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Resumo

Neste trabalho sdo analisados alguns aspectos do compattaasimptotico dos
sistemas de um numero infinito de equacdes diferenciaisdaids que modelam
a cinética de particulas de coagulacéo dados por

oo
¢ = at® —ct —¢ E cj
Jj=1

¢j =cicj—1 —c1cj,  Jj =2,
ondex > 0 e w SA0 constantes.

Abordamos dois aspectos particularmente importantesmdpadamento dinami-

co das solucdes deste sistema. Primeiro, o comportamentogbaas solucdes
guandor — +o00 e 0 comportamento da quantidade total de agregados definido
por Z?‘;l cj. O segundo aspecto prende-se com a ocorréncia de compottame
auto-semelhantes.

No Capitulo 2 estudamos o caso> —1/2, no Capitulo4ocase = —1/2eno

no Capitulo 5 o case > —1/2 utilizando uma mudanca de variaveis apropriada.
No Capitulo 3 consideramos uma extensdo dos resultados pituloa2, para
fontes de mondmeros do tipo

Ji1(t) = at®(1 + &(2)),

ondees(-) € uma fungéo continua satisfazendo — 0 quanda — +o0.

Os casos-1 < w < —1/2 ew < —1 séo tratados no Capitulo 5 utilizando uma
abordagem diferente, assente numa analise das propreedadronotonicidade

X



das solucdes.

Os resultados obtidos permitem-nos mostrar a existénaisr@defuncaos (1) ~
3% e uma familia de funcdes de escalamebiq, paraw > —% tais que

¢j(1) ~ ()™ @(js(t)™")

se verifica para = ;=2 eb = 1.
Resultados semelhantes sdo também obtidos nmcas&%.

Para o casw < —% alguns resultados parcias, e evidéncia numérica, sugerem
gue isso hao acontece.



Abstract

In this work we study some aspects of the long time behavibarsystem of an
infinite number of ordinary differential equations modagdjithe kinetics of particle
coagulation given by

o0

¢ = at® —ct —¢ E cj
Jj=1

¢j =cicj—1 —cicj,  J =12,

wherea > 0 andw are constant parameters.
We will study two aspects of the dynamical behaviour of Sohs to this system.

First, we establish the componentwise behaviour of thetisolas: — +o0, as
well as the behaviour of the total amount of clusters pre@babulk), defined by

oo .
Zj:l Cj-
The other aspect we are interested in concerns the existésedf-similar solu-

tions.

In Chapter 2 we will study the case > —1/2, in Chapter 4 the case = —1/2
and in Chapter 5 the case = —1 using the ansatz provided by an appropriate
change of variables.

In Chapter 3 we consider an extension of the results obtam&hapter 2, to
monomer input

Ji1(t) = at®(1 + &(2)),

wheree() is a continuous function satisfyings) — 0 ast — +oc.
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The cases-1 < w < —1/2 andw < —1 will be treated in Chapter 5 using a dif-
ferent approach, based on the analysis of the monotonieitgwdour of solutions.

The results obtained allow us to establish the existencdwicionc(z) ~ =
and a family of scaling function®, ,, for w > —% such that

¢j(t) ~ () @(js(t)™)

holds witha = ;—‘:’0 andb = 1.

Analogous results also hold far = —%.
Forw < —% some partial results, and numerical evidence, suggedthikabe-
haviour does not hold.



Introducao

Neste trabalho sdo analisados alguns aspectos do compattaasimptotico dos
sistemas de um numero infinito de equacdes diferenciaisdaids que modelam
a cinética de particulas de coagulacéo.

Com inicio no estudo pioneiro de Smoluchowski [66, 67] satwmagulagcédo de
particulas coloidais animadas de movimento Browniano,egarsda década do
Séc. XX, surgiram uma variedade de equacdes cinéticasrigemente desig-

nadas por equacdes de coagulacdo ou de coagulacéo-fragawrtom bons re-
sultados na modelizagdo de um vasto dominio de fenOmenorisat varias

escalas, que vao desde o fitoplancton ao fumo, colboidess@sy@lanetoides e
transicOes de fase em ligas metélicas (veja-se, e.g., 3846 65]).

Um testemunho claro da importancia dos modelos de coagutagiste nas ex-
periéncias realizadas em Orbita a bordo da Estacéo Esjateialacional. Estas
experiéncias foram realizadas no ambito do programa dstigagadCoarsening
in solid liquid mixtures-le -2 [22, 23] destinado a analisar o problema do cresci-
mento das fases descrito pela teoria de Lifshitz e Slyozay ¢sWagner [68]
(LSW) sobre a maturacéo de Ostwald. De referir a importateste modelo para
o conhecimento das propriedades de evolugéo do crescimesntgraos das estru-
turas granulares em ligas metélicas binarias. Recentenaerificou-se que a teo-
ria LSW da maturacao de Ostwald esta intimamente relacefiat] 42, 60, 63]
com o modelo de crescimento de agregados de Becker-Dorjrgl[8o qual é
descrito por um sistema de equagdes de tipo coagulacaodragcao.

As multiplas aplicacdes destas equacdes, a par da hataepadprias equacoes,
reflectiram-se nas Ultimas décadas num crescente intanasseestigacao dos



problemas matematicos (Analise, Probabilidades, AnBliseérica, Fisica Mate-
matica) por elas colocados. Devido ao ambito muito espediféeste trabalho,
nao se revela oportuno rever aqui todas as diversas diedgavestigacéo e
a vasta literatura resultante. Sobre estas, contudo, rdenpes deixar de fazer
uma referéncia aos recentes trabalhos de revisao [3, 9QB40m uma excelente
bibliografia sobre o tipo de sistemas em analise, ou mesnalmaos de revisao
menos actuais como [28, 29], mesmo assim, ainda de interesse

A par da descricdo dos sistemas de equacfes diferenciaisa@iseaneste tra-
balho, ao longo deste capitulo introdutdrio, e sempre qoetpo, faremos refe-
réncia a literatura imprescindivel para o desenvolvimentompreenséao do tra-
balho apresentado nos capitulos seguintes.

As equacoes de coagulacao-fragmentacéao

Neste trabalho consideramos sistemas com um grande numesstitulas, sen-
do cada particula constituida por um determinado nimeraradeunidade fun-
damental indivisivel designada por monémero. Assume-secgda monomero
tem massa igual a 1, de tal modo que cada agregado formadorpondémeros
tem massa igual g@. Tais particulas serdo designadas peagregados. Assu-
me-se que o sistema é bem misturado, pelo que as concestagigeresse sao
espacialmente homogéneas, e podem ser descritas por wn(¢etide concen-
tracdes, sem dependéncia espacial, em que o indissume todos os possiveis
valores de massa dos agregados.

Adicionalmente, assume-se que os agregados podem ligkr4smdo a formar
agregados maiores. Sob a hipotesdrdgmentacépos agregados podem ainda
fragmentar-se em agregados menores. Sem menosprezar efosqde en-
volvem reacc¢des mais complexas, neste trabalho considsi@menas as reaccoes
binarias J& no ambito da interacgdo entre agregados, considenzese \eerifi-
cada a lei de accéo de massas da cinética quimica. Deste emds &ssociadas
duas taxas (coeficientes ou nucleos), designadamente adalagdo e de frag-
mentacédo, e que devem sintetizar toda a informacéo rekegabre as reaccoes



cinéticas em modelacdo. Tradicionalmente, estes codbsiesfio apenas uma
funcdo dagnassagle cada um dos dois agregados envolvidos na reaccdo, mas
refira-se que situagdes mais complexas podem ainda sudgiBgction 4.3].

Com estes pressupostos, considere-se uma suces$89:2, cujos elementos
cj(t) sdo a concentracdo de agregados de massa instanter. Pretende-se
analisar a evolucéo de(r) quanda — +oc. Por razdes que serdo mencionadas
mais a frente, fisicamente impde-se estudar esta convésgéai@ a topologia
forte fixada num espaco de Banach adequado, a convergémtigapemj (i.e.,
para cadg fixo), ou ainda analisar a convergéncia quand@ambém converge
para+oo. Neste Ultimo caso, a convergéncia fipara+oo relaciona-se com o
modo de convergéncia dgara+oc.

A evolucao temporal d&; ()52, depende do tipo de processo cinético elemen-
tar a que cada agregado € submetido. Tipicamente esteSgoeEE0 0S abaixo
indicados, onde se assume que 2:

() dois agregados mais pequenos coligam-se para formgragnegado
[(j —k)-agregadq + [k-agregadd — [j-agregadqd, k =1,...,j—1
(i) um j-agregado fragmenta-se em dois mais pequenos

[/-agregadd — [(j —k)-agregadd + [k-agregadd, k =1,...,j—1
(iif) um j-agregado coliga-se com outro agregado

[j-agregadd + [k-agregadd — [(j + k)-agregadd, k£ =1,2,...
(iv) um agregado maior fragmenta-se

[(j + k)-agregadd — [j-agregadd + [k-agregadd, k =1,2,...

Assumindo vélida a lei da accdo de massas da cinética quinecate-se por
aj  aconstante cinética para a reac¢éo de coagulacédo entfeagnegado e um



k-agregado e padf; x ataxa de fragmentacédo de (mi+ k)-agregado em unj-
agregado e urk-agregado. Conclui-se imediatamente que a contribuic@adi
um dos processog){(iv) na evolugdo temporal de é dada, respectivamente, por

. dc;

(i) _dtj = dj_jkCj—kCk »

.. dc;

(if) —dtj = —bj _rxcj,
de

(i) - = —auecr

) de;
(iv) le =bjiCjtk-

Paraj = 1, obviamente que nao se tém as contribuigdes(ii).

Consequentemente, obtém-se assim o sistema de coagirag@entacao

14 3
+5 Z aj_rxcj—xck  Ganho por coagulagéo
k=1
j—1
1 ~
g -3 bj_kxcj Perda por fragmentacao
_ k=1
g, — 1
dt J 00 ( )
—> ajicic Perda por coagulacdo
k=1
+ Z bjrcjti Ganho por fragmentacao

k

—_

Simplificando a notacéo, a equacao (1) pode escrever-se como

. 1]—1 o) .
¢j = EZWJ—k,k_ZWj,k’ Jj=z1 2)
k=1 k=1

s d
come; = xCis e

VV,‘JZW/,'J(C) Izai,jCiCj—bi’jCi+j, l,]}l



De um ponto de vista fisico, € natural supor que os coefigentee b; ; sao
ambos nédo-negativos e simétrices;; = a;; > 0,eb;; = b;; > 0,Vi,j >

1. Contudo, a hip6tese fundamental sobre estes coeficienjgs éevem conter
toda a informacéao relativa ao mecanismo subjacente ao ggoake agregacao.
Na Tabela 1 [18, Table 1] estdo listadas algumas das taxasadpilacdo que
habitualmente sdo mais consideradas na literatura ceantifi

Table 1: Alguns nucleos de coagulagég ; comuns nas aplicagdes.

aj i Comentario

1 Coagulacédo Browniana aproximada,
Polimerizacéo de cadeias lineares

j+k Polimerizagéo de cadeias ramificadas,
Caso limite de coagulagéao gravitacional

Jjk Polimerizacéo de cadeias ramificadas
jT2/3 4 23 Crescimento difusional de gréos cristalinos metélicos
Y3 +kV3)(G~Y3 +k~1/3)  Coagulagdo Browniana (regime continuo)

G134+ k32— 4+ k~1)1/2  Coagulagdo Browniana (regime molecular livre)

GV3 +Kk1/3)3 Coagulag&o tangencial (perfis de velocidade lineares)
GY3 4+ k1/3y7 Coagulacéo tangencial (perfis de velocidade no lineares)
GY/3 4 k1/3)2);1/3 _ 173 Deposicdo gravitacional

Relativamente aos coeficientes de fragmentacédo, e do pemnistd de uma fun-
damentacdo fisica, a informacé&o disponivel é bastantenmélgumas hipéteses
tém sido avancadas, mas as mais relevantes tém apontadenpeindicdo de
balanco microscopico (ou detalhado) [5, 13].

A maior parte dos coeficientes tabelados na Tabela 1, assim coitros que

surgem na literatura especifica sobre aplicacfes, tém ovengnte de terem
origem em sistemas que, a data presente, sdo de analisesegliicil. Este facto

justifica porque na grande maioria das equagdes investigegltaxas conside-
radas serem de tipo particularmente simples (como as tiréeipss descritas na
Tabela 1), ou serem majoradas por tais taxas elementares.

Quer por questdes matematicas, quer fisicas, de entreias passiveis classes



de coeficientes evidenciam-se trés tipos: fragmentagéo (pyy = 0), coagu-
lagéo pura ou Smoluchovskb,(; = 0) e o sistema de Becker-Doring;(; =
bij = 0sei A j = N, paraalgumV > 1). De abordagem claramente mais
acessivel que um sistema de coagulacao-fragmentacdoeton(ip), estes casos
destacam-se pela importancia manifestada em varias gdisa por presente-
mente, e apesar da sua aparente simplicidade, ainda ercemiyuns desafios
matematicos muito apreciaveis.

Uma classe diferente de sistemas, mas também importantessibtidos como
uma versde@ontinuade (2), considerando que a magsde um j-agregado pode
variar continuamente entfee +oo. Neste caso, a massa sera designadacpor
Formalmente, a diferenca entre os sistemas assim obtid®sistemas discretos
(2) esté na substituicdo das somas por integrais e, em legandistema infinito
de equacdes diferenciais ordindrias, tem-se agora umaamudegro-diferencial
parcial ndo-local:

X +oo

0

o (t,x) = % [ W(x =y, y)dy — [ W(x. y)dy. ®)
0 0

Aqui, W(x, y) = a(x, y)c(t,x)c(t, y)—b(x, y)c(t, x+ y), onde as funcdase b
sao os correspondentes naturais dos coeficientes, respeetite, de coagulacao
e de fragmentacao do caso discreto.

E razoavel questionarmo-nos sobre a relacdo entre os nsatistwetos e os con-
tinuos. Este problema é presentemente uma area activaed#igacao, [43], mas,
nao se relacionando directamente com o tema do presengéhmabao nos ire-
mos debrucar sobre ele.

Neste trabalho analisaremos alguns aspectos do compot@assimptotico dos
sistemas discretos de Smoluchowski com interac¢bes dBé&pker-Doéring, tam-
bém designado por modedalitivo[10, 34, 38]. Neste contexto, dar-se-a particular
énfase ao comportamento de auto-semelhanca das solugies. Ste compor-
tamento especifico alguma literatura tem sido publicada aawversdes discreta
e continua das equac¢des de Smoluchowski. Uma breve revisaresultados
conhecidos para ambas as versoes e das contribuicbesrdbatad para melho-



rar 0 conhecimento sobre 0 caso discreto, serdo o assunsedg®es seguintes
deste capitulo introdutério.

Preliminares matematicos

Enquadramento

O tratamento matematico de um sistema de dimensao infirjitaaidralmente
requer algum cuidado com a escolha dos espacos para foduuwagroblema e
com a prépria definicdo do que se entende por solucéo de urstéahs.

O espaco de Banach basico utilizado na anélise de (2) é ocedpagucessdes
com massa finitaou seja, 0 espaco linedf := {(cj) eRY: (jey) € 51} para

a normal|(c;)|| = [|(jc;j)l¢. Recordando que cada € a concentracdo dg-
agregados, resulta assim gjitg € proporcional a massa dgsagregados. Deste
modo,||(c;)| = Z;‘;l Jlcj| € proporcional a massa total do sistema. Isto justifica
a naturalidade da escolha do espagpara o estudo da equacéo (2), assim como
a sua designacao.

Nalgumas aplica¢gBes especificas ganham relevo os espécas> 0, definidos
por X¢ := {(cj) eRY: [(c)lla = G )| < +oo}. Tem-se entdo definida
uma escala compacta, normal e regular [15] de espacos defBatd, | - |l }g=o-
Destas propriedades refira-se a compacidade das imers@igsacticular relevo
técnico nalgumas aplicacdes. E claro que patal tem-seX'! = X,

As definicdes de solucdo mais comuns na literatura séo eslseente de dois
tipos: solucdo suavieou seja, uma solugdo continua da verséo integral de (2)
[4, 5], ou, menos frequentementylucéo fraca entendida no sentido usual da
teoria das equac0Oes diferenciais parciais [43]. Resudtddaegularidade sobre
solugdes suaves, ou fracas, permitem concluir sobre &ggiatde regularidade
suficiente para dar sentido as derivadas que surgem no lgderds da equagéo
(2), obtendo-se, deste modo, us@ucao forte Este procedimento decorre de
modo semelhante ao que habitualmente é efectuado na tesreqdacdes difer-
enciais ordinérias em dimensao finita.



De modo genérico, os resultados de existéncia e unicidad®ldedo para as
equacdes (2) ou (3), ou sobre a regularidade das solucesndkm das pro-
priedades assumidas sobre o0s coeficientes cinetieds nomeadamente, condi-
cOes decrescimentau hipbteses dastruturadestes coeficientes. Actualmente
h& um vasto trabalho matematico realizado sobre estesepnabl que vai desde
os trabalhos pioneiros de Melzak [56] e McLeod [53, 54, 53sgando pelos
trabalhos de Aizenman e Bak [2], e White [71], até aos traismabeminais de
Ball, Carr e Penrose [5], e de Ball e Carr [4], que despoletaraito do actual
interesse matematico por esta area de investigacdo. DOk fsria o proposito
do presente trabalho, os resultados provados em [5] solstémaia, unicidade e
regularidade tém aplicacéo e utilidade directas.

Comportamento assimptotico e auto-semelhanca

O estudo do comportamento assimptotico das solugfes dag@sgu(2) ou (3) €
actualmente assunto de grande interesse e de forte adeuvildainvestigacao.

De um ponto de vista fisico, é de esperar que quande +oo as solucdes
globais de (2) ou (3) convirjam para uma solucao indepeedémtempo. Mais,
havendo conservacao de massa em cada processo cinétientlenescrito na
pagina 4, é razoavel prever que qualquer solucao do sistemsamve a massa. Por
outras palavras, a massa total (norma) de uma solug&0o) deve permanecer
invariante, i.e.||(c;(¢))|| = p, Vt, para alguma constante(a massa inicial).

De facto, ao longo de vérias décadas numerosos estudosibassa calculos

e argumentos meramente formais indicavam que esta expactad demasia-

do simplista. Esta ideia era reforcada pelo conhecimentsotleggdes para as
equacdes de Smoluchowski com coeficiente de coagulagio= jk e para
condigdes iniciais muito particulares (monodispersag, €.(0) = §;.;). Nestas
solugdes verifica-se conservagéo de massa até um certotégga registando-

se depois desse instante um decaimento regular da masszepareéEste com-
portamento € conhecido pelenémeno de gelificacae, fisicamente, deve-se a
uma transicao de fase que ocorre no sistema originando a¢éorde um agre-
gado “infinito” (o gel) que néo é passivel de ser modelado por um sistema de



coagulacéo-fragmentacédo do tipo considerado acima e @orsdvel pela perda
de massa do sistema de agregados. Matematicamente, @caagéto deste fenod-
meno foi um problema que se manteve em aberto durante longmte, apesar
de alguns progressos [4, 11, 12, 16, 47, 53, 54], s6 muitmtecente € que foi
satisfatoriamente solucionado [30, 31, 36].

No &mbito do comportamento assimptotico das solugdes,\eemdncia para es-
tados de equilibrio e a conservacao (ou ndo) de massa estgode serem as Uni-
cas grandes questdes de interesse. Outras duas, ambas eidestaanportancia
fisica, relacionam-se com a elucidacao dos detalhes daig@ncia para o estado
limite, nomeadamente, o problema da ocorréncia de compert meta-estavel
nas equacdes Becker-Doring [35, 61, 62], e a questdo do ctanpento auto-
semelhante em sistemas de Smoluchowski e relacionados.

