s coagulation equation: uniqueness, nonuniqueness and a hydro-

dynamic limit for the stochastic coalescent, Annals Appl. Prob.,9 (1999) 78–109.
176. J. R. Norris, Notes on Brownian coagulation, Markov Process. Related Fields,12 (2006)

407–412.



Mathematical Aspects of Coagulation-Fragmentation Equations† 73

177. J. H. Oort, H. C. van de Hulst, Gas and smoke in interstellar space, Bull. Astr. Inst. Nether-
lands10 (1946) 187–204

178. G. S. Oshanin, S. F. Burlatsky, Fluctuation-induced kinetics of reversible coagulation, J.
Phys. A: Math. Gen.,22 (1989) L973–L976.

179. R. L. Pego, Lectures on dynamics in models of coarseningand coagulation; in: W. Bao, J.-G.
Liu (Eds.),Dynamics in models of coarsening, coagulation, condensation and quantization;
Lecture Notes Series, Institute for Mathematical Sciences, National University of Singapore,
vol. 9, World Scientific, Singapore, 2007, pp. 1–61.

180. O. Penrose, Metastable states for the Becker-Döring cluster equations, Commun. Math.
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