Quando se estuda a evolucao da distribuicdo de agregadasteompo (na ausén-
cia de fragmentacdo), somos confrontados com o problemaalarecer qual
o0 comportamento das solugdes para grandes tempos e tandalagsegados.
Pretendemos esclarecer se, para uma determinada gamaddgesnniciais, as
solucbes convergirdo, eventualmente, para uma soluchmeaiinvariancia de
escala. Consequentemente, um problema central no estuwdongmrtamento as-
simptotico de solucdes de equacdes de coagulacao é a swagénsia para um
perfil auto-semelhant¢, quandoj et — 400

c;(t) ~ c(t)*@(jgt)™).

ondea e b sdo expoentes positivos apropriadog) € um rescalamento do tempo
(comc(t) — +ooquanda — +o0) e a variavel de escalamenjgc(¢)? é
mantida fixa.

Conjectura-se que este comportamento ocorra para umaegchasse de condi-
cOes iniciais quando os coeficientes de coagulacao (socoglrsdo homogéneos,
ou seja,ax,; = ajr = K(j,k), com K uma funcdo homogénea, para algum
coeficiente de homogeneidatlgisto é,K (ux, uy) = u* K(x, y).

Este tipo de problemas foi inicialmente introduzido e tlat@or Friedlander e
colaboradores [33] nos anos sessenta e setenta. Forarsaimente estudados,



10

de um ponto de vista de modelacdo matematica formal, por eaigéh e Ernst
no anos oitenta, [26, 27].

Em [27], van Dongen e Ernst estudaram nucleos homogéneosaamndicao
adicional de cresciment& (i, j) ~ i*j¥, (j > i, A = pu + v). Estes estu-
dos distinguiram véarias classes de coeficientes, depeadknsinal dox. Além
disto, por consideracdes de caréacter fisico, imposeraml e A < 2. Argumen-
tando que a velocidade de reacgéode um j-agregado cony grande § > i)
nao deve aumentar mais rapidamente que o seu volume, canclguey < 1.
Analogamente, como para agregados de tamanho semelharesiea nicleo
K(j.j) = j*K(1,1) ndo devera crescer mais rapidamente flielevera ter-se
A < 2. Um aspecto importante € a introducéo da distincdo entrkeosicéo-
gelificantese gelificantes relacionados com o problema da ndo conservacédo de
massa que mencionamos anteriormente, e para 0s quais ohtamedio dos
agregadosg (7) permanece finito para todos os tempas +oo o primeiro caso,
ao passo que no segundo caso, quando a gelificagéo ocorgs winergéncia de
¢(¢) num determinado instante finito de tempg o ponto de gelificacdoDeste
modo, o comportamento de auto-semelhanca quao— +oo corresponde a
t — T. no caso de gelificagdo &a> +oo no caso de conservagédo da massa.

Leyvraz [49, 50] estudou o problema do escalamento proxiepards antes do,
ponto de gelificacdo, onde o tamanho tipico dos agregadesyéipara infinito,
originando o aparecimento do agregagigante As dificuldades desta analise
motivaram uma atencdo redobrada em relacdo a solucbem®xaet métodos
numéricos.

Para solucbes que conservam a massa, um dos primeirosdesuttemonstra-
dos de modo matematicamente rigoroso foi obtido por Kreeemd3e [37],

baseando-se numa ideia de Lushnikov [52], para o caso dga@mule Smolu-
chowski discreta (1) com nucleo de coagulacdo constantaragsua versao
continua (3).

Para o caso discreto, assumindo que as condic¢fes iniciesfmzamc; (0) > 0 e
séo de decrescimento exponencial, mais precisanterte,; (0) < A(1+ A)™/,
paraAd e A constantes positivas independentesjdeles usaram a funcéo ger-
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adorad(z,t) = Zj’;l ¢;()z/ afim de obterem uma expresséo integral explicita
parac;(t). Estudando a funcéo geradabgz, ¢), Kreer e Penrose concluiram que

j,t—>4o00

. 1 _
lim  #2%¢;(t) = —e ¥/,
E=j/t fixo P

uniformemente par& em subconjuntos compactos®é, ondep > 0 é a massa
da condicéao inicial (e, como as solu¢cdes conservam a massab&ém a densi-
dade da solucdo em todos os restantes instantes).

Subsequentemente, da Costa [17] melhorou a restricdo aatmedicdo inicial
relaxando a imposicao de positividadeql€)), obtendo o resultado:

se 0<c;(0) <A1+ A7 entdo  lim r2c;(t) = Leble,
0

li
j,t—>4o00
E=j/t fixo

jeJ
ondeJ é o conjunto dos indicespara os quaig;(t) > 0, eq = mdd{j: c;(0) >
0}.

Diversas demonstracdes foram posteriormente obtidaslpoué [3], usando um
“argumento probabilistico simples”, e Deaconu e Tanré {&ahdo também uma
abordagem probabilista (ambos para convergéhéifraca). Deaconu e Tanré
[25, Teoremas 3.9 e 3.11] obtiveram também um resultadoriapie: uma trans-
formacéao que relaciona as solu¢des do caso aditivo com asdanultiplicativo.

Recentemente, a investigacao sobre este topico, divensamhesignado pdeo-
ria do escalamentescalamento dinamicau auto-semelhangdem sido alvo de
uma crescente atencao, tendo surgido um apreciavel nurmeanttibuicdes im-
portantes na area da modelagdo matematica, tais como adlidat®r e Krapivs-
ky [10], Wattis e colaboradores [24, 69], e, naturalmentdetalhado e completo
artigo de revisdo de Leyvraz [48] sobre a teoria do escaltomemodelos exac-
tos. Do ponto de vista da anélise matematica, artigos res@miportantes sao os
de Menon e Pego [57, 58, 59], da Costa et al.[21], e Laurencotaboradores
[6, 39, 41].

Estes estudos estdo ainda longe de fornecerem uma confwemmapleta do
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fendmeno do escalamento. Em particular, usam coeficiestesabulacao bas-
tante restritivos, a saber, constantes, aditivo e muttgilio, e a analise baseia-se
em métodos que parecem ser verdadeiramente dependentasutiar@ dos co-
eficientes, tais como funcdes geradoras, transformadasplade e mudancas
de variaveis. Apesar destas desvantagens, a analise tivsagscom estes coe-
ficientes restritivos esta muito longe de ser trivial e € napontos de grande
delicadeza técnica e em liga¢des insuspeitadas com oug@s @a matematica,
como os magnificos artigos de Menon e Pego claramente mostram

Uma contribuicao de relevo para a nossa compreenséo do guiee com mo-
delos com coeficientes de coagulagdo mais realistas € aeemeigo [32], por
Fournier e Laurencot, no qual eles provam a existéncia de@es auto-seme-
Ilhantes rapidamente decrescentes no infinito, para umaslasse de nucleos de
coagulacdo homogéneos. Apesar de ndo estabelecerenadeswdbbre a esta-
bilidade destas soluc¢des auto-semelhantes, ou seja, aplssibilidade de uma
qualquer solucdo genérica convergir para uma auto-sentelka se tal se veri-
ficar, para qual (o tipo de questdes tratado em [37, 17, 69h& notavelmente,
em [57, 58, 59]), este artigo foi uma contribuicdo muito #igativa no sentido de
melhorar a nossa compreensao acerca do comportamentdwziEesalo sistema
de Smoluchowski.

O problema da estabilidade dos perfis auto-semelhantesfacid, um que per-
manece largamente em aberto, atendendo a que os resulkigtestes e acima
assinalados sdo validos para nulcleos particularmentdesnepusam técnicas,
como as funcdes geradoras ou as transformadas de Laplazdémupoucas
hipoteses de serem aplicaveis a situ¢cdes mais gerais. Uondagiem alterna-
tiva, por Laurencot e Mischler [45], prova a convergéncisapsolucdes auto-
semelhantes da equacdo de Smoluchowski com coeficientetantes, através
da escrita da equacdo em variaveis auto-semelhantes aetguidentificacéo de
varios funcionais de Liapunov. O mesmo tipo de abordagensigotentado para
ndcleos mais gerais, até agora sem sucesso [40].

O interesse no comportamento assimptoético das solucdeastdmas de coagu-
lacdo alargou-se para areas inesperadas, tais como adagmiababilidade, mo-
tivada pelo influente artigo de revisdo de Aldous [3]. Esdné dez anos, centra-
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se numa interpretacdo probabilistica do modelo de campdaonf@thecido pela
equacdo de Smoluchowski, usando a dualidade com processasnificacéo,
Aldous concentrou-se nos trés ndcleos mais estudadogdotamsaditivo e mul-
tiplicativo) e nas suas relacdes com ideias classicas ebapilmade (teoremas
limite, leis estaveis), e enunciou dez problemas em abertps deles relativos a
unicidade e & dependéncia em relacéo a condic¢des iniciaisplacdes de escala-
mento. O volume de investigagcado motivado por este artigéos geus problemas
em aberto é verdadeiramente notavel (para uma monografededenvolvimen-
tos recentes véja-se o livro de Bertoin [9]).

Na restante parte desta introducéo focaremos a nossa@temgdtema que sera
o tema do resto deste trabalho: o0 modelo aditivo com uma ftsmmteondmeros.

Auto-semelhanca no modelo aditivo com introducéo de
mondomeros

Neste trabalho serdo consideradas as equacgdes (2) pacaadasular de coagu-
lacdo pura e em que as Unicas interaccdes relevantes sdasagpiee agregados

e mondmeros (adodo tipo agregado-agregado). Como referimos anteriormente
a evolucao do sistema pode ser descrita pelo esquema ginétic

(j-agregado)}+ (l-agregado)aj—’l> ((j + 1)-agregada) j € N*.

Definindo os coeficienteg; = %al,l ea;j = aj,; paraj > 2, este esquema
cinético corresponde ao sistema de equacdes de coagulacéo
o0
: 2
1 = —a1¢ —CIZajcj
j=1 (4)
Cj =aj_icicj—y —ajcicj, j =2.

Neste contexto, e de modo pouco rigoroso, € de esperar quajidodo pa-
pel desempenhado pelos mondmeros, uma vez esgotados@stes, processo
pare. Obviamente, o estado do sistema neste ponto de padeEpEndera da
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distribuicéo inicial de agregados no sistema.

O problema apenas se torna interessante nos casos em quelguegumeca-
nismo impede que, em tempo finito, ndo haja esgotamento démens no
meio. Uma situacdo em que tal ocorre € quando ha a possil#liilas agregados
se fragmentarem (i.e., a dindmica do sistema torna-sesigedr tornando-se na
dindmica classica do sistema de Becker-Doéring [5]. Outssipdidade é a in-
clusédo de uma fonte externa de mondémeros por adicéo de um fgfm ao lado
direito da primeira equacéao em (4).

Nesta ultima situagéo, o tipo de funcao a ser introduzidarabihente dependeré
do tipo de sistema que se pretende modelar, e diversos tostéxn sido con-
siderados na literatura. Entre eles, refira-se o casd, ¢ ser identicamente
igual aos termos que surgem no membro direito da primeiragguem (4),
reduzindo entdo a equacédo emem (4) ac; = 0. Fisicamente este caso cor-
responde ao acoplamento do sistema de agregados com uratéserinfinito
de mondmeros, 0 que conduz a que a sua concentracao sejanterssi longo
do tempo. Isto corresponde, de facto, a teoria original dek@&eDdring sobre
meta-estabilidade [62, 63].

Alternativamente, pode introduzir-se uma fonte de monés&r(¢) que seja in-
dependente do estado do sistema. Esta hipbtese é razoavgtande nimero de
aplicacdes, incluindo os modelos de polimerizacdo e deionesito “epitaxial”

[7]. O caso mais simples é quandg(r) € uma constante independente do tempo
e é um caso que se revela extremamente util nas aplicacop® Qais a frente
se vera, este caso foi recentemente tratado em [21].

Outro caso que se pode considerar € uma fonte do tipo lei éagat
Ji(t) = at®, com o>0eweR.

Para as aplicagfes, este caso possivelmente ndo é tassategeecomo o anterior
(reobtido paray = 0) mas, mesmo assim, revela-se um caso bastante interessante
para analise, ja que o método de compactificacédo e as tédagaslucdo a va-
riedade central utilizadas em [21] manifestamente ndolgmapao caso de uma
lei de poténcias. Uma analise preliminar deste caso fonteogente realizada em
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[69]. O ansatzai apresentado sera utilizado neste trabalho para estgdersa-
mente o modelo com coeficientes de coagula¢édo constantes,l, e com uma
fonte de mondémeros do tipo lei de poténciady) = ar?, i.e.,

(5)

o0

¢ = at® —ci —c E cj
j=1

Cj =cicj—1 —cicj, =22,

parac > 0 e w constantes.

Sobre o sistema de equacdes (5) serdo analisados doisossmdationados com

a dindmica do sistema. Primeiro, o comportamento pontusasdicdes quando

t — 400 e 0 comportamento da quantidade total de agregados definido p
> %, ¢;. O segundo aspecto prende-se com a ocorréncia de compottsme

J
auto-semelhantes.

Para este efeito, e numa primeira fase, o sistema de diménfgdita (5) € re-
duzido a um novo problema quase explicitamente resolugéb. significa o se-

guinte. Considerando o numero total de agregag@$ como uma nova variavel
macroscopica,
o0
cot) = i),
j=1
por derivagdo formal conclui-se que esta nova variavel écgol da equacao de
evolucao

Co = at® — cpcy.

Isto permite reescrever o sistema (5) na forma fechada

Co = at® —cpcq,
¢1 = at® —cocy — i, (6)
cj =cicj—1 —cicj, = 2.

Esta nova formulag&o do problema tem uma clara vantagericéédeola a de-

scricdo completa da dindmica dos mondmeros e do numerod®tagregados
(duas primeiras equacdes) dos restantes componentesahoss(gltima equacao).
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Esta separacéo permite, em particular, realizar o estugameiro aspecto sobre
a dinamica acima referido, independentemente do compentandos restantes
elementos constituintes do sistema.

Obtida uma solucao do sistema

(7)

{ Co = at® — cpcy

¢ = at® —cocp — cf,

numa segunda fase rescala-se o tempo

t

<) =co+ / ¢1(s) ds. (8)

o

parag, uma constante positiva, e entdo consideram-se as novaseiarresul-
tantes

¢j(c) = ¢;(t(c)), (9)

ondez(¢) é a fungdo inversa dg(¢). De notar que, no casq(¢) > 0, todo este
procedimento esta bem definidg & uma funcao crescente em

Para estas novas variaveis, as equacdes ey > 2) descritas em (6) re-
escrevem-se agora na forma

¢;'=Cia—¢,  j22

em que a linha que surge no lado esquerdo desigha a deFﬁ/ada sistema de
equac0es diferenciais assim obtido tem a vantagem de sgrodenear triangu-
lar inferior e, consequentemente, pode ser explicitanrestdvido ent; (¢) por
substituicéo directa comecando pela equacao pata2 e aplicando recursiva-
mente a férmula da variacdo das constantes

j ik 9
FIOELEDY ﬁckm) TN [ac =5 as ao

i — 2)!
= U (=2
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Relativamente a (10), e na eventualidade de um completoeconbnto sobre
a funcéoc;, esta representacdo para a compongntia solucdo em termos de
¢1(¢) permite obter informacédo detalhada sobre o comportamessimnptotico
das solucbes do sistema inicial (5).

O estudo sobre as funcdégc) sera essencial para prosseguir de encontro a um
dos principais objectivos deste trabalho. Como anteriatentoi referido, o se-
gundo aspecto a ser analisado sobre a dindmica do sistentefse com a ocor-
réncia de comportamentos auto-semelhantes. Como ja nméneas (cf. pag. 9),
isto significa que todas as solu¢des aproximam-se de uma 8aolacdo. Por
outras palavras, analisar-se-a a existéncia de duas furg@e;, e de duas cons-
tantes positivas; e b, tais que, parg et suficientemente grandes, se obtenha

cj(t) ~ ()™ D(is()™). (11)

Para esta andlise torna-se importante conhecer o comgmtardec; (¢), ndo
apenas quandp — +oo, mas também a taxa de convergéncia efectiva de modo a
obter-se uma relacéo do tipo (11). Para o caso autoromd estudado em [21],
esta informacao é obtida pelo estudo de (7) utilizando esgidvariantes, uma
mudanca de variaveis de fase e da variavel independentedagypelo método

de compactificacdo de Poincaré, e pelo método das variedediais.

Esta abordagem néo é valida para&o nulo genérico. Para estes casos, teremos
que utilizar um caminho “menos directo” que comeca poras#ilumansatzpara
uma mudanca de variavel conveniente, sugerida por [69¢ Pjld obtida através

de uma andlise assimptética. De sublinhar ainda, que a mpadkvariavel con-
siderada esta relacionada com o termo dominante da ansdisepaotica de [69],

e depende explicitamente das regides consideradaspara

Estudaremos os casas> —1/2 (Capitulo 2),w = —1/2 (Capitulo 4) ew =

—1 (Capitulo 5) usando ansatzfornecido pela mudanca de varidveis. Os casos
—1 <w < —1/2ew < —1 serdo tratados no Capitulo 5 usando uma abordagem
diferente, baseada no estudo das propriedades de mondé&ssalucdes.

Comecamos por analisar o caso- —1/2 no Capitulo 2, o qual inclui o caso par-
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ticularow = 0, ja discutido em [21], e que agora pode ser encarado numxtonte
mais amplo. Os resultados relevantes retirados do nosswciomento sobre o
comportamento d&; permitem-nos concluir a existéncia da funcéao

w+2

g(t) ~1 3,

e de uma familia de fungdes de escalamebiq,, tais que (11) se verifica com

— 1o —
a—H_—web—l.

Os graficos dg — @, , () s&o apresentados na Figura 2.7, pagina 68.

Da observagdo qué, , fica descontinua em = 1 paraw < 1, e ilimitada em
qualquer conjuntogl — ¢, 1) quandaw < 1, é razoavel inferir que o escalamento
considerado podera néo ser apropriado em torno desse @uoitouma diferente
variavel auto-semelhante conseguimos provar a existéeciana funcéo de es-
calamento diferent®, ,, mais adequada ao estudo do que se passa em torno do
ponto singular deb, .

Essencialmente, temos, pgr& ¢ suficientemente grandes,

¢ (1) ~ ()2 Dy (%) , (12)

coma e g(¢) definidas como anteriormente.

Os graficos das novas funcdes de escalam®atp séo apresentados na Figura
2.8, na pagina 74.

No Capitulo 3 consideramos uma extensédo dos resultados pituloa2, para
fontes de mondmeros do tipo

Ji(t) = at®(1 + &(1)),

ondee(-) € uma fungdo continua satisfazerddp) — 0 quanda — +oo. A
maioria, mas nao todos, dos resultados do Capitulo anterie ser generalizada
assumindo apenas esta hipotese geral soldséo € verdade, em particular, no que
diz respeito a existéncia de perfis auto-semelhantes.sDkados relativos a taxa
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de convergéncia da quantidaazieZ?"=1 cj necessitam de uma hipotese adicional
acerca da taxa de decaimento da perturba¢go

No Capitulo 4 analizamos 0 cago = —%, para o qual, de acordo com [69],
esperamos que as solucdes c¢;) de (7) se comportem como

co(t) ~ (3¢2) (logr)’}

c1(t) ~ (%) 1 (Iogt)_% , quanda — +o0.

A presenca dos termos logaritmicos resulta num certo nudecmmplicacdes
técnicas, mas o método que foi utilizado para o @aso—% € ainda aplicavel e os
resultados que obtemos séo semelhantes, exceptuando ddagie mostramos a
naoexisténcia de um analogo d&. Mais precisamente, mostramos que quando
j, ¢ = 400 e quandd = % o limite de

c* (10g6)5 &(c)
é infinito.
No ultimo Capitulo consideramos o caso< —% e estudamos separadamente 0s
casosw = —1,w > —1 e por fimw < —1. Paraw = —1 usamos unansatz
semelhante ao utilizado no caso> —%. Acima e abaixo dew = —1 0 ansatz
resulta em dificuldades que ndo se conseguiram ultrapdssatas a um delicado
balanco entre contribuicdes com sinais diferentes, petosgudesenvolveu uma
abordagem alternativa, baseada numa abordagem dire@g degnsistindo num
cuidado estudo de propriedades de monotonia das solucdesrtas regides de
R? utilizando curvas auxiliares apropriadas. N&o nos foi pesprovar se as
solucbes se comportam, ou ndo, de um modo auto-semelhaagdyaseado em

evidéncia numérica, a existéncia de auto-semelhancasnestes parece estar
excluida.



Chapter 1
Introduction

In this work we study some aspects of the long time behavibarsystem of an
infinite number of ordinary differential equations modedjithe kinetics of particle
coagulation.

Since the pioneering work of Smoluchowski [66, 67], who s#ddhe coagula-
tion of colloid particles under the assumption of Browniaaotion, in the second
decade of the twentieth century, a variety of kinetic equredtj under the common
designation of coagulation, or coagulation-fragmentatiequations have been
successfully used to model a wide range of phenomena ovege tange of
scales, from phytoplankton to smoke, clouds, colloidsps@s, planetesimals,
and phase transitions in alloys (see, e.g., [33, 61, 64, 65])

A clear measure of the importance of coagulation models easebn by the ex-
periments carried in orbit aboard the International Spdaéd (ISS) under the
Coarsening in solid liquid mixtures-1 and g2ograms [22, 23] to investigate the
long-time coarsening in the Lifshitz and Slyozov [51] anddiver [68] theory of
Ostwald ripening. This model is of a vital importance wheyirtg to understand
the properties of coarsening of the granular structurenadyi alloys over an ex-
tended period of time. It has been shown recently that the I8y of Ostwald
ripening is closely related with the Becker-Déring [8, 6bjiel of cluster growth
[14, 42, 60, 63], which is a kinetic system of the coagulafi@gmentation type.

The importance of these equations for the applied sciereedéen reflected, in

20
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the last few decades, in an upsurge of interest in its mattieamhéheory among

the mathematical (analysts, probabilists, and numeritalyats), as well as in the
scientific modelling communities. It is clearly out of platereview, here, all

the aspects of the, at present, already huge mathematgrallire on this type of
systems. A number of recent mathematical reviews are ineds and provide
an excellent guide to the literature for someone now ergeha field [3, 9, 44, 46,

70]. Even not so recent mathematical reviews such as [2&r29till of interest,

and can profitably be read today.

In the remaining part of thimtroductionwe start by describing the differential
equations system and by reviewing the part of the literatrieh is relevant to
the work to be presented in the remaining chapters, whichb&isummarized in
the last section of the current chapter.

1.1 The coagulation-fragmentation equations

We consider a system composed of a large number of partedeh, particle con-
sisting of an integer number of a fundamental unit called omoer; we assume
this indivisible unit to have mads so that aj -cluster, i.e, a particle formed by
monomers, will have mass We assume the system to be, somehow, well mixed,
so that it can be described by a spatially independent vettmmcentrationsc;),
where the subscript runs through all the possible cluster masses.

Furthermore we assume these clusters can bind togethemtoldoger clusters,
and, if we assumé&agmentation they can also break-up giving rise to smaller
clusters. We assume that we only hdpary reactions, although models with
more complicated reaction schemes have been consideredItdter interaction
is assumed to follow the mass action law of chemical kinetyogng rise to a
coagulation and a fragmentatioate coefficientgor kernels), that must contain
all the information about the reaction kinetics we are miodel Typically these
coefficient are only a function of thmasse®f the two clusters involved in the
reaction, but more complicated situations also arises$éation 4.3].

We introduce(c;(1))5Z,, the sequence whose elements are the concentration of
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clusters of masg at some time, and we want to study the evolution of(z)
ast — +oo, either in the strong topology of an appropriate Banach space
pointwise in;j (i.e., for each fixed;), or when; also converges tg-oo in some
way related to the convergencerfThe physical relevance of these distinct ap-
proaches will be pointed out below.

The time evolution of(c; () is dependent of the type of elementary kinetic

processes that each cluster is supposed to undergo. Typibake processes are
the following (we assume next that> 2):

(i) two smaller cluster can coalesce to formi-aluster

[(j — k)-cluster] + [k-cluster] — [j-cluster], k=1,...,j—1

(i) a j-cluster can fragmentinto two smaller one

[j-cluster] — [(j — k)-cluster] + [k-cluster], k=1,...,7—1

(i) a j-cluster can merge with another cluster

[j-cluster] + [k-cluster] — [(j + k)-cCluster], k=12,...

(iv) alarger cluster can break-up

[(j + k)-cluster] — [j-cluster] + [k-cluster], k=12,...

Assuming the mass action law of chemical kinetics, andigttine rate coefficient
for the coagulation reaction betweery ecluster and &-cluster be denoted by
aj x, and that for the break up of(a +k)-cluster into aj-cluster and &-cluster
beb; x, we immediately conclude that the contributions of the pssesij-(iv)
to the time evolution of; are given by, respectively,

dc;

(i) th =Adj—kkCj—kCk »
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i dec;
(ii) le = —bj_rxcj,
(iii) % = —a;xcick,

.. e
(iv) th = bj kCj+k -

Noticing that forj = 1 we don’t have contribution§) and (ii), the discrete
coagulation-fragmentation equations can be written as:

!

+3 Y ajkxci—kex  Gain by coagulation
k=1
1
. =) > bj ke Loss by fragmentation
g, = k=1
dtcj = - (1.2)
—> ajkcic Loss by coagulation
k=1
+ Z bjkrcjtk Gain by fragmentation
k=1

Or, using a more practical notation,
d 144 >
Cj:ECj :EkX_;Wj_k’k—kX_;Wj,k, ] 2 1, (12)

where
Wij=Wijlc)=aijcici=bijciyj. i.j=>1

On physical grounds it is reasonable to impose that the cosftsa; ; andb; ;
always satisfy symmetryand positivity condition: a; ; = a;; > 0 andb; ; =

bji > 0,Vi,j > 1. The fundamental assumption is that all our knowledge of
the underlying mechanisms of the clustering process isagoed in the rate co-
efficients. In Table 1.1 [18, Table 1] we list a few of the mostenonly used
coagulation kernels in the applied literature. For thermagtation kernels a lot
less information seems to be available on physical grounasimber of assump-
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Table 1.1: Some commonly used coagulation kernels, .

aj.i Comment

1 Approximate Brownian coagulation,
Linear-chain polymerization

j+k Branched-chain polymerization,
Limit case of gravitation coagulation

jk Branched-chain polymerization
jT2/3 4 23 Diffusion-controlled growth of supported metal crystaii
Y3 +kV3)(G~Y3 + k—1/3)  Brownian coagulation (continuum regime)

GY3 4+ k32— 4+ k—1)1/2  Brownian coagulation (free molecular regime)

GV3 +Kk1/3)3 Shear (linear velocity profile)
Y3 4+ k1/3y7 Shear (nonlinear velocity profile)
G134 k1/3)2);1/3 _ 173 Gravitational settling

tions have been used, the most important of which seems toebiifillment of
a detailed balance condition [5, 13].

Most of the rate coefficients presented in Table 1.1, and'sthe them that show
up in the applied literature, have the unfortunate featdineesulting in systems
that, at present, seem too hard to analyse rigorously. Asutrenost of the
mathematical studies of these equations assume kernelpastiaularly simple
kind (such as the first three in Table 1.1), or kernels bourgdeduch simple
kernels.

Both from a mathematical and a physical point of view, thréepspecial classes
of coefficients have earned a considerable deal of effod:ptire fragmentation
(a;,; = 0), the pure coagulation, or Smoluchowsl; ( = 0), and the Becker-

Doring systemd; ; = b;; = 0ifi A j = N, forsomeN > 1). These classes
of systems are not only easier to analyse than the full casigntfragmentation

system (1.1), but some of the questions are still formidabillenging, and are
interesting in themselves as valid models in several s@ieapplications.

A different class of system is tlentinuousversion of (1.2), obtained by consid-
ering that the masg of a j-cluster can be allowed to vary continuously between
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0 and+o0 (and, hence, it is denoted by. Formally, the difference to the system
(1.2) is that now one has integrals instead of sums and thetenfiystem of ordi-
nary differential equations is now a non-local integrotiadudifferential equation,

X 400

de 1

s =5 [ Woe=yondy = [ ey, (13)
0 0

whereW (x, y) == a(x, y)c(t, x)c(t, y) —b(x, y)c(t, x + y), and the functiong
andb have natural correspondences with the rate coefficientseadliscrete case
(1.2).

Although it is reasonable to expect a natural relation betwtae discrete and the
continuous models, the mathematically rigorous relatietwieen them is still a
matter of current research [43] that shall not concern us.her

In this work we study some aspects of the long time behavibaidescrete Smolu-
chowski system, with Becker-Déring type interactions, #itecalledaddition
model [10, 34, 38]. In particular we are going to focus on thealedself-similar
behaviour of solutions. Studies of this type of behaviowehzeen published both
for the discrete and for the continuous version of the Snfmuski equations,
and below we briefly outline the current state of the matherabknowledge in
both cases. Otherwise, we will exclusively focus on the reéigcsystem for the
remaining of this chapter.

1.2 Mathematical preliminaries

1.2.1 Basic Setting

The mathematical analysis of the infinite dimensional syste.2) requires that
some care must be taken with the choice of the spaces andpndper definition
of the solution.

The basic space used in studies of (1.2) is the space of seepiefithfinite mass
X = {(c;) e RN : (jc;) € £'}, with the norm||(¢;)| = [(j¢;)|lo. Endowed
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with this norm the spac& is a Banach space. The fact that this is a natural space
in which to study (1.2), and the reason for the name of its el@s) is clear if we
remember that; is the concentration of-clusters, and sojc; is proportional to

the mass of thg -clusters. Hence||(c;)| = Z?’;l Jlejl is (proportional to) the
total mass of the system.

Some spaces analogousXoare also important in certain cases. These are the
spaces defined b¥* = {(cj) eRY: l(cplla = 1G%) e < —I—oo} . Note that

X = X'. The family{Xy, || - lla}o>0 IS @ regular, normal, and compact scale of
Banach spaces [15, Theorem 1.2.1]. In particular the coitypaidthe embedding
plays a crucial role in certain studies.

The definitions of solution that are most common in the liem@are either what
is sometimes called mild solution,i.e., essentially a continuous solution of the
integrated version of (1.2) [4, 5], or, more rarelywaak solutionjn the sense
usually given to this term in the theory of partial differehiequations [43]. Reg-
ularity results allow for the upgrading of a mild, or a weaslugion to a function
with sufficient differentiability for the derivatives in ¢hleft-hand side of (1.2) to
make sense, and thus to get a solution in a stronger sengajiiargashion to
what is normally done in the theory of (finite dimensionaljlioary differential
equations [4, 5].

Results about existence, uniqueness, and regularity ofisos to either (1.2) or
(1.3) depend on the assumptions about streictureand thegrowth behaviour
of the kinetic coefficienta andb. Currently, there exists a large body of work
about these problems, that started with the pioneering svofvelzak [56] and
McLeod [53, 54, 55], continued with those of Aizenman and Bgkand White
[71], and attained its maturity with the seminal works of IB&larr and Penrose
[5], and of Ball and Carr [4], which formed a basis to much @& turrent interest
and developments in the field. In fact, for the purposes ottireent work, the
results proved in [5] about existence, uniqueness, andaetyuare immediately
applicable, either directly or after some trivial modificat



1.2. Mathematical preliminaries 27

1.2.2 The long-time behaviour of solutions and self-similéy

The study of the long-time behaviour of solutions to (1.2(108B) is an extremely
rich and active area of current research.

From a physical point of view, it is expected that global siolus should converge
to a time independent solution as> +oo. Furthermore, since mass is conserved
in each of the elementary processes in page 23, it is realsotoadxpect that the
same should hold for the solutions of the system, i.e., tted thass (norm) of
the solution should remain constant under time evolutji@n; (r))|| = po. V¢, for
some constand, (the initial mass).

Actually, for many decades a number of formal argumentstedis the liter-
ature that indicated this expectation to be rather naivd, @mnted to the fact
that it should not hold true in general. This was reinforcgdiiee knowledge
of solutions of the Smoluchowski equations with coagulakernela; = jk
and particularly chosen initial data (monodispersed, e;§0) = §;;) that be-
haved in a different way, conserving mass up to a given tiinend showing a
regular mass decay to zero aftf. This behaviour took the name gklation
phenomenomand was physically interpreted as due to the occurrence bhaae
transition in the system: the formation of an “infinite” desnot modeled by the
coagulation-fragmentation system (tipel) that is responsible for the removal of
the mass of the cluster system. Mathematically, the gembaaiacterization of
this phenomenon was, during many decades, an importantgypblem, and, al-
though some progress have slowly been made [4, 11, 12, 163434], only very
recently was the problem successfully tackled [30, 31, 36].

The convergence to equilibria and the conservation of maskack thereof) are

hardly the only interesting issues about the long-time bielia of solutions. Two

other issues, both of considerable physical significanmeagated with the details
of the approach to the final state, namely, the problem ofroenae of metastable
behaviour in the Becker-Déring equations [35, 61, 62], drelduestion of self-

similar behaviour in Smoluchowski’s and related systems.this last problem

we will now turn our attention.

When studying the cluster size distribution as a functiotioé (in the absence of
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fragmentation), we are confronted with the behaviour ofisohs for large times
and large monomer sizes. We want to know whether solutiottswa certain
range of initial conditions will eventually approachsaale invariantsolution.
Thus, a central problem in the study of the long-time behawvid solutions to the
coagulation equations is their convergence to some siiyilarofile ®, when j
ands — +o00

¢j(t) ~ () @(js(t)™")

wherea andb are appropriate positive exponeng$z) is a scaling function (with
c(t) = +oo ast — +o0) and the scaling argumernifc(z)? is kept fixed.

This is conjectured to occur, for a large class of initial ditions, in the case
of (symmetric) homogeneous kinetic coefficients, i.e. stheatisfyingay,; =
ajr = K(j, k), with the functionk being homogeneous with some homogeneity
exponent, i.e., K(ux,uy) = u* K(x, y).

These type of questions were first presented and addresseddajander and
co-workers [33] in the 1960s and 1970s. It was intenselyistdrom a mathe-
matical modelling point of view, by van Dongen and Ernst ia 980s, [26, 27].

In [27], van Dongen and Ernst studied homogeneous kerndéfstiwe additional
growth conditionK (i, j) ~ i*;j”, (j > i, A = p + v). They distinguished
between several classes based on the sign. ofurthermore, on physical con-
siderations they imposed < 1 andA < 2. It was argued that, since the reac-
tion rate j of a large j-monomer (i.e.,j > i) should not increase faster than
its volume, we must have < 1, and also that since for clusters of equal size,
K(j.j) = j*K(1,1) should not increase faster thgA we must have. < 2.
An important aspect is the introduction wbngellingandgelling kernels, related
with the above mentioned problem of mass conservation, aninehe former the
mean cluster size(¢) remains finite for all times < oo and for the latter, where
a gelation transition occurs, characterized by the divezrgefc(¢) occurs at a
finite time T,., thegelpoint Accordingly, the scaling behaviour g¢) — +o0 is
meant as — T, in the gelling case, and as— +oo in the nongelling case.

Leyvraz [49, 50] studied the scaling theory near the gelpqist before the tran-
sition, where the typical cluster size diverges, origingthe appearance ofgant
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cluster. The difficulties in this case have lead to a closek lat exact solutions
and numerical methods in order to get a better understanding

For density conserving solutions, one of the first resultsegroved rigorously
(from a mathematical standpoint), was obtained by KreeRemtose [37], based
on an idea of Lushnikov [52], for the discrete Smoluchowskiaion (1.2) with
constant coagulation kerne} » = 2 and for its continuum analogue (1.3). As-
suming that the initial data satisty (0) > 0 and are exponentially decreasing,
more precisely) < ¢;(0) < A(1 + A)~/ for some positive constant$ and A,
independent of, they used the generating functigf(z,7) = }72, ¢;(1)z/ to
obtain an explicit integral expression for(z). By studying the generating func-
tion W(z, r), Kreer and Penrose conclude that

: 1
Clim fPej(r) = — e8P,
Jst—>+00 o

E=j/t fixed
uniformly for £ in compact subsets @®*, wherep > 0 is the mass of the initial
condition (and, since solutions are mass conserving, afahgion for all times).

Subsequently, da Costa [17] improved upon the conditiorheniritial data by
relaxing the positivity requirement of (0), obtaining the following result:

if 0<c;(0)<A1+A) 7 then lim r2c;(t) = Le 0o,
Jst—>+0o0 o
E=j/t fixed
jeg
whereJ is the set of subscripts for which¢;(z) > 0, andg = gcd{j: c;(0) >
0}.

Different proofs have since been given by Aldous [3], using‘@asy probabil-

ity argument”, and Deaconu and Tanré [25] using also a plibbtad approach
(both for L' weak convergence). Deaconu and Tanré [25, Thms.3.9 andl 3.11
obtain also an important result: a transformation whichnemts the solution of
the additive case with the one of the multiplicative case.

In recent years research on this topic, under the variousesaoaling theory
dynamical scalingr self-similarity, has seen an increasing growth trend, with a
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number of important contributions on the mathematical Modgapproach, such
as those by Brilliantov and Krapivsky [10], Wattis and corlers [24, 69], and,
of course, the very thorough review article of Leyvraz [48]szaling theory and
exactly solved models. From the mathematical analysistdiniew, important
recent articles are those by Menon and Pego [57, 58, 59], d@a@bal.[21], and
Laurencot and co-workers [6, 39, 41].

These studies still fall short of providing a complete ustiending of the scaling
phenomenon, in particular, they use rather restrictivesypf coagulation ker-
nels, namely, constant, additive, and multiplicative kdspand their analysis are
mainly based in methods that seem to be truly dependent daittheture of the
kernel, such as the use of generating functions, Laplaosftstems, or change of
variables. In spite of these drawbacks, the analysis ofethestrictive kernels
are far from trivial and are not short of technically veryidate points and un-
suspected connections to other areas of mathematics, astiterful papers of
Menon and Pego clearly show.

A major recent contribution to our knowledge of what happeith more realis-

tic types of coagulation kernels is provided by the arti@2][ by Fournier and
Laurencot, in which they proved the existence of self-amslolutions decaying
rapidly at infinity for a wide class of homogeneous coagalakernels. Although
they could not provide information about the stability oésle self-similar solu-
tions, that is, knowledge about the possibility of a gensalution to eventually
converge to a self-similar one, and, if such is the case, tolwtne (the type of
questions rigorously addressed in [37, 17, 69] and, mostaigtin [57, 58, 59]),

this article is indeed a remarkable step towards a bettegrstahding of the be-
haviour of solutions to the Smoluchowski system.

The problem of stability of the similarity profiles is, indkea largely open one,
the known results, pointed out above, being for particylsirhple kernels and us-
ing devices unlikely to be effective in more general sitoia$i, such as generating
functions and Laplace transforms. In an alternative apgroby Laurencot and
Mischler [45], give a proof of the convergence to self-sanprofiles for solutions
to the Smoluchowski coagulation equation with constangataion kernel by
writing Smoluchowski’s coagulation equation in self-danivariables and iden-



1.2. Mathematical preliminaries 31

tifying several Liapunov functionals. The same type of aagh has being tried
for more general kernels, so far without success [40].

The interest in the long-time behaviour of solutions to tbagulation systems
has spread to unexpected areas, like theoretical and dpplibability, sparked
by the influential review article by Aldous [3]. Written teears ago, it focused
on a “probabilistic” interpretation of the mean-field modélSmoluchowski co-
agulation equation, using duality with branching-typegasses. Aldous focused
on the three most studied kernels (constant, additive antiptcative), and on
its relations with classical ideas in probability (staldes, limit theorems), he put
forward ten open problems, most of them focusing on unigseeaed dependence
on initial conditions for scaling solutions, and the quintif research motivated
by this article has been truly amazing (for a monograph oanedevelopments
see the book by Bertoin [9]).

In the remaining of this introduction we will focus on the & which is the
subject of this thesis: the addition model with input of moress.

1.2.3 Self-similarity in the addition model with input of mon-
omers

Throughout this work we will consider a particular case oR{lithout fragmen-
tation, i.e.,b; ; = 0, Vi, j, and such that the only relevant interactions are those
between clusters and monomers (andnteractions of cluster-cluster type occur);
as mentioned already, the evolution of the cluster popariatan be described by
the following kinetic scheme

(j-cluster)+ (l-cluster)ﬂ ((j + 1)-cluster) j e N*,

Defining the coefficients:; := %al,l anda; = aj, if j > 2, this scheme
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corresponds to the following coagulation kinetic equagion

oo
¢1 = —aci —c E acj

i=1 (1.4)
Cj =daj_jcicj_y —ajcicj, j =2.

Due to the special role played by the monomers in this kirsgtieme, we expect
the dynamics of the differential equation to freeze whensygem runs out of
monomers, and the final state will clearly depend on theaindistribution of
clusters sizes.

The problem only becomes interesting if some mechanismtisdaced that
avoids the complete depletion of monomers in finite time. €ueh case, widely
considered in the literature, is the possibility of cluster fragment (i.e., the ki-
netic scheme to be reversible) which gives rise to the dakdiynamic Becker-
Doring system [5]; another possibility is to externally yide a source of mon-
omers by adding a source terf(z) to the right hand side of theg -equation in

(1.4).

The particular type of input function to be considered diedepends on the par-
ticular situation to be modelled. Several possibilitieghbeen considered in the
literature. Among them, we can point the case wharg) exactly balances the
remaining terms in the right-hand side of theequation, in which case that dif-
ferential equation reduces tq = 0; this case corresponds, physically, to the
coupling of the cluster system with an infinite particle battmonomers that al-
lows their concentration to be constant in time, and, in feastitutes the original
Becker-Déring theory of metastability [62, 63].

Another way to externally supply monomers is to define theuirtprm J;(¢)
independently of the state of the system. This is a quiteoredsde assumption
in a number of applications, including in simple models offypterization and of
epitaxial growth [7]. The easiest hypothesis abdut ), which turns out to be
very useful in applications, is to make it a time independamtstant. This case
was considered recently in [21] (see below).
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Another model case for the input function is to consider ibaver law
Ji(t) = at®, with o > 0 andw € R.

This case is possibly not as interesting for the applicatasithe time independent
case { = 0), but it is still a case deserving consideration, and ctutsis an
interesting mathematical challenge, since the approaetl is[21] is based on
a compactification method and centre manifold reductiohrtepies, that clearly
are not available for the power law case.

A formal analysis of this case was recently performed in [@@]d we will use
the ansatz provided by that study to rigorously analyse tititian model with
constant rate coefficients; = 1 and a power law input of monomers(¢) =
at®, namely

o0
¢ = at® —cf — CIZCJ-
Jj=1 (15)

cj =cicj—1 —cicj,  J =2,

wherea > 0 andw are constant parameters.

We will study basically two aspects of the dynamical behawiof solutions to
(1.5).

First, we want to establish the componentwise behavioun@tblution ag —
+o00, as well as the behaviour of the total amount of clustersemte@hebulk),
defined by) 72, ¢;.

The second aspect of the dynamics we are interested in i<tugrence of simi-
larity behaviour.

Our first step consists in transforming the infinite dimenaicsystem (1.5) into
an almost exactly solvable problem.

Introducing the total number of clusters as a new macrosoggiablec, (7)) de-
fined by

o) = ;).

j=1
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and formally differentiating termwise, we conclude thasatisfies the evolution
equation

éo = at® — CoC1.
The system (1.5) can then be written, in closed form, as
éo = at® — CoC1,

¢ = at® — cocy — i, (1.6)

cj =cicj—1 —cicj,  J =2,

and from the reduced system we observe that the equatiorsrgog both the
monomer dynamics and the total number of clusters are &ctuabnautonomous
bidimensionalcy, ¢;)-system

Co = at® — coC
{o 0C1 1.7)

¢ = at® —cocy — c12,
the dynamics of which can be studied in a way totally indepaindf the remain-
ing components of the infinite dimensional system.
Given a solution of (1.7), we introduce a new time scale

t

g(1) = o +/01(S) ds, (1.8)

o

whereg, is a positive constant, and then we consider the new phasdbles

¢j(c) = ¢;(t(c)), (1.9)

wheret (¢ ) is the inverse function of (7).
Whenc, (1) > 0, these are well defined amdis an increasing function af

In the new variables, the,—equations in (1.6) now become

!/ ~ ~ .
Cji=Cj-1=¢, ] =22,
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where(:) = d—‘i_

This system of differential equations turns out to be a loinangular linear sys-
tem and thus can be explicitly solved in terms of the functigia ) starting from
the equation for; = 2 and applying the variation of constants formula recur-
sively:

S
/El (c —s)s’2e™ds. (1.10)

0

- . T, ik 1
Gg)=e kzzz(j_k)!ck(ow(j_z)!

Once a precise knowledge of the behavioutofs available, this representation
formula for thej —component of the solution in terms &f(¢) allows us to prove
the rather detailed information about the long time evolubf solutions to (1.5).

The study of the behaviour &f (¢ ) will be essential in the pursuit of our main in-
terest. As we mentioned in page 33 the other aspect we aresied in concerns
the existence of self-similar solutions. As we pointed aut page 28) this means
that the cluster size distribution approaches a common@aiflarge times, more
exactly, there exist function® andc, and positive constantsandb, such that,
for sufficiently large; andt,

cj(t) ~ ()™ @(ic()™). (1.11)

What we need to know about the behaviourcetc) is not only its limit as
¢ — 4oo but the actual rate of convergence in order to obtain a ceidtke
the one in (1.11). For the autonomauis= 0 case studied in [21] this information
was obtained from the study of (1.7) using invariant regi@shange of phase
and independent variables suggested by Poincaré’s coifiqatain, and a centre
manifold analysis.

This approach is not available for general nonzeroase, and so, here, we use
an indirect path, which starts by making ansatzfor a convenient change of
variables, suggested by [69, Table 2] and obtained via foasyanptotics.

The change of variables we consider is linked to the asynepkeading order
analysis performed in [69], and depends explicitly on thyeaofw we consider.



1.2. Mathematical preliminaries 36

We will study the cases > —1/2 (Chapter 2),o = —1/2 (Chapter 4) and
o = —1 (Chapter 5) using the ansatz provided by an appropriategehahvari-
ables. The casesl < w < —1/2 andw < —1 will be treated in Chapter 5
using a different approach, based on the analysis of the tapivity behaviour
of solutions.

We start by analysing the case> —1/2 in Chapter 2, which includes the partic-
ular casen = 0 already discussed in [21], and can now be seen as part of a more
general picture.

The relevant results obtained from our knowledge of the ielbia of ¢; allow us
to establish the existence of a function

w42

g(t) ~t73,

and a family of scaling function®, ,,, such that (1.11) holds with = ;—‘:’0 and

b = 1. The graphs of — &, ,(n) are presented in Figure 2.7, page 68. From the
observation tha®, , becomes discontinuous#mt= 1 for v < 1, and unbounded

in any set(1 — &, 1) whenw < 1, it is reasonable to infer that the scaling under
consideration may not be the appropriate one around that,@rd so we use a

different scaling function, obtainin®, .

We essentially have, for sufficiently largeandt,

cj(t) ~ (1) Dy (J_T/CT()[)) : (1.12)

with a and¢(z) as before. The graphs of the new scaling functidns, are
presented in Figure 2.8, on page 74.

In Chapter 3 we consider an extension of the results obtamé&hapter 2, to
monomer input

Ji(t) = at®(1 + (1)),

wheree(:) is a continuous function satisfying¢) — 0ast — +oo. Most,
but not all, of the results of the previous Chapter followhnjiist this general
assumption on. This is true, in particular, of those concerning conveogeto
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a self-similar profile. Those about the rate of convergerfaie bulk quantity

Z;‘;l c; will need an extra assumption on the decay rate of the pextiore(z).

In Chapter 4 we analyse the case= —%, for which according to [69], we expect
solutions(cy, ¢1) to (1.7) to behave like

co(t) ~ (30%)° (logr)
1
c1(t) ~ (%)3 2 (Iogt)_% , ast — +oo.

The presence of log terms gives rise to a number of technozaptications, but
the method we used previously fer> —% still applies, and the results obtained
are also similar, but in this case we prove that an analo@,t@oesnot exist.
More precisely, we show that the limit of

¢ (logc)3 (<),

whenj, ¢ — +oowith & = % does not exist.

In the last Chapter we consider the case< —%, and we study separately the
casesy = —1, w > —1 and then the case < —1. Forow = —1 we use a similar
ansatz to the one we used tor> —%. Above and below = —1, the ansatz used
previously leads to some unforeseen difficulties in thecdédi balance between
positive and negative terms, and so we develop a differgmtoagh, based on a
direct analysis of (1.7), by carefully studying the monatity behaviour of solu-
tions in specific regions dk? using some auxiliary curves. We have been unable
to show whether solutions exhibit self-similarity or notitlbbased on numerical
evidence the existence of self-similar behaviour seems &xbluded.



Chapter 2

Dynamics for the casev > —%

In this chapter we present the results obtained in collalworavith F. P. da Costa,
to appear in 2007, in thdournal of Dynamics and Differential Equatignender
the title Dynamics of a non-autonomous ODE system occurring in c@adigual
theory, published on-line in 2007 [20].

2.1 Introduction

In this chapter we study the addition model with constarg caefficients:; = 1
and a power law input of monomers (1) = «ar® defined by (1.5). The case
w < —%, which based on [69] is expected to give a different resultbe studied
in the next chapters.

There are basically two aspects of the dynamical behavibsolations to (1.5)
that concern us.

First, we want to establish the componentwise behavioun@tblution ag —
+o00, as well as the behaviour of the total amount of clustersgote@hebulk),
defined by) 5, ¢;. This will be stated in Theorem 2.12, Section 2.3, which

38
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roughly says that, as— +o0,

o o0
w— 2w+1 w—
()~ 15, Y )~ and ar® — ()Y i) ~ 12T
=1

Jj=1

The second aspect of the dynamics we are interested in istherence of sim-
ilarity behaviour. The relevant results are stated and gufam Theorem 2.13,
Section 2.4, and basically establish the existence of aifumg(¢) ~ t“3* and

a family of scaling function®, ,. Considering that all ou®, ,, have a singular
point at precisely) = 1, independently o (although the type of singularity does
depend onw), whereas the singular point of the corresponding funstion69]
vary with w, we think out result presents a simpler description of tialarity
behaviour.

Noticing that®, , becomes discontinuous#@t= 1 for < 1, and unbounded in
any set(1 — &, 1) whenw < 1, it is reasonable to suppose that the scaling under
consideration may not be the more appropriate one aroungadia. A different
scaling variable to deal with this case was successfullgld@ed in [21] for the
casaw = 0. Itwas also applied in [69] to the present case where a difftescaling
function was deduced. The remainder of Section 2.4, inq@adi Theorem 2.14,
states and rigorously proves this different scaling behayiand in the process
greatly simplifies the original writing of the scaling furant in [69, Eq. (3.29)],
which resorted to Kummer’s hypergeometric functions, bgvahg it to be the
rather pleasent looking functioh, , in (2.41) (that reduces to the one obtained
in [21] whenw = 0). Note that they provide a kind of inner expansion of the
singularity of the scaling function®, , aroundn = 1.

The proofs of these results in Sections 2.3 and 2.4 are aathihve to essentially
two arguments that help transforming the infinite dimenai@ystem (1.5) into
an almost exactly solvable problem.

The first of them is the fact that by introducing the total nembf clusters as
a new macroscopic variabitg(z) defined bycy () = Z;‘;l cj(t), and formally
differentiating termwise, we conclude thgtsatisfies the evolution equatiofn =

at® — cocy. Thus, system (1.5) can, at least formally, be written, asetl form,
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as (1.6).

In fact, the equivalence between the dynamics of (1.5) aaicoi(1.6) with initial
data in the hyperplanf(co. ci....) € R : ¢o — Y52, ¢; = 0} can be proved as
in Section 2 of [21].

From the reduced system (1.6) we observe that the equatimvesrgng both
the monomer dynamics and the total number of clusters atalcthe nonau-
tonomous bidimensiondty, ¢;)-system (1.7). Its dynamics can be studied in a
way totally independent of the remaining components of tifieite dimensional
system.

The second argument we mentioned above has to do with a cbhétiges scale.

Given a solution to (1.7), we introduce a new time scale (n8)erec is a
positive constant, and we consider the new phase variabl@y (vherer(c) is
the inverse function of (r). Whenc;(¢) > 0, these are well defined ardis an
increasing function of. In the new variables, the;—equations in (1.6) become

~

!/ ~ ~ .
Cj = Cj—1=Cj, Jj =2,

where(-) = d—dg

This system of differential equations is a lower trianguilaear system and thus
can be explicitly solved in terms of the functiop(c) starting from the equation
for j = 2 and applying the variation of constants formula recurgivek obtain
(1.10)

S

/ Ci(c —s)s/72e5 ds.

0

- I I
ci(g)=e kX:; T _k)!c’k(o) + G =)

Once a precise knowledge of the behavioutofs available, this representation
formula for thej —component of the solution in terms &f(¢) allows us to prove
the rather detailed information about the long time evolubf solutions to (1.5)
that is presented in Sections 2.3 and 2.4.

We start by making aansatzfor a convenient change of variables, suggested by
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[69, Table 2] and obtained via formal asymptotics.

According to [69] we expect solution®y, ¢;) of system (1.7) withw > 0 and
» > —1 to behave like

1

32 3 toe

) ~ t 3
co(?) (1+2a))

(1 () ~ (70‘(1 “;2“’))3%1,

ast — +oo.

This suggests the functions

1
1 +2w)3 w
Co(?) ;:( ;za)) . eo(6)
o
. 2.1)
3 1—w

173 (1),

3
Ci(t) = | —————
10 (a(l + 2w))
might be expected to converget@s: — +oo, and reciprocally, if this happens
thency andc, behave as stated. To prove this convergence behaviqai, o)
we need an equation for its evolution which is readily okadias follows: dif-
ferentiating (2.1), substituting into (1.7), changing thee scaler — t so that

1
2 3 142w .
e _ ( 3a ) t—3, defining

dr 1+2w

{X(T) = C1(1(7)) 2.2)
y(7) = Colt(1)),
and denotingd (-) by (-)’, we obtain
X'=1—-xy— At 2x* + Bt lx
1 2.3)
Y =1 —-xp)Atr 2 — A%t 1y,

where

1

I +20\? -

A= (~F22) and B ——2 (2.4)
4+ 2w 442w



2.1. Introduction 42

To prove that non-negative solutions to (2.3) convergd té) ast — +oo is the
purpose of Section 2.2. In order to prove convergence weepobas follows: first
we prove, in Lemma 2.2, th&™" x R* is a positively invariant set for (2.3); then a
relative boundedness result is obtained: we establishnmnh& 2.3 that, for non-
negative solutiongx, y), boundedness of [or y] is equivalent to boundedness
away from zero ofy [or x]; and then, in Lemma 2.4, we conclude that indeed
both x and y are bounded (and bounded away from zero) functions. oThe
proofs of all these three lemmas are achieved by the use ofjaigte differential
inequalities.

After these boundedness results we use the evolution of iwitiary functions,

h(t) = x(t)y(r) andb(r) = y(r) — Ar_%x(r), to locate, for every orbit, its
w—limit set as a (bounded) arc of the hyperbala = 1 containing the point
(1,1) (Lemmas 2.7 and 2.8) and, using suitable differential ilsditigs akin to

those employed in the boundedness proof (Lemma 2.4), wéyfiestiablish that
the arc actually degenerates into the single p@int) (Lemma 2.9).

Using this convergence it is possible to refine the estimiieg presented in
Lemma 2.7 and actually conclude that,as> +oo, A(t) ~ 1 — A7z, This
estimate, obtained in Lemma 2.10, concludes the informatéquired for the
proofs of the results on the dynamics of (1.5) in SectionaB®82.4 we described
above.

The approach just outlined, when compared with the morealadne used in the
autonomousy = 0 case, has the great disadvantage of, besides being lengthie
requiring ana priori knowledge about the behaviour to be observed in order to be
able to define the appropriate change of variables. Thimsitrdrawback is in
this case mitigated by our knowledge of the stated behavioon the formally
computed asymptotic results presented in [69, Table 2].



2.2. The bidimensional ODE governing monomer and bulk dynamics 43

2.2 The bidimensional non-autonomous ODE gov-
erning monomer and bulk dynamics
We are interested in nonnegative solutions to (1.7) and.sm hereon, solutions

will actually mean nonnegative solutions. The main restithes section is the
following

Theorem 2.1 Leta > 0 andw > —% be constants, and I€t,, ¢;) be any solution
of (1.7). Then, ag — 400, we have

1

1420\ i

0 (F2) e — 1.
o

O (s55) a0 —1

(|||) (m)3 [zl_Tw(atw — Co(t)Cl(t)) — 1.

From the discussion in the Introduction we prove this rasykvorking with (2.3)
and proving that its solutions converge(ig 1) ast — +oc.

We start by the obvious observation that (2.3) is asymmtyi@utonomous. Al-
though in general this would be a potentially fruitful profyethe fact that the set
of equilibria of the asymptotic limit system

x'=1-xy
V' =0,
form a continuum, and thus the equilibria are non hyperbaolaes not seem to

provide a handy way of using the limit system to get informatabout the long
time behaviour of solutions to the original non-autonomsystem (2.3).

As a consequence, we shatht use the asymptotic limit of (2.3).Instead, as de-
scribed in the Introduction, we study (2.3) using the infatimn on the bounded-
ness of solutions provided by certain differential inedied derived from (2.3)
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in some regions of the phase plape y), together with information provided by
the evolution of two auxiliary functions, to locate the pbsso—limit set of the
solutions, and then to prove this set must consist of thdesipgint (1, 1). The
somewhat lengthy analysis will be decoupled into a seridemimas in a way
that will highlight the main steps of the argument.

Our first goal is to establish that all (positive) solutionq2.3) have both com-
ponents bounded and bounded away from zero. To this end,antebgtproving
solutions cannot cease being positive.

Lemma 2.2 The first quadranf{x > 0, y > 0} is positively invariant for(2.3).

Proof. This is obvious since if(0, y) : y > 0} we have, from (2.3)x’ =1 >0
for all 7, and so solutions cannot escape throughtheaxis. Similarly, in{(x, 0) :
x > 0}itholdsy’ = At~z > 0, which imply solutions cannot escape through
the x—axis either. 1

Next we prove a relative boundedness behaviour ofxtlaad y components of
the solution that will be useful in the sequel.

Lemma 2.3 Let (x, y) be any solution tq2.3) with positive initial data. Then,
the following equivalences hold:

(i) y is boundedk—= x is bounded away from zero.

(i) y is bounded away from zere=> x is bounded.

Proof. We start by proving that
y is bounded=> x is bounded away from zero.

Whent € (7o, 1] (if this setis non empty) the solution(r) is necessarily bounded
away from zero since otherwise there would exist at leastir@t goc (7, 1] for

which x(7) = 0, and thusx’(7) = 1 > 0, which is impossible because then
x(t) < 0, for T < 7 sufficiently close tor, contradicting Lemma 2.2. When
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tr > 1,letU, > 0 be an upper bound for. For the case > 1, for which B < 0,
the first equation in (2.3) gives

X'>1—=xU, — At 2x* — |Blt"'x > 1 — (U, + | B|) x — Ax>.

In the case» € (—1,1), we haveB > 0, and hence (2.3) results il > 1 —
xU, — At73x2 4+ Brlx > 1 — xU, — Ax?. In either case, standard results on
differential inequalities imply () is bounded away from zero.

To prove the reverse result,
x is bounded away from zere= y is bounded,
we notice that the equation forin (2.3) is linear iny. In fact it can be written as
Y =— (x - Ar_%) ATy 4+ AT3,
Changing to a new time scake — 6 with g—f = Arz, the equation fory

becomes

dy 242

@z—(x—l—T)y—i-l.
Since this a linear equation with differentiable coeffi¢grit is obvious the solu-
tion is bounded fof in every bounded set, so the problem reduces to the study of
y(0) whenf — +4o0. By the variation of constants formula we get

0
$(0) = p(Bo)e o (x@+H) @ /e‘fﬁ("(")+¢)d" ds.  (25)
o
Now let L, > 0 be a lower bound fox. Then, we have

— [‘9 (x(a)—{—&)da 2 90 247
P o < e~ Lx(0—00) ,24%10g(60/6) _ (g) e~ Lx(0—60) 0,
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asf — +oo. Also,

0 0

—_rf 242 1 —
/e s (x(a)—f—zﬁ )dads < /e—Lx(O—s) ds = ¢

~Lo(6-60) |
_— < —_—,
L, L,

) 6o

and plugging these into (2.5) we conclude the boundednegsadncluding the
proof of part ().

Let us now consider the case
y is bounded away from zere= x is bounded.

Let L, > 0 be a positive lower bound for. Then,
X'<1=xLy—At"3x> + Bt 'x <1 — (L, — Bt ') x.

Whenew > 1 we haveB < 0 and thusx’ < 1 — L, x and by standard differential
inequalities results we conclude the boundedness of

T
— ¢ Ly(z—7)

1 1
x(7) < x(t0)e Ly 4 [ e Ly = o() +——— < o(1)+—
Ly Ly

70
ast — +oc.

Whenw € (—3,1) we haveB > 0. For this case, let = 2B/L,. Fort > T

it follows that L, — Bt~' > L, — B¥~! = L,/2, and thusy’ < 1 — Z2x.
Now, for t € (zo,7), we havex(r) < u(r) whereu is the solution ofu’ =

1 — (L, — Bt™")u with u(zo) = x(z), which is obviously a bounded function
in the compact intervdk,, 7). For r > 7 we just repeat the argument employed

in the case» > 1 with L, changed td_, /2.

Finally, it remains to be proved that

x is bounded= y is bounded away from zero.
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Let U, be an upper bound for. By (2.5), the variation of constants formula for
¥, we can write

6
y(0) > / o~ Ux(6=9) = [} 28 0o 4

Bo
0
_ 242y9_
> /e (U +22)60-5) g
)

1 Y I 1
_ - (1 _ U0 00)) S
Ux + % oo U+ 5

Hence, for allf sufficiently large, we certainly have bounded away from zero,
and for6 in compact intervaly is clearly bounded away from zero being the sum
of two differentiable positive functions.

This concludes the proof of Lemma 2.3. 1
The equivalences of Lemma 2.3 roughly imply that the onlysgmbties left for

solutions to escape to infinity are along the coordinate dmithe next lemma we
prove this does not occur, and solutions are, in fact, badinde

Lemma 2.4 Every solution(x, y) to (2.3)with positive initial data is bounded.

Proof. We separate the proof into two steps, studying first the bedness ofy,
and then that ok.

Step I the boundedness of(7).

It is easy to conclude that the only possibility for the otbihave an unbounded
y component is that it leaves the regith. = {(x, y) : xy > 1}. In fact, for
xy > 1 we have, from the second equation in (2.3),

1

y = ((1 —Xy)— Ar_%y) At72 < =A%ty <0,

and soy(t) cannot diverge tetoo while staying in2_. We now prove that it
cannot diverge teroo when the orbitis i, = {(x,y) : 0 < xy < 1} either,
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and so the orbit must have a boundedomponent. Lel. > 1 be fixed arbitrarily
and definer, = 272 (L*— L‘l)_z. If y(r) < L for all sufficiently larger,
then y is bounded and there is nothing to prove. Suppose theresexist >
max{1, r,.} such thaty(zy) = L and P, = (x(70), ¥(70)) € Q24+. Thus we have
y(10) > L2x(10) (see Figure 2.1).

1/L X

Figure 2.1: Situation described in the text for a point of an orbit having) — +oo
ast — +o0.

Since (2.4) imply that-BA~! < 1/2, it follows that, for allt > 7, for which
the solution satisfies < L~! andy > L?x, which clearly covers the region of
interest, the following inequality holds true

y = (1 —xy— Ar_%y) A2
= (x/ + At ix?— Br'x — Ar_%y) A2
< (x' +(x—L*— BA_lt_%)fo_% ATz (2.6)

(Sl

< (x' + (L' - L%+ %‘C_%)XA‘L’_%) T

_1
< x'At72,

where the last inequality arises from our lower boundgn

Now, eitherx’ < 0, in which casey’ < 0 and y cannot increase, and thus it is
bounded above, at’ > 0, in which case (2.6) and the inequalities> 7, >
max{1, t.} imply that)’ < x’ and thusg—i < 1. Observe that this holds indepen-
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dently of L and of the pointP,,.

This inequality shows that, the orbit’s slope being uniftyrimounded above by a
positive constant, the orbit itself cannot rise too higlfn: the y component of
the solution is always bounded above$jy := L+~¥L-+4 "ZLz*“ (see Figure 2.2).

Y

S

1/L X

Figure 2.2: Bounding region for an orbit satisfying(zy) = L > 1 in some point
P, € Q4. Note thaty’ < 0 in the closure of2_. S; is the ordinate of the
intersection point of the straight line= x + L with the hyperbolary = 1.

Step 2 boundedness of (7).

Suppose there exists an orbit such that) — +oo0 ast — +o0. First observe
that, by Lemma 2.3 (ii), we must havygt) not bounded away from zero for all
sufficiently larger. In fact, the orbit must eventually ent@r, : if the orbit stays
in Q_ thenx(7)y(r) > 1 and thus, for all sufficiently large times,

xX'=1—-xy— At 2x* + Br'x
=1l—-xy+ (—x + BA_I‘L'_%) At 2x
< 0,
where the term in parentheses is negative since, by assaampiir) — +oo
whent — +4o00. The same argument shows the orbit cannot l€ayenfinitely

often if x (¢) is diverging to+oc because, if so, we could takeandx (7) as large
as wanted, for which the orbit was enterifdg coming from . At that point,
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we would have, from the argument abow&7) < 0 and so, in order for the orbit
to enter2_ we must have’(7) > 0 (see Figure 2.3).

Q_

Figure 2.3: The impossibility of an orbit to travel fromQ . to Q_ for all large
enought andx (7).

But this is impossible since equation (2.3) implig$7) = —y(7)4%T! < 0
for all points(x(7), y(7)) in the hyperbolgxy = 1} and7T > 0. Consequently,
the orbit for whichx (7) diverges to+oo must remain in2 after some suffi-
ciently large time and thug(t) — 0 ast — +o00. Now, for t > 0, define
g:(x,y) =x+ At72 — % and consider the curves {2, defined by the level
sets{g. = 0}. These curves form a sequence of hyperbolas monotoniaatly c
verging to the hyperbolaxy = 1} ast — +o0o, uniformly in compact subsets of
R2*. From (2.3) we deduce that, for all sufficiently large

B
At 2x — Y =— (x _L_ Zr_%) A*t'x <. (2.7)
X

This obviously entails that, for atl large enough,
y' > XAz, (2.8)

Hence, for all sufficiently large, if x’ > 0 then alsoy’ > 0, and so it is
clear from the geometry of the curvgs = 0 that the orbit under considera-
tion must cross any one of these curves from below, i.e., froftx, y) < 0} into
{g.(x,y) > 0}, or, equivalently,g, must increase along the orbit. Now, from
(2.3) and the definition of ., we deduce
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gr:O:Af_%ygr(x,y):0<:>y':0:>

B
X' = Atz (y —x* 4+ Zt_%x), (2.9)

furthermore, since by (2.7) the last equation entails< 0 if g, = 0, we also
have% =x'— %Ar—% + % and from these expressions we can conclude that,
if g = 0then dg; =x'— %Ar_% < 0 (since by (2.7) the equation (2.9) entails
x" < 01if g, = 0), which obviously contradicts the result about the cragsih

g = 0 from below that was obtained before. Thus we must necegdaaile

y' < 0, and so, by (2.8)y’ < 0 and hence the boundedness above @f). This

concludes the proof of Lemma 2.4. 1

An immediate consequence of Lemmas 2.3 and 2.4 is the faipwi

Corollary 2.5 Every solution to(2.3) with positive initial data is bounded and
bounded away from zero.

Remark 2.6 The conclusions of Lemmas 2.3 and 2.4 (and, hence, also of-Cor
lary 2.5) still hold true if the initial condition is non-negjve, provided we con-
sider, for the boundedness away from zero, times|z;, oo) for everyr; > 1o,
wherez; is the new initial time. This follows easily from the prooLeimma 2.3
by taking(rg‘, x (g To, Xo, ¥0), ¥ (5 To, Xo, yo)) the new initial data, where now,
from the proof of Lemma 2.2, boif(z;) and y(z;) are positive.

Having succeeded in proving every orbit of (2.3) is bounded laounded away
from zero, we can now start to identify iés—limit set. The first step towards this
goal is the following lemma, which guarantees thelimit set of every orbit is
contained in the hyperbolary = 1}. This will be achieved by considering the
function

h(z) = x(0)y(2), (2.10)

which is a very natural quantity to study if we keep in mind tb&e played by
the hyperbol&xy = 1} in the proof of Lemma 2.4, as well as the form of the
equations (2.3).
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Let (x, y) be a solution of (2.3), then it is easy to conclude th@at) solves the
equation

W= (y + Az—%x) . (y F2ATEx 4 (A2 — B)r_l) h. (2.11)

Observe that, rather surprisingly, this equation is linedr. This allows the use
of the variation of constants formula in order to gain predisowledge of the
behaviour ofz. In fact, in the next lemma we not only prove thdt) converges
tol ast — +oo, but thati(t) — 17, i.e., for all sufficiently larger the orbit
remains inQ2,. Actually, our proof establishes a bit more: it gives the rate
convergence oh(t) to 1. Although this level of detail is not necessary at this
point, we shall need it later on, in Lemma 2.10, in order tovprpart(iii) of
Theorem 2.1.

Lemma 2.7 Let (x, y) be any solution tq2.3). Let/ be any solution t¢2.11)
Theni(t) — 1~ ast — +o0.

Proof. To simplify notation we introduce(t) = y(t) + 2Ar_%x(r) + (4% —
B)t~!. The variation of constants formula applied to (2.11) resint

h(t) = h(ze)e J @ 4 / (y(s) + As—%x(s)) el @by (2.12)

70
We can write the second term in the right-hand side of thisesgon as follows

T

/ (y(s) + As_%x(s)) PR QL P

T0
T T
) 2
_ o Ihewe [ d (e @) a5 — AxX(s) AT BY prame g
ds s1/2 s
70 70

T

_ l_e—fgoa(o)de_/ (AX(S) n AZ—B)e_f;a(e)de ds

s1/2 s

70
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and use this to rewrite (2.12) in the form

1 —h(r) _ (1 —h(‘fO))e—f;O(x(s)ds n i /(Ax(s) A2 _ B) NGOL

Ar3 At™2 A s1/2 s
70

(2.13)

Itis important to observe that the first term in the right-thaide of this expression
is negative if the initial data for (2.3) is if2_. Also, by (2.4), we have sgn? —
B) = sgnw) and so the second term in the integral can be a negative &umcti
We shall prove that both these possibly negative contobgticonverge to zero
ast — +oo, while the remaining one, which is always positive, is bouhded
bounded away from zero.

By the boundedness away from zeroyofve can writey(r) > L, > 0 for some
constantL ,, and get

T AZ—B T _ AZ—B T
€_ff0a(s)ds = (E> e_fro(y(s)+2As l/zx(s)) ds < (E> e_fro y(s)ds
T T

A2—B
< (E) o~ Ly(@—70) (2.14)
T

Thus, ast — +o0, the first term in the right-hand side of (2.13) converges to
zero.
We next establish that

2 /s_le_f; «@ddg >0 as v — +oo. (2.15)

70

Fix B € (0, 1) and write the integral in (2.15) :;f%_’ﬂ + [T .5 . The firstinequal-
ity in (2.14) implies that the first of these integrals can bneated as

T—‘Eﬁ
i _ _ T
72 /s o= Js @®)do g

70
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‘L’—‘EB

A%2—B—1 .
< 1% /(i) R ARIOL R
T
70

‘E—‘L’ﬁ

T A2—B—1
< T_% maX{l’ <_0> } / e—Ly(T—S) ds
T

70

A’>-B—-1) 1
= ctmax{1 (%) (e o) @
T L,

For the second of the integrals above we have, again by (2.14)

T

‘C% /s_le_fst“(e)deds<

—18
R A2-B
< /(i) T I @06 g
T
—18
A*>—B-1 R
< 172 max{l,(l—tﬂ_l) } /e_Ly(T_S)ds
—18
A2-B-1) |
= ¢} max{l,(l—zﬂ—l) }—(1—e—Lﬂﬁ). (2.17)
L,

Clearly, both (2.16) and (2.17) converge to zera as +oo, thus proving (2.15).
To complete the proof we just need to conclude that therésegmstantd. and
U such that, for alk sufficiently large,

T

0<L<t? / if)e_fsr“w)do ds < U < +o0. (2.18)
$2
70

Using the definition ofx(-) and the equation far in (2.3) we have

1—x' Ax  A?

a(f) = +9%+0
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— L ogroy £ L A A
= Tap T T T T

whence

_Ta@yde _ X(@) s\ B r( 1 Ax(@))
e =36 (r) exp / x(0)+ e do

N

Plugging this into the integral in (2.18), and taking int@@nt the fact that, by
Corollary 2.5, there exists constatts< L, < U, such thatl, < x(t) < Uy,
we conclude that

T

L,J(7) < ‘C%/

70

if)e—f:aw)d@ ds < U J (1),
S2

where

T
A2-1 Ax(0)
J(7) = / (£> * o K (S ) g,
T

70

and so it is sufficient to establish the bound (2.18).4¢r).

As in the proof of (2.15) we start by fixing € (0, 1) and writing the integral as a
sum of a “small” and a “large* contribution, witht — t# as the threshold size.
For the “small” size contribution we have, analogously td ),

vtf 2_1
s\NA°—5 _t(_1 , Ax@®)

[ ey ctmstimg
T

0
T—18

2_1
- /(i)A 2 —te(e-s) g
T

< maxfn (D) L (e —esem) g
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. 1 Ax(0)Y . .
wherel, = inf ( x(0) is a positive constant, by Corollary 2.5

+
felto,00) \ x(0) o1/2
(and Remark 2.6). Clearly (2.19) converges to zero as +oco. For the “large”

t contribution, observe that, fere [t — 5, 7],

42-1 421 42-1
min{1 (1= o)< () cmax{n, (1)
T

and, since both the lower and the upper bounds convergeatxr — +oo, to
complete the proof it is sufficient to conclude that (2.18)akd for the integral

T

/ o (Rt 5175 0 g (2.20)
‘L'—‘EB
. . 1 Ax (0
With ¢, > 0 defined above, and, := sup ( + XIEZ)) < 400, We
0elry,00) x(@) 0

immediately conclude that

—u.b —u.1B 0.8
I —e % I —e 7 (L 4 Ax®) [ —e™™7 1
< S / et (v +5372) 0 s < ——M < —,
Ux Ux Ex Zx
t—1h
which concludes the proof. 1

Having identified thev—limit set of every orbit as a subset of the hyperbola =
1} and knowing, by Corollary 2.5, that this set must be a bourades] the next
result provides a more precise knowledge of its locationfmyméng it must be an
(eventually degenerate) arc of the hyperbola containiegptint(1, 1). This is
achieved by the study of the dynamics of another auxiliangfion, namely

b(r) = y(r) — AT 2x (7). (2.21)

This function is a somewhat less natural choice tharn) used previously. The
rationale for its definition is, nevertheless, not diffictdtunderstand: the sets
{h = const provide a foliation of(R*)? and, since Lemma 2.7 shows the time
behaviour of: to be rather tame, itis reasonable to look for another veajaall it
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b = b(7), so that every pointx, y) is uniquely described by the new coordinates
(h, b). One possible definition, among others, is to haves the ordinate of the
straight liney = x + b. However, due to the form of (2.3), the equation for this
b becomes rather unyielding. A better choice, from the pdivi@w of handling
the dynamic equation for the new variable, is the slight rficalion of this idea
provided by (2.21).

It is easy to check that ifx, y) is a solution of (2.3) thew(z) defined above
solves the equation
b = (=b 4+ x*HA*c !, (2.22)

Changing the time scate — ¢ with 2 = 42z~ and still denoting by> andx
those functions in the new independent variable, the eguédir b becomes
db

i —b + x2. (2.23)

Again, the fact that this evolution equation is linear, andtfermore that it does
not depend ory, allow us to use it to gain the sought for information abowt th
location of thew—Ilimit set.

Lemma 2.8 Let (x, y) be any solution tq2.3). Let x, = lim x(7), x* =

T—>+00

lim x(z), and similarly for y, and y*. Then, the following inequalities are

T—>+00

satisfied

*

X, <1 <x* and y. <1< y".

Proof. Let b be the function defined in (2.21). Fix aye (0, 1) and integrate
(2.23) in[¢ — ¢#, {] to obtain

¢
b(¢) = b(¢ — et + / x2(s)e= ¢ ds. (2.24)
¢—¢h
The first term in the right-hand side of (2.24) converges @ zs{ — +o0
because the exponential converges to zero, and (2.21h&rgeith the bounded-
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ness ofy andy entail the boundedness bf¢ — ¢#). The integral in (2.24) can be
bounded above using the supremumxdfin the region of integration to obtain,
as¢ — 4o0,

¢
b(§)<0(1)+< sup xz(s)) [ e~ dy

[E-¢8.¢]
S ;_;B
<o(l) + (1 _ e—fﬁ) sup  x%(s),
s€[{—¢8,00)

and taking lim we obtain

{—>+o0

§ﬂ_rpoob(g) < (x)°. (2.25)

Now, taking again (2.24), using this time the bound with thfgmium ofx2 in the
region of integration and taking _limwe get the corresponding inequality

{—>+o0

lim 5(5) > (x:)* . (2.26)

{—>+o0

From the definition ob and the boundedness ofwe also know that

im () = y*, lim b(8) = ps. (2.27)
§—>+o0 {—>+o0
Furthermore, since by Lemma 2.7 we know thé&}) — 1 as¢ — +o0, we also
have . .
X

Xx
Now, using (2.25), (2.27), (2.28), and < x*, we conclude that
1

1 .
—<—=y*= Tm b0 < (x*)z,
xX* 0 Xy {—>+o0

N
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and sox* > 1. Similarly, we have the corresponding result using (2.2&maly
x« < 1. From these inequalities and (2.28) we conclude the proof. 1

We are now left with the need to prove the equalities in thechmion of Lemma
2.8 do, in fact, hold. This will be done next

Lemma 2.9 Let(x, y) be any solution t¢2.3). Then, with the notation of Lemma
2.8,

*

Xy, =1=x" and y,=1=yp"

Proof. We shall assume, < 1 < x* and draw a contradiction. First notice
that in this situation every orbit will eventually behave like the one depicted
in Figure 4. Pick any(x, y) in the hyperbolgxy = 1} located strictly between

Figure 2.4: Long time behaviour of the orbits ¥, < 1 < x*.

(1,1) and(x4, ¥*). Since(x, ¥) € w(y), and from the geometry of the situation,
we can choose a sequengel +oo and a corresponding sequence of poihis=
(x(tn), y(ry)) € y satisfying P, = (X, y), andx’(t,) < 0andy’(z,) > 0

for all n. Furthermore, since(z,) — X < 1 andy(z,) — y > 1, we can, without
loss of generality, consider a sequence satisfﬁ&g > L? > 1 forall n, and
for some constanit. independent of: (see Figure 2.4). We easily conclude that
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/a)()/) v,‘y=L2x

Figure 2.5: Sequence of point&P,) on y converging tax, y) € w(y).

inequality (2.6) holds true for the coordinates of the peiRt, namely

D=

V' (tn) < X' (th) AT, 2.

But thenx'(t,) < 0 = »'(t,) < 0 contradicting our assumption about tifg.
This contradiction shows there is no sequence satisfyioggetitonditions, which
can only be so if we cannot choo€g, 7) as stated, i.e., ifx., y*) = (1, 1).

Now choose any pointx, y) in {xy = 1} strictly between(1, 1) and (x*, y.).
Again we can choose a sequence of timg$ +oco and a corresponding sequence

s = (x(va), y(va) €y satistying 0, —— (%.9).

but this time such that’(v,) > 0 and y’(v,) < 0 for all n. Without loss of
generality we considex (v,) > 1 for all n (see Figure 2.5). To proceed we
need to obtain an inequality relatind(v,) and y’(v,) from which to obtain a
contradiction. From (2.3) angl(v,) > 1 = x(v,)?> > x(v,) we conclude that,
for all n sufficiently large

1 1
y = (l—xy—Av,,zy)Avn2
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L0770 s

Figure 2.6: Sequence of point&D,) ony converging tax, ) € w(y).

= (x/ + Avn_%x2 — By 'x — Avn_%y) Avn_%

> (x' + (Avn_% — By, Hx — Av,,_%y) Avn_%

= (x' + [(1 — BA_IV,,_%)X - y]Av,,_%) Av,,_%

> x'Avy 2, (2.29)

where we wrotex for x(v,) andy for y(v,) in order not to overload the notation.
For the last inequality two observations are in ordemw it 1 thenB < 0 and

1

thus, for alln, the straight lineg = (1 - BA_lvn_z) x are abovey = x, and
S0 y(vy) < (1 _ BA_IU,,_%> x(v»), which imply the last inequality in (2.29); if

w € (—3. 1) thenB > 0, in which case the straight lings= (1 — BA_lv,,_%) X,
although belowy = x, converge to this line uniformly in compact sets, and thus,
for all sufficiently large values of, we again have the inequality (2.29). Whence,
we conclude from (2.29) and the assumptidtv,) > 0 that alsoy’(v,) > 0, a
contradiction that shows there is no sequence satisfyimgadinditions, which in
turn imply no such(x, y) exists, i.e., thatx*, y.) = (1, 1). This concludes the
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proof. 1

At this point we have all the ingredients to actually comglgte proof of parts
(i) and (i) of Theorem 2.1. Parii{) requires a more precise knowledge of how
h(t) converges td ast — o0, and this will be the object of the next and final
lemma of this section.

Lemma 2.10 Let (x, y) be any solution t¢2.3)and leth = xy. Then we have

lim 1_7}1(0:

t>+o0  Ar—3

1.

Proof. The proof is the same as in Lemma 2.7 down to the estimate)(2vb&h
now must be changed to

T

2 / if)e_fsr"‘(@)o'e ds — 1 as 7 — +oo, (2.30)
T0 52

the analysis of which also follows the same lines as in thefppb Lemma 2.7,

but now we make use of(t) = 1+ o(1) to relate the integral in (2.30) with(z).

In the end, corresponding to the estimate of (2.20), we n@u he prove that

T

(T, Ax©O)
/ oK (Fm+ )0 g L1 as +00, (2.31)

T—18

and for this we shall use the convergencex¢f) to 1 provided by Lemma 2.9.
From this convergence we can write that

Voo Ve s Tr 1 et 48
e>0, AT* . 0, 2 X(Q) 2’

and also that

Ve=0,3ree 1V, 0 > T = _g < AZ{Q) <%
2

\S)
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Consequently, forah > T .= maxT*, T**}, we have

1 Ax(0)
<30 "

which implies that, by consideringso large that — t# > T', we have) > s >
t — 8 > T and so the integral in (2.31) can be estimated as

T

1 (l—e‘(”e)fﬁ)g/e‘ff(ﬁ%’f%))dedsg ! (1_e—<1—e)rﬁ>_
1 +¢

—18

Passing to the limit — 400, and by the arbitrariness ef> 0, we immediately
conclude (2.31). 1

We are now in position to prove Theorem 2.1 :

Proof of Theorem 2.1: Lemma 2.9 means thatz), y(r)) — (1,1) ast —

+o00 and thus, by (2.1)-(2.2), we conclude statementarfd {i) of the theorem

hold true. To proveiii), first remember the relation between the two time scales:
1

d 302 3 142w . . . . .
& = (lfzw) t—3 . After integration this obviously entails, as— +oo (or

ast — +00),

1 1

1 24w 3“2 6 3 2
=T — 1+ o(1). 2.32
¢ (1—|—2a)) (4—|—2a)) +o(l) (2.32)

Now, using (2.1)-(2.2), (2.4), and (2.32), we get, aftera &gebraic manipula-
tions,

1—w

1;@(;) = (oz(l —|3—2a)))§t2 3 (at“’ —Co(f)cl(t))(l +o(l)) ast,t — +oo.
72

By Lemma 2.10 the left-hand side of this expressioig (1) and this completes
the proof. 1
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2.3 Long time behaviour

From now on we consider the time scale introduced in (1.8)e fitst result
we need is the following auxiliary statement concerningriiation between the
originalz—scale and the neg—scale defined by (1.8).

In order to simplify the notation, we first define the followitime independent
scaling factor

3 o (24w -
O(w) = (m) (T) , wherer = e (2.33)

Proposition 2.11 With(c;), ¢, and(¢;) given in(1.8)and(1.9), and Q (») given
by (2.33) the following holds true:

. 24w 3 13 e
i) lim 73 c(t) =1,
M) t—>+oo 3 (a(l + 2w)) s

(i) lim Qlw)c" () = 1.
¢—>+o0

Proof. From Theorem 2.1ii() we have the following bounds

1
3

Vs>O,EIT=T(e):Vl>T(s),1—s<( tl_Twcl(t)<l+s.

3
a(l + 2w))

First consider the upper bound: we have

Cl(t)<(1+8) (ﬁ) t _,

and hence integrating betweeand?, and substituting into (1.8) we obtain

t

3 _% 1—w
C(f)—Co=/01(S)ds<(1+8)(m) /S_Tds
i3 240 e
:(1+8)(a(1+2a))) 2—|—a)(l — )
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1
324w 24w

_ . o . 3 240
Multiplying both sides of this inequality b(a(l n 2w)) 3 t~ 3 and

passing to the limit as — +o0 results in

1
S 3 324w 240
lim T3 ()< .
t—>+00 (a(l + 2a))) 3 sO<d+e

Now considering the lower bound, and the same argument vaothte reverse
bound:

W=

. 3 24w 240

lim 173 c(t)y = (1—e).
>t (a(l +2w)) 3 0 ==e
The two results thus obtained, together with the arbitessnofe, prove part i).
To get part {{), again start from Theorem 2.l ) and use partif above to write,

ast, g — +00,

W=

3 JE)
1+O(1): (m) t 3 C](t)

N (a(l + 2a)))

= Q(w)c"ci(g),

R
[\

w|+
e

N

Q

I~

—

+ | w

[\

e

p—

N——
)

n

v
L]
IS
ARM

I~~~

n

N

which concludes the proof. 1

We can now use the expression (1.10) for #h6&) component of the solution,
and the information provided by Proposition 2.11 to prove fibllowing result
about the asymptotic behaviour of solutions to (1.5):

Theorem 2.12 Let (¢;) be any non-negative solution ¢1.5) with initial data
satisfyingeo (0) = Y7, ¢;(0) < oo. Then, ag — o0, we have

. 3 31w )
(i) (a(TZa))) 173 cj(t) — 1 forall j > 1,
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(i) (1 +2w) Y o) — 1,
j=1

j=1

Proof. For j = 1, (i) is just (i) from Theorem 2.1.
For j > 2 we can use the expression (1.10) for &he

J —k p

¢j(g) = CZ( ey cx(0) + G 12)' /cl(g —8)s72e75 ds.

Multiplying both sides of (1.10) by (w)c” we have to estimate the two terms on
the right hand side.

Sincej is fixed, the first one can be written, @as— +oo

J j—k

0" Y G

k=2

ax(0) = O (¢ 'e™®) = o(e™™),

for everyA < 1.

To study the second term, we start by changing variableserirttegral in or-
der to integrate over the fixed interv|d, 1], s — y = s/¢, and we define
the functiony,(-) = Q(w) ()" ¢1(-), which is a continuous function, and is

1 + o(1) at infinity by (i) in Proposition 2.11, and hence there is a constant
My, such thad < ¥, (s) < My, . Let0 < e < 1 be fixed, and write the integral

S 01_6 + f11_8 . The integral over the second interval can be estimated as

1
1 [ Yolc(I—y))y/—2
c’ ‘/

e SV dy <
1=y
1 .
< My cl7le(e)s T dy < ! "M, ciTlem(178)¢

1—¢
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and so it is also exponentially small@as— +oc .
To understand the behaviour of the integral duet —e] we make use of Watson’s
Lemma [1, pp.427-428].

Since
j—2

o) ;o j—1
y - y’
(1— )r:yJ2 1+val_[(r+k) ’
Y J* K=o

j=1

which is convergent fofy| < 1, by Watson’s Lemma we obtain

V7o dy=U-D

1
-I—O(—.), asc — +oo.
J 1=y G/! G/

These three exponentially small terms allow us to conclbde t

lim Q(w)c" ¢j(c) = 1,forallj > 2,
¢—>+o0
which is equivalent toif as is clear from the proof of Proposition 2.1)1(

Casesi() and {ii) are those already proved in Theorem 2)lapd (ii) respec-
tively. 1

2.4 Convergence to self-similarity

We can now turn to the results concerning convergence ofisokito self-similar
profiles. Let®; , : RT \ {1} — R be defined by

w—1
(1—n)eF2 ifn<l,
P1,0(1n) = _ (2.34)
0 if n>1.

In Figure 2.7 we present the graphs of functichs, for various values otv.
Note these functions can be continuously extended=ol if and only ifw > 1.

Our first result states that the functiods ., are the similarity profiles of the so-
lutions to (1.5) along non-characteristic directions.
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1 n
Figure 2.7: Graphs of®, , for o = 1 and for values ofv below and abové in
steps 0.1

Theorem 2.13 Let (¢;) be any non-negative solution ¢1.5) with initial data
satisfyingdp > 0. > r : Vj,c;(0) < p/j*, where again == 172 Letg(r)
andc;(c) be as in(1.8)and(1.9), respectively, and lef (w) be given by (2.33).
Then,

lim  Q(w)s"¢i(c) = P1,0(n).

j,c—>+o0
n=j/c fixed
n#1
Proof. The proof of Theorem 2.13 follows exactly the same steps axdhre-
sponding result aboub, in thew = 0 case [21], and we will just show the most
important steps of the proof, pointing out the differences.

We consider first the case of monomeric initial conditien®d) = ¢;(0)4;,;.
Starting from the representation expressiorcfogiven by (1.10) and multiplying
by g(c) = Q(w)c”, we can defing; on[2, co) x [0, c0) by

g2(c)

¢1(x.6) = Tx—1)

S
/ Ci(c —s)s™ 2™ ds. (2.35)
0

Whenx > 2 is an integer, the functiop, clearly satisfieg;(x,c) = g(g)cx,
and we shall use, instead of the definition of;. Using Stirling’s asymptotic
formulal’(x) = eXx*"1/ 21 (1 + O(x71)) asx — oo, the recursive relation
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'(x—1)=T(x)/(x—1),lettingn == x/c, and changing variabler y = s /¢,
so that the integration region becom@s1), and finally using Proposition 2.11
(i), we obtain ag — o0,

; g(nlogy—y+n)
w ’ = %_nc % 1+0 B / « 1 — e—dv
91,016, G) e ( (s ))0 Vu(c(l =) Say ¥
(2.36)

wherey, () = Q(@)()"¢1().

To prove that, , converges teb, , wheng — +oo (for fixed ) we proceed as
in [21, Section 5.1], and we next give the main idea of the proo

The casey > 1 is easy, since the integral in (2.36) can be estimated ubiag t
bound y=2es(logy=y+m ~ o=cesn This follows from the fact that fop <
0,1], n > landc > 2/(n — 1) it holds thaty—2eS®109y=») — (cn=2)logy—cy
e~S. Using theL!(0, 1)—integrability ofd — 6~ arising from the fact that < 1
for ® > —31, we obtain

—26(nlogy—y+n)

1=y

1 1
/ Volc(l = 1) dy < My, e =5t / (1—y)" dy
0 0

— MW e—c-i—nccr_
Combining this exponential with the one in (2.36)¢, as¢ — +oo we obtain

the desired convergence to zero.

Whenn € (0, 1) we decompose the integral in (2.36) As+ [ + fll_s with
e <min{ne~',1—n}.
The contributions of the first and last integrals can be extuh as in the case

n>1.

Next, we have to prove that, @s — +oo, the integral one, 1 — ¢) converges
to @, ,(n) (Whered, ,(n) = (1 —n)~"if n < 1). This follows from Proposi-
tion 2.11 (i), which implies thaty,(6) = 1 + o(1) asf — 400, whenw is



2.4. Convergence to self-similarity 70

fixed. Using the same kind of argument as before we are letttmate

1—¢

N3¢ J(n,c)  where J(1,¢) ==/

&

e 590 ¢ ,
=y g
and¢ : (0,1) — Ris defined by (y) = y —nlogy — 1.

Since this function is smooth and has a unique minimum,regthaty = n €
(e, 1 — &) with value¢ (n) = —nlogn and¢”(n) = n~!, we can apply Laplace’s
method for the asymptotic evaluation of integrals [1, pgl}48 J (7, ¢).

We obtain, ag — +o0,

1—¢
e—S(r—nlogy—n) 1 2 eSmnlogn
J(n,c)zf—dyZec”"’g" +(9(—).
(1—y)y? (1 —=mn)" Y\ ¢/n G2

’ (2.37)

Now from (2.36) and (2.37), we obtain fgr< 1,

1 3 1 1 27
01.0(1G.G) = —==n2""g eSO +0O(c!
V2r n*(1—=n)"\ ¢/n ™)
1
= a (14+o(1)), asg — 400,

thus proving convergence tb, ,, for monomeric initial data.

If the initial condition is not monomeric we have the contition arising from the
sum term in the right hand side of (1.10).

Multiplying it by Q(w)c” we now have to prove that

J i—k

. - S

| i 0) =0. 2.38
Lm0 et Y ) 2:38)
n=j/c fixed k=2

n#1

Changing the summation variabte— ¢ := j — k, using the bound on the initial
data, and using the similarity variable to wrige= jv, with v :== n7!, the limit
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(2.38) can be estimated by the limit wh¢n— oo of the function

(jv)*

P20(v. ) = (jv)e "”Z OG-0

Our goal is to prove thap, (v, j) — 0 asj — oo, for all positivev # 1.

We can adapt the results in the studypefdone in [21, Section 5.2], noticing that
we only need to multiply all the estimates in [21, Sectior] 5y2(jv)"~!/2. The
estimates show that now in order fos to converge to zero we need to consider
initial data satisfying:; (0) < p/j*, butin this case witly > r.

We shall study the cases> 1 andv < 1 separately.
Consider first the case> 1.

Change the summation varialdle— ¢ := j — k. It is sufficient, for this range of
v, to boundyp, as follows

L
o2, )) = (V)" ¢ J”ZZ,((JJ?@,L
1 )2
< 3GV e —f“Z(’ o (2:39)

Considering the sequenog := Y% and studying the sign of

Gt gy
gty —Ue = = Z—I—l_l ,

we conclude the maximum af is attainedat = | jv| > jv—1 > j—1 > j-2.
As j — oo, we can thus estimate the right-hand side of (2.39):

Lo iy (JV)‘“’
) e fZ

(jv) 2

1 s NP — Vo
<2—M(JV) e (J—l)m
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pr2 (j _ 1)2 . ;
_ ‘ e~/ v=1=log)+(r+1/2)10g] (1 4 (] 2.40
2821 J ( W ( )

where we use Stirling’s approximation in the second equafincev > 1, we

havev — 1 —logv > 0, and so—j(v — 1 —logv) + (r + 1/2)logj — —oc as

j — oo from which we conclude (2.40) goes to zerojas> oo, and we obtain
the result we seek in the case> 1.

For the second part of the proof, a finer approach is requwédésh consists in
estimating the small and the largeontributions tap, separately.

Let B € (ve'™, minfve, 1}) be fixed, and write
(Pz(\), .]) = (jv)r e—jv

(v)* (jv)°
N\ 2 mu-ort, 2 G0

0<t<Bj Bi<t<j—2
= S1(J) + S2()).
For the first sum we have
. N (jv)*
S <Gy e Y
(i —
0cisi L — Bj)*~
: 1 :
<GV e e
JH( = B
v’ )
:mj’_“—)Oasjﬁoo, if u>r.

By Stirling’s expansion we can write, for all sufficientlyrg ¢, £! > e~¢¢t+s.
Therefore, since iy, we have(; — £)* > 2* > 1, we can use these bounds to
estimate that term and conclude it converges to @ as oo. This conludes the
proof. |

Whenw € (—3, 1] the similarity profiles®; ., have a jump atj = 1. In these
cases it is natural to look for a different similarity vari@land scaling that can
provide a better description of the behaviour of solutidos@ the characteristic
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direction corresponding to the jump positipn= 1. As pointed out in the Intro-
duction, one such similarity variable §se R defined by;j = ¢ + £,/¢, with ¢
given, as in Theorem 2.13, by expression (1.8).

Let ®,, : R — R be defined by

(S

+o00
@, ,(£) = e 2 / yatre 814 gy, (2.41)
0

In Figure 2.8 we present the graphs®f ,, for several values ab in (—% 1] .

2 4 £
Figure 2.8: Graphs of®, ,, for values ofw from —0.342 t0 0.99 in steps 010.148

Our final result proves that the functiods ,, are also similarity profiles of the
solutions to (1.5). Observe that not only the similarityigble has changed, but
the time scale is also different: the powergofs half that of Theorem 2.13.

Theorem 2.14 Let (¢;) be any non-negative solution @i.5) with monomeric
initial data. Letg(z), ¢j(g), Q(w), andr be as in Theorem 2.13. Then,

1
. T\ 2 I~
lim (2) 0@ ¢2E(c) = ©20(0).
jsg—>+oo \ 2
E:%fixed

EeR
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We shall consider only the main steps of the proof, as thefpbthis result is
analogous to the one far = 0 [21, Section 6].

Proof. Since we now consider only the monomeric case it means welavg
the integral term in the representation formuladgr multiplying the integral in
(1.10) by

1
T\ 2 r
(3) 2@t
and defining the functiop; in [2, c0) x [0, o) by

P
pin.) =3 B2 [aic -9 as
0

and using the similarity variable = %(: %) we can rewritep; as

r 9
¢3(c +6.G,c) = \/gr(g%(z)i/%_ D /51(g — 5) sSTEVE2 o8 (s,
0

If 2<x = j €N, wehavep;(j.c) = /Z Q(w) 5 2¢;(g), and hence we need
to evaluate the limit

gLirpoo ¢3(c +£5.¢). (2.42)

Changing the integration variable

R

in such away that —s = ,/c w? and d = —2,/cw dw, we obtain

S

c—
NG

0(w)g"?
Fc+&/c—1)

¢3(c +£G.6) = \/g

I

S

< / 2 (JEW)(C — W) HVE 2o HVE ) Sy . (2.43)

0
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We now use our knowledge about the large time behaviodi ¢d compute the
limit of ¢3 as¢ — +o0; using the definition of/,, to write (2.43) as

m-

2 r/2
¢3(c +£5.6) = F(gﬁ_gfﬁ 1)/(fw2) g
x ¥ (/sw?) (s — \/sz)gﬁ“/—_ze_gh/fwz\/fw dw
_ mgl/z " 2
T T i 1)0/‘“@” )

X (G — QW) HEVE SRy 12 gy

4;|~

/D gc+$f 3/26';
-~ Te+&/g-

w2 c+& /52 )
X (1 — T) eVSWi 72 dy),
c

and using Stirling’s asymptotic expansion for the Gammation we can write

[ ¥ (JSw?)

eSTEVTS

J_ (6 +E DS TEFT

and hence; can be written, ag — +o0,

I/T(c+&/c -1 =

(1 + o(1)), asg — +oo

CSHEVET3/2 pEVT

(g r et e) (2.44)

¢3(c +£5.6) =

c+&/5—2 s
) VS dw.

[ w<fw2)(1 - %

To estimate the multiplicative prefactor in (2.44)@s> +oo we can write it as

C§+$ﬁ—3/2 eEVE te c c+&./S £ 3/2
crEjesz ¢ ( ) (1 + _)
(c +§9) ¢ +&JS NG
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1
(1 +&/0)° ((1 +§/ﬁ)ﬁ)
. e /e —£2

- ((1 +g/fg)ﬁ/é) e E(1+o(l))  (2.45)
= & 2e7E (1 + 0(1))

= ¢ €2(1 + 0(1)),

= eé“/E

- (1+o(1)

where in (2.45) to compute the limit gs— +o0o we use the change of variables

£2/x
— & in( —¢ 'Hépital’
G > X = 2 to obtaln((1 n x)l/x) and then we apply L'Hopital’s rule

twice. Using this last expression we can write (2.44¢ as +oc in the following
way

03(c + £J/C,¢) = e E72(1 + 0(1)) (2.46)
c% . w2 ¢+&/c—2 Jew? 2 g
X 1 —— SWiw!T2 dw.,
0/ ¥ (JCw )( ﬁ) 12 gy

As in the case wher@ = 0 we proceed with a study of the integral term in (2.46)
by consideringw (and hence,/cw?) close to zero, and away from zero, and
showing that the integral, for small values of can be made arbitrarily small,
while the remaining integral converges@s—> +oc.

The only difference from the results in [21, Section 6.1hiattnow both integrals
contain the multiplicative factop!~2" in the integrand function. Observe that for
w > —1/2,we havel -2r > —1. As we are computing the limitas — +o0, and
this factor does not depend gnthe asymptotic estimates in [21] apply verbatim.

. 3 .
Remembering that = —w, and hencd — 2r = —w, we obtain the stated
w—+2 w—+2

result aboutd, ,. |



Chapter 3
The perturbed input case

Part of the results in this Chapter were obtained in collatbon with F. P. da
Costa and J. T. Pinto, and published in 2007Applied and Industrial Mathe-
matics in Italy I, Selected Contributions from the 8th SIM¥onference under
the title Convergence to self-similarity in an addition model witlwgo-like time-
dependent input of monomdi®].

As in the previous Chapter we consider the system

él = J](l) _c12 —Clij
p (3.1)

cj =cicj—1 —cicj,  j=2.

We provide an extension of the results obtained in previdusp&r to monomer
input of the typeJ(r) = ar®(1 + e(t)) whereeg(:) is a continuous function
satisfyinge(t) — 0ast — +oo. Most, but not all, of the results of Chapter
2 follow with just this general assumption @n This is true, in particular, of
those concerning convergence to a self-similar profile. sEhabout the rate of
convergence of the bulk quantiEj"z1 c¢; will need an extra assumption on the
decay rate of the perturbatie«r).

77
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3.1 General Approach and Statement of Results

We shall consider the following general assumption for tigut of monomers
Ji(0):

(H1) Ji(t) = (1 + &(t))at®, wherea > 0, w > —%, ande(t) is a continuous
function satisfying:(r) — 0 ast — +oc.

The case where(z) = 0 was considered in Chapter 2 and the particular case
where, additionally to that, we had time independent inptt 0 was first studied

by da Costa et al. [21]. Both these studies contributed toigfoeous justification

of formal results by Wattis [69]. The case of polynomialdiinonomer input term
considered here has never been investigated before, noaeadormal level.

The main idea behind our approach is that, sisfeg — 0 ast — +oo, the pres-
ence of this perturbation term should not be felt at largeetipand so the results
in Chapter 2 should remain valid. In particular, we shoulpest the following to
hold true:

Theorem 3.1 Assumeli1) holds, and le{co, ¢;) be any solution of

{éo = Ji(t) — cocy (3.2)

él = J](t) — CoC1 —Clz.

Then, ag — 400, we have

1

. 1+2 3 w

(i) ( 3+2w) I () — 1,
o

3

. 3 Pl
(ll) (m) t 3 C1(t)—>1.

As mentioned in the Introduction it is convenient to introduhe new time scale
defined by (1.8):

t

G(t) = Go +/01(S) ds,

o
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whereg, is a positive constant, and to consider the new phase vasagfined
by (1.9):

¢j(¢) = ¢;(1(c)).
wheret (g) is the inverse function af (z). Using the resultin Theorem 3.iL)(and

translating it to the phase variallgin the time scale we can use it in expression
(1.10) forc; (g):

J j—k S
= - S ! ~ i—2 —s
ci(g)=e"* : cx(0) + — /cl(g—s)sf e ds,
’ ,;(J —k)! (-2
- 0
to obtain information on the long time behaviour of thecluster concentration
¢j(c), in particular concluding that the behaviour in Theorem @#)lholds true

with ¢, (¢) substituted by (¢), for every; > 1.

Furthermore, and more interesting from a dynamical pointi@fv, the informa-
tion aboutc; allows us to use (1.10) in order to prove that solutions tt)(8on-
verge to the similarity profiles in Chapter 2 Ay — +oc.

In fact, defining

3 o 24w\ l—w
O(w) = (m) (—) wherer = Tw

the following holds true:

Theorem 3.2 AssumeKi1). Let(c;) be any solution of(3.1) with initial data
cj(0) € £,. Letg(r) andc;(c) be as above. Then the statements of Theorems
2.13 and 2.14 still hold.

The proof of Theorem 3.2 is in no way dependent on the funetion since it is
based on the analysis of (1.10) which does not involve amymétion concerning
the input of monomers other than that carried over byctie). The proofs are
similar to the corresponding ones in Chapter 2.

We now concentrate on the proof of Theorem 3.1, and spedratlyose parts of
the proof that differ from the proof of the correspondingues Chapter 2.
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3.2 Onthe proof of Theorem 3.1

The general plan of the proof of Theorem 3.1 is analogousdbdhthe corre-
sponding theorem in Chapter 2.

1/3 w
We start by defining a new time scale> t so that% = ( 307 ) 1. We

1+2w
then let 3 N
0 = (5 205) (@ T @@
1 2 % 1+2w
y@) = (n) 1O F ),

and uselfl), so that system (3.2) becomes

(3.3)

X' =0+e(r)—xy)— At 2x2 + Bt 'x
V= (1+e(t) —xp)-Ar72 — A%y,

whereA andB are defined as in (2.4), and, in order not to overload the iootate
keep denoting by(-) the functions(z(-)). To prove Theorem 3.1 it is sufficient to
prove that all non-negative solutiofs, y) to system (3.3) satisfix (7), y(r)) —
(1,1) ast — +o0. In order to obtain this result we may start by proving the
positivity and relative boundedness of the solution ve@toeaning that [resp.

x] is bounded iffx [resp. y] is bounded away from zero); these are proved exactly
as in Lemmas 2.2 and 2.3.

Next we need to prove the boundedness of the oxlgit), y (7)) whent — 4o0.
This is where things start to look a bit different from whappaned in Chapter 2.
By (H1) we need only to consider times large enough so[#ad| < € (wheree
can be chosen arbitrarily small)df> 7, say. Observe that from the—equation
in system (3.3) we have’ < 0if (x,y) € Q7 ={1 +¢€—xy < 0} and soy(r)
can only escape ta-cc if the orbit ultimately remains if2 = R** \ Q_. But
to show that this cannot occur an argument similar to the sed in step 1 of the
proof of Lemma 2.4 is enough, with the natural changes of éoaetrical setting
provided by Figure 3.1.

Without loss of generality we can assume the initial pdigtis in 7 with 7o >
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-2
max{1, t, .}, wherer, ¢ = (2 (% — le)) ,andL > /1 + eisthe ordinate
of Py,.
=1
- {xy =1}
Y N
_ L
3 V= axeX
L %
P, Q-

Ay =1+¢)

1+
/L lie X

Figure 3.1: Geometric setting for the analysis of the possibility of apitosstarting at
P, to escape to infinity due to(r) — +oo ast — +oo.

Using the differential equations (3.3) we easily concluldattin the region of
Figure 3.1 wherg > %x and x < 1£<, the following holds true:

y' < (x’ + (1% - % - BA_IT_%) xAr_%) AT < X'ATTE < X,
where the last two inequalities hold true for alb> 7o > max1, t, }. But this
is the same inequality as in Chapter 2 and from this uniforomblcon the slope

% of the orbit, and the behaviour of’ in 27, we immediately conclude(r)
cannot diverge te-oo ast — +o0.

The analysis of what happens for largeand in particular the impossibility for
x (7) to become unbounded as— +o0, requires in the present case an altogether
different approach to that used in Chapter 2. There we usestlaou based on the
behaviour of the orbit on the level sets of an auxiliary fumetapproaching the
(fixed) hyperbolgxy = 1}. This essentially meant a change to a kind of moving
reference system. Now this method is not likely to work irsthase without
unnatural (and unreasonable) restrictions on the petiorbr). Hence, we now
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use a novel approach. Let us suppose an orbit of (3.3) satigfig) — +o0, for
some sequence, such thatr, — +oo. Then this orbit must eventually leave
Q) = {1 + e(r) < xy} since otherwise we would have

X' =1+e(t)—xy— At Ix2+ Bt~'x < At Zx(—x + BA"'t72) < 0,

for all sufficiently larger, a contradiction. An easy argument, similar to the one
used in Chapter 2 shows that for all large times, the orbinoalenteng‘(r).
Furthermore, for all large enoughit easily follows from (3.3) that

At ix — y'=— (x - < — —r_%) A*t7x <. (3.4)
x A
Now supposex’ > 0 for all sufficiently larger. From (3.4) this entaily’ >
Ar~zx' > 0, which leads to a contradiction since the orbit would evalyienter
Q0 for large enough. So, in order to have(t,) — +o00 ast, — +o0o, there
must exist an infinite sequence of time intervals in whi¢h< 0, and in at least
some subintervals we must hayé < 0, since otherwise the orbit would enter
in Q) anyway, or it would remain bounded. The differential indgqud3.4)
implies that the situation depicted in Figure 3.2 is essdlgtihe only possible
one.

X

Figure 3.2: The only possibility to have an orbit with(t) — +oc0 ast — +o0.
Note that (3.4) implies that’(z) > 0 wheneverx'(z) > 0.

Observe that for the orbit to decrease in theomponent it must first start de-
creasing inx, since (3.4) forcesit—zx’ < y'. This explains why the orbit should
essentially be as shown in Figure 3.2, with that type of emssings. But this is
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impossible. To see why, let us concentrate our attentiorigarg 3.3, where a
portion of the orbit of Figure 3.2 at the start of one of jtsdescent sections is
enlarged showing a self-crossimg that occurs at two instantg; andt,, with
1 < T».

-

X

Figure 3.3: Situation described in the text for a self-intersectingnpaf an orbit
havingx(t) — +oo ast — +o0.

At 7; we havex’(t;) > 0 and (3.4) givesg—i(rl) > At %, and atr, we have
x'(12) < 0, which implies that (3.4) now mealﬁ(rz) < Arz_%. But sincer, >

71, we conclude thaf’(r,) < At, 2 < Arl_% < 2(7y) in contradiction with
what we concluded above should happen at a self-crossimg pdiis concludes

the proof thatx, y) must remain bounded (and bounded away from zero).

W=

With this information we can now start to identify the orbi—limit, by showing

that thew—limit set of any orbit is contained in the hyperbdlay = 1}. In order

to obtain this result we consider an auxiliary functiofr) := x(r)y(r); as was
done in Chapter 2, ifx, y) satisfies (3.4) theh(r) satisfies the following linear
(in /) differential equation:

B () = (1 + (1)) (y + Ar—%x) — a(0)h(o), (3.5)

where
a(t) = p(t) + 2477 2x (1) + (4% — B)7 . (3.6)
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Using the variation of constants formula we can write theisoh to (3.5) as

. ; A .
o) = e O 4 [14e0) (30 + 52 ) e F 00 s 37
70 52
We need to show thdt — 1. Using Equation (3.7), we show that the first term
goes to zero and that the second one gods &3t — +o0. Sincey is bounded

away from zero, there exists a constént> 0 such thaty(z) > L,, and so

T A>—B T B
e_jfo a(s) ds = (E) e_'/ro (y(s)+2As I/ZX(S)) ds
T

A>—B T A>—B
< (%) el y®ds o (?) e~ Ly@=70)

showing that the first term in (3.7) goes to zero (expondgjiast — +o0.

Next we show that the second term in (3.7) goes to & as +o00. Using again
the fact thate(r)| < € if © > T, we can estimate the second term in (3.7) by
splitting the integral a#rf) = fT: + fTZ . The integral ovefr,, T¢] converge to
zero asr — oo, Since we are integrating an exponentially decaying funabio a
fixed compact interval. O[T, 7], we can write

T

(I-¢) [ gs.0)ds < [(I+e(@)gls.)ds < (1+¢€) | g(s.7)ds,
Jroves] !

Te

whereg(s, 7) = (y(s) + As‘%x(s))e_ff“(‘))d". Using the results from the

proof of Lemma 2.7 we havf g(s,7)ds — 1 ast — +o0 and this completes
Te

the proof of the convergence bf

Inspired by the approach in Chapter 2, the next steps toddbato—limit set of

the orbits will be, first to prove that, for each orbit, dis-limit set, (which, by the

previous result about, is an arc of the hyperbolacy = 1}) contains the point

(1, 1), and second to conclude that that arc degenerates intaiie gioint(1, 1).

Resorting, as in Chapter 2, to the auxiliary functign) = y(t) — Ar_%x(r) we
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discover that its dynamics is governed by the differentiplagion
b = (—=b+xHA* !,

which is exactly the same as in Chapter 2, i.e., the dynantiebeur ofb is
independent of(7) and so all the results proved whefr) = 0 in Lemmas 2.8
and 2.9 remain valid for the present case. Hence the two stégsed to above
can be completed and the proof of Theorem 3.1 is achieved.

3.3 Remarks on the Rate of Convergence

A question that naturally comes to mind at this point is to askvhat rate do
solutions converge to their final states. Whatever the madiieal sense we may
give this question, its elucidation is bound to include theg time behaviour of
the quantityJ; (z) — co(t)c,(¢) (if we are thinking in terms of solutions to (3.2))
or of 1 4+ e(r) — x(7)y(z) (if we are considering solutions to (3.3)).

In the cases(r) = 0 treated in Chapter 2 the assumptions in Theorem 3.1 are
sufficient to prove that

L-x(or@

= 1 as t— o0, (3.8)
T 2
and hence to have, as— + oo,
2
3 } 2low w
m t° 3 (at — CO(I)CI (t)) — 1. (39)

In order to obtain similar results whextr) is not identically zero we need fur-
ther assumptions on this function besides those statedlih flamely we need
to assume something about its decay rate to zero. The folpWwypothesis is
sufficient to ensure (3.9) holds also in this case.

(H2) The functione(z) is continuously differentiable and, as— +oo, satisfies
e(t) = o(r=75), andé(r) = o(t—'3%).
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Remark 3.3 Observe that, by the definition of the time scalgiven in page 78,
we easily conclude that™2 = ot~ e “), from which it follows that we must
haves(t) = o(t™ 2) and alsoe’(t) = sd =o(t” 2).

The way the proof of (3.8) proceeds is analogous to the prbloémmas 2.7 and
2.10: in the present case the expression(for i(7))/t~'/? has the additional
additive contribution coming from the perturbation tesa), namely

T

%/}@)( @)+<A§%x(9)e_ﬁ“wwod& (3.10)

70
with «(-) the function defined in (3.6). The analysis of (3.10) prosessifollows:
first write it as

T

[ A A*—B .
%/S(S)a(s)e ra®d® g r%/e(s) ( sf/(j) + ) o= a®d g

A

70 70

(3.11)
then observe that the first integral in (3.11) can be writkefolows

T

/S(S)Oé(S)e_ff"‘(")de ds = ¢~ o @@ s / 8(S)ﬂ (efioaw)de) ds
ds

0] 70
T

— &(1) — e(tp)e T @@ _ / g/ (s)el @@ % g

70

(3.12)

where the last equality was obtained using integration loggpBlow, the estimates
developed in the proof of Lemma 2.7 together with the assiomgH?2), in the
version presented in Remark 3.3, allow us to control thersgtaategral in (3.11)
and the right-hand side of (3.12), thus completing the pod¢8.8), and thus also
the corresponding version of (3.9) that now reads as

(ﬁ) R e0) at® = coD)er (1) ——— 1.
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The results in this Chapter include the cases where the raibf monomers can
have a rather erratic behaviour (albeit continuous and p8ytically approaching

a powerat®, with o > —%), providing further indication of the robustness of the
convergence to self-similar behaviour in this class ofayst.



Chapter 4

The transition input: w = —1/2

4.1 Introduction

In this chapter we consider the case where- —1/2, and hence the system can
be written as

o0
=o' =t —e) ¢
=1 (4.2)

C"j:CICj_l—CICj, ]22
As in the previous chapters the equations governing botimitveomer dynam-

ics and the total number of clusters are actually a nonamons bidimensional
(co, c1)—System

¢o = at V2 —¢oc
{ ’ o (4.2)

1/2

c1 =at” 7 — o —c12.

According to [69] we expect solutiongy, ¢;) of system (4.2) witho > 0 to

behave like

c1(t) ~ (%) 7z (Iogt)‘% , ast — +oo.

88
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This suggests the functions

S (logn)~ ¢olt)

G = (3) i ognt e,

= b @3

might both be expected to convergelt@as: — +oco, and reciprocally, if this
happens then, andc, behave as stated.

To prove this convergence behaviour(ef, C;) we need an equation for its evo-
lution. We begin by differentiating (4.3), and then replharit into system (4.2).

We then change the time scale> t by letting

o = (30)? (ogn)*. (4.4)

, . d
In order to have a well defined change of variables we must haar;/e 0, and
hencer > 1.

Defining
{ x(7) = Ci(1(7))
y(r) = Co(t(x)),

. d , . :
and denotlngd— by ' we finally obtain an equation fdr, y):
T

I 1 o 2 >
{x = i Xy c(r)x~ +d(t)x 45)
¥ =801 —xpy—2()y),
where
() = ¢ (t() = 9a) 7 (¢(x))""? (logt(r)) >, (4.6)
and

d(v) = d (t(v)) = ¢%(v) (% logz(z) + 1). (4.7)
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In order to simplify the notation and to make clear what \algave are working
with, we define@7(r) = 3/2logt(r) + 1, and so (4.7) now reads

d(r) = &%(7), (4.8)

and hence we can write (4.5) in the simpler form:

F— 1w 2 | ~20\ 7
{x =1—xy—c(r)x"+c“(r)l(r)x 4.9)

V' =c@d —xy—2(r)y).
Due to the fact that the time scale change (4.4) doesn’t gianexplicit expres-

sion forz as a function ofr, as happened fap > —1/2, we need some results
about the asymptotic relationship between the two timeescal

4.2 Relationship between the two time scales
A few results we will use are the following

: : N d 1 1 :

(i) Sincet > 1implies thatd—rt = (3a?)? (log?)3 > 0, we have that(¢) is
a strictly increasing function of. And clearly, also that(z) is a strictly
increasing function of.

(i) This allows us to conclude that — 400 ast — 400, and vice versa

t - +ooast - +o0

(iif) To get a better estimate on the asymptotic behaviou(fwe can integrate
(4.4) by parts to obtain

(1) = (3a2)3 (t(logz)1/3 — 1 ["(logs)=2/* ds).

(iv) The last expression can be integrated by parts again aldpusro write
() = t(3a*logt)s (1 + (’)(@)) ast — +o0.

(v) Since what we need is the behaviourras> +o00, we write the last expres-
sion ast(r) = 1(3a?logr)s (1 + o(1)) ast — +oo.
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(vi) This allows us to write(r) = (3« log r)_% (14 o0(1)) ast - +o0.

(vii) And also to get an estimate on the size of
log(¢ (7)) = log (‘L’(3052 logz)~% (1 + o(1))), ast — +oo.

(viii) From here we can get an estimate on the size of

(1) = ¢ (t(x)) = 9a)'? (t(x))™""* (logt(z)) >
L -1/2
= (9a)—1/3((z(3a2 logz)™3 (1 + 0(1)))

x (Iog (‘L’(3052 log7)~* (1 + 0(1))))_2/3), ast — +oo. (4.10)

(ix) We haver(t) > 0, since(9a)™/3 (1())"? (logt(x)) *® > 0.

(x) For all our purposes we will use the following relations:

(1) ~ t(logt)'/? ast — 400, { — 400,
t(t) ~ t(log7)~!/3 ast — +o00, t > +00,
log(z(t)) ~ logt ast — +o00, t > +00,

1/2

c(t(r)) ~ (rlogt)” ast — +oo, t - +4o00.

(xi) From the definition of/ (4.8), we have thad ~ ™.

4.3 The bidimensional system

Since we are only interested in non-negative solutions 12)(dy solutionwe
shall meamon-negative solutian

This section’s main result is

Theorem 4.1 Leta > 0, and(co, ¢;) be any solution 0of4.2). Then, ag — +o0,
we have

() (3a) (logr) ¥ eo(t) —> 1,
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W=

(ii) (%)_ 1% (logn)¥ ¢y (1) — 1,

2
(iii) (i Iogt)\ t(at™2 —coey) —> 1.
(07

The proof of this theorem is based on a series of Lemmas, igahne spirit as in
Chapter 2. The statements of the lemmas used are the santhegmofs only
differ because we have a log term and also because we do netamagxplicit
expression for (z).

As a result we will focus on the main differences betweendhmsofs and those
of Chapter 2.

We start by showing that non-negative solutions to (4.9)aiemmon-negative as

T — +00.
Lemma 4.2 The first quadranf{x > 0, y > 0} is positively invariant for(4.9).

Proof. In {(0, y) : y > 0} we have, from (4.9)x’ = 1 > 0 for all 7, and so
solutions cannot cross the-axis. In{(x,0) : x > 0} we havey’ = c(t(z)) > 0,
and so solutions cannot cross theaxis either. 1

Our next result shows how theand y boundedness are related.

Lemma 4.3 Let (x, y) be any solution tq4.9) with positive initial data. Then,
the following equivalences hold:

(i) y is boundedk= x is bounded away from zero.

(ii) y is bounded away from zere=> x is bounded.

Proof. We start by proving that
y is bounded= x is bounded away from zero

Since by hypothesis is bounded , there exist$, > 0 such thaty < U,. Then
from the first equation in (4.9) we derive

X' =1—xy—02x®+dx
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>1—xU, —ex? +dx

> 1—xU, —&x2, sinced > 0. (4.11)

We study separately the casgs> 7 andty < 7. Whent € (19, 7], in case
this set is not empty, the solution is necessarily boundealyadvwom zero since
otherwise there would exist at least one painte (7o, 7] such thatx(z;) = 0,
and from (4.9) we would hav€ (z;) = 1 > 0 and sax would have to be negative
for t < ;. But according to Lemma 4.2 this cannot happen, and so frasn th
contradiction we conclude that {f, 7], x is bounded away from zero.

Whenzt, > 7 we can use (4.11) and the fact that si@cs decreasing we have
¢(r) < ¢(xo) towritex’ > 1 — U,x — ¢()x?%. By studying the behaviour of the
solutionu of the differential equation’ = 1 — U, u — ¢(zo)u* and using standard
results for differential inequalities we can conclude thas bounded away from
zero.

In order to prove that
x is bounded away from zere= y is bounded

we can use the—equation in (4.9) to write’ = ¢ (—y(x +¢) + 1), which is a
linear equation, and hence by changing time scales> 6 in such a way that

— = ¢(7) it becomes
dr

%:—y (x+2?‘)+1, (4.12)

wherez () = Z(z(0)).
This is a linear equation with differentiable coefficientalanhence it is bounded
for 6 in bounded sets, and so to proyves bounded we only need to check what

happens whe — +o00. Since we have a linear equation, we can use the
variation of constants formula to write the solution of @).as

0
y(@) :y(eo)e_,/gO(X(d)-i—?(O‘))da_{_/e—fsﬁ(x(a)+?(a))dads. (413)
o
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Letting L, > 0 be a lower bound fox, we have

e_fgo (x(a)+b:(a)) do < e_fgo x(0) dae—fgo ?(J)da < e—Lx(Q—OO) 1 0,
6—+o00

and also
9 6
: z _—L(6—6p)
fe_,/.;?(x(a)+5(a))dads < fe_Lx(g_s) ds — ]eL—O - LL’
90 00 X X

and combining these two results with (4.13) gives the bodnédss ofy.
This concludes the proof of pai(

In order to provei() we start by proving
y is bounded away from zere= x is bounded

Sincey is bounded away from zero there is a constapt> 0 such thatL, < y
and so from thec—equation in (4.9) we obtain:

¥ =1-xy—02x?+dx< 1—x<Ly+E'x—07) < l—x(Ly—g) (4.14)

sincec > 0.

Now sinced(r) ~ 7! P 0, there is atr such that forr > 7 we have
d(r) < L,/2.

And so fort > 7 (4.14) givesx’ < 1 — L, /2x and hence

T
—Ly(zt—19) —Ly(z—s)
x(1) < x(19)e . —l—/e T ds

70

2 (1 _ ei_”(z’_”’))

Ly

=o(1) +

2
<o(l)+ —, ast —» 40,
Ly
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by standard results in differential inequalities, from @fhwe conclude the bound-
edness ok for r > 7.

Fort € (0, 7), we have from (4.14) that’ < 1 —x (L, —J) and lettingu be the
solution ofu’ = l—x(Ly—J) satisfying the same initial condition(zy) = u(zo)
we havex () < u(r) which is a bounded function on the compact[sgtz].

In the last part of this Lemma we show that

x is bounded= y is bounded away from zero

As before, since x is bounded, there is an upper bdupd> x, and so using
(4.13) we have

0
10> [ iom g

6o
0

> / ¢~ (Ux+E(60)) 0=9) ¢ (sincec is decreasing)

6o
1

Uy + (60)

(1 — e—(Ux+?<eo))(e_eo)) L,
O=+ee Uy + ¢(fo)

And so remembering (4.13), we conclude tlpais bounded away from zero for
large enougl®, and in compact sets, is bounded away from zero since it is the
sum of two positive and differentiable functions.

This ends the proof of Lemma 4.3. 1

Lemma 4.4 Every solution td4.9) with positive initial data is bounded.

Proof. As the geometric setting is the same as in Lemma 2.7, we wilfeeat
Figures 2.1, 2.2 and 2.3 here, but merely refer to the onebapter 2.

We first show that Lemma 4.4 holds for the-component of the solution.
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LetQ_ = {(x, y):x y > 1}. TheninQ_ we have:

Y'(@) = 80)(1 - xy = &(0)y) < —T*(D)y(r) <0,

and so, in2_, y cannot escape to infinity.

Let us show that if2; = {(x, y):0 < xy < 1}, y cannot escape to infinity ei-
ther, from which we will conclude that the orbittscomponent is bounded.

Pick L > 1 arbitrarily, and set
1, = inf{r:¢(r) < 1}, (sincec(r) — 0 ast — +00).

If y(r) < L for all sufficiently largez, then we conclude that is bounded.
Otherwise, suppose there isa> maxl, 7, }, such thaty(z,) = L andP; €
Qp ={(x.y):0<xy <1}withP, =P(x(z,). y(z,)) Then

x(t)y(r,) <1 =x(r)L <1 = x(7,) L><L= y(z,),
and as shown in Figure 2.1 we consider the set
{(x,y):Vr>1,,x< L andy > sz},

which covers the region we are interested in studying. Thecesc? — y <
x2—L’x = x(x — L2) <x(1/L — L2) the following inequalities hold:

(1—xy—=cy)
x4+ oxt—dx —?:'y)

'c“(x/ +T(x*—y) - gx)

<‘c‘(x’+‘c“x [1/L—L2—%D

<cx’, (4.15)

I
N

y/

I
N

sinceL> 1= 1/L—L2 < 0and§/2’> 0.
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Now eitherx’(z) < 0 and theny’(r) < 0 also and then we cannot hayeescap-
ing to infinity, and hence it is bounded above xofr) > 0 and in this case we can
write % = )yc— < ¢(r) < 1, sincetr > t, > 7. This bound does not depend on

L or P, , and hence the fact that the slope of the orbit is uniformiyristed above
by some positive constant)( guarantees that the orbit cannot go too higkin,

indeed , as is clear from Figure 2 2js always bounded by, = ~=¥A4+L~ *’24+L2

Having shown thay is bounded, we now show thatis also bounded. If it was
not bounded, we could consider an orbit satisfyir@) — +o0o ast — +o0.
By part (i) of Lemma 4.3, we would then have thafr) is not bounded away
from zero, for sufficiently large. This orbit must eventually enter the et , for

if it remains inQ2_ , thenx(z)y(r) > 1 and so

X =1—xpy—0x?+dx
= 1—xy—|—5x<—x+07/5)

<0,

sincel —xy < 0, x - 4o andJ/E — 0ast — +oo. Similarly the orbit
cannot leave2 ;. infinitely often if x is going to infinity, because if it happened,
we could takeér andx(7) as large as we wanted, for which the orbit was entering
Q_ coming from, . Then at that point, from the argument abov&7) < 0

and thus for the orbit to ent€2_ we must have/’(7) > 0, as shown in Figure
2.3.

Clearly this is impossible since & > 0 we havey'(7) = —¢%(7)y (%) < 0,
for points on the hyperbola. As a consequence, this orldt @obes tooo) must
remain inQ2;. after some sufficiently large enough time, and since it stays, ,
we must haveg — 0 ast — +oo.

We now consider forr > 0 the functionsg.(x, y) == x + ¢ — 1/y and the

curves inQ2; defined by the level sefs, = 0}. On these curves we have that

% = x + ¢, and sincec(r) — 0ast — +oo, this sequence of hyperbolas

converges monotonically to the hyperbélay = 1}, uniformly in compact sets
of Rt , ast — +oo.
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Sincex — 400 andJ/E—> 0, ast — 400, for all sufficiently larger we have

d
E(‘L’)X/(T) N y’(T) — _EZ(I)X(T) (x(f) - % - E’((-‘LL:))) <0

And so for all sufficiently larger
V'(t) > ¢(r)x' (7). (4.16)

And hence,

N o ~ _ d
J/:():}l—xy:cy:>x/=(3y—CX2+dx=cx(£—x+?)<0,

and also
d ~ ' ~3 (3
=@+ L == (Zlogr + 1) <0, wheny' = 0.
dr »? 2

This clearly contradicts our assertion aboutdirectionin which the orbit crosses
those lines. 1

As in Chapter 2, an immediate consequence of Lemmas 4.3 drid that solu-
tions to (4.9), with positive initial data, are bounded andtded away from zero;
we also have that the conclusions of Lemmas 4.3 and 4.4 etdlifithe initial
condition is nonnegative.

In the preceding lemmas we have proved that every orbit &) (4. bounded
and bounded away from zero. We are now ready to study-tbmit set. We
start by showing that the—limit set of every orbit is contained in the hyperbola

{xy = 1}.

As in our analysis of the case > —1/2 in Chapter 2, it is convenient to use an
auxiliary function:

h(t) = x(7) (7).

Letting (x, y) be a solution of (4.9) and computirg(z) we can conclude that
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h(t) solves the following differential equation

H(r) = (y(x) +c(v)x(v)) — (y(r) + 28(r)x(7) — (d(x) — ~2(r))) h(z),

(4.17)
which is a linear equation ih, and hence we can use the variation of constants
representation formula for its solution in order to get ddyainderstanding df’'s
behaviour.

Lemma 4.5 Let(x, y) be any solution t¢4.9), and leti be any solution t¢4.17)
Theni(r) — 1~ ast — +o0.

Proof. To simplify notation we introduce

a(7) = (1) + 28(0)x (1) = (d(v) = T*(x)).

Applying the variation of constants formula to (4.17) weabt
h(t) = h(tg)e o @®% 4 / (y(s) + Z(s) x(5)) e 5 *@® g5 (4.18)
70
By writing the integral term in the right hand side of (4.18) a

/ (y(s) + E(S) X(S)) e_fst a(f)do ds =

T

— e—ffoa(s)dsfﬂ (efjoa(e)w) ds
ds
70
T

—/ (5(S) x(s) — (d(r) — &* (f))) o= I3 @) g

7o
T

— 1= @ _ / (5(5) x(s) = (d(z) - "%))) o= I (@) g

70
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we can put (4.18) in a way more suitable for what we want to @rov

l—h(r) 1

Z(t)  ax)

(<1 — h(z))e SO ¥4

+ f(E(S)X(S) — (d(x) = T2 (r)))e 5 @@ ds)

_ 1 — h(TO)e—frroa(s) ds
c(7)
{ T

+— (Z’(s)x(s) —(d(x) - ~2(f))) e S a®d g (4.19)
c(7)

+

It is worth noticing that in the right-hand side of the lastiation we can have
positive and negative contributions to the final result, Wwatwill show that the
first and last term converge to zeromas> +oo and that the second one is always
positive, bounded and bounded away from zero.

The behaviour 08~ /0@ % asr — 4+ oo clearly depends on the sign @fr) =

y(r) + 2¢(v)x(r) — (J(r) —¢?(1)), and sincex , y and¢ are positive we must
study the sign Of—(a?(t) — ¢%(7)). Using the definition of(r) and ofJ(r), this
term is equal to-3/2¢? logz(c), and so it is always negative as— +oo. We
will show that although the final contribution from this teb@haves like ast —

+00, we still havee /0@ % 5 0 ast — +o0.

Indeed, since’ is bounded away from zero, there is a constapt> 0 such that
y(r) > Ly, and hence, since andc are positive,

— [ e ds _ = [3 (y©)+286)x()—d (0)—E3(2))) ds

e =e

< oLy~ g ~(d@-22@) ds (4.20)
Clearlye=L»(=%) = C, e~Lv* — 0 ast — +oo, and so for large values of
T

we need to evaluatf — (Ei(r) — Ez(r)) ds .

70
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Using (4.4) to rewrite this integral in the originaVariable we have

T T

/ (Ez(s)—a(s)) ds = / (c2(t(s)) — d(t(s))) ds

70 7o
T

= / (cz(t(s)) — 2 (t(s)) (% logz(s) + 1)) ds

70
T

= —%/cz(t(s)) logz(s) ds

70

- _g / (9a)>" (1(s)™" (logi(s))™** logz(s) ds

(1)
1

=—3 / (Ba®)™(log ()™ (1)) ds

t
R O N \ﬁ
_ 2/u du — Iog\/;_log © @2

fo

and hence,
e—jfo(ﬁ(s)—a(s)) ds _ e_log\@ = /ti =Cy Vi
0

Dividing by &(z) = ¢ (¢(r)) = 9a)~'/* (1(r))"/? (logt(x))~?/? , we obtain

o I7 (T2(s)—d(s)) ds
=C

(7) @

t(logr)?/3 . (4.22)

Sincer(t) ~ t(logt)~!/? and log ~ logt ast — +oo we can conclude from
(4.20) that
e—ffoa(s) ds
T < CT/(/) e LT 1(logt)?? ~ e "¢ (logt)!/? — 0 ast — +oo.
C\T
(4.23)
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Having shown that the first term in (4.19) goes to zerozr as +o0, we now
show how the second term behaves, namely that

1o .
~—/5(s)x(s)e_fs «(0)db g
()
70
is bounded above and below, and that
L [~ ~2 T a(8)do
%/ (d(s) —C (s))e ds
70
goes to zero, as — +o0o. We start by showing that

. .
— / (d(s) — &“2(s)) el @@ gs 5 0ast — +oo. (4.24)
(1)
70

Let 8 € (0, 1) be fixed, and split the integral ovér,, 7) asf;_’ﬁ + [T s

For the first of these integrals we start by showing that 72 is a monotone
decreasing function, indeed

(éi(z) — 52(f))/ — % (¢2log?)
dr

1
__CEW(I/I+1/|OQI)<O’ (4.25)

sincer > 1and-%& = (%)_1 > 0 by (4.4), andC is a positive constant depending
only onc.
Hence choosing, such that (4.25) holds, we have

B

2;“(%) T]r (g(s) —c? (s)) e~ Js @@ go
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< ﬂ(d(m) —7%(1)) / e~ i @@ §o (sinced — ¢? is decreasing

—18
< (—)(a’(ro) —7%(19)) / eIy (@) g

—18
< (—)(d(fo) —2*(10)) / \/%e_Ly(r_s) ds
= 2 )(d(To) —7*(n)) \/7 e~ Lrt? e_Ly(’_"’))

c\(/; ) (e Lyt _ ,—Ly(— fo))

and since as — +oo we have

—:(/Z) (e‘Lﬂﬁ — e‘Ly(f—f0)> ~ 7(log7)?/? (e‘L”ﬁ — e_Ly(’_TO)) — 0,
C\T

we conclude
1 5 ~2 — [T a(6)df
— (d(s) —C (s)) e s ds — 0 ast — +oo. (4.26)
c(7)
The integral from the large contribution is

% j (j(s) _52(s)> o= Js @®)dd §o
B

< 'E(Lr) (g(‘l: — )T - rﬂ)) / o Js a@®dd 4o
—18

1/~ ro
_ _ By _z20 _ B " oLy
<E't) (d(r ™) —c(t r)) / t—tﬁe ds
—18
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_)(d(r—zﬂ)—cZ(r—rﬂ) \/; / ~Ly(T=$) g
c(r) <d(f_f ) =T (- ﬂ)) \/%L% (1 —e—LyrB),

from this last equality it is clear that for this integral tonwerge to zero we need
to make sure tha:t—(d(r — %) — %t — %)) - 0 ast — +oo, since the
remaining terms converge 1¢' L, ast — +oo.

Indeed, sinc&(z) ~ (rlogr)~'/? and loy ~ logt ast — 400, and
~ 3
d—¢* = =¢%logt,
c 2c g

we can write

dt —t#) =%t —P) 3%t —P)log(t —tP)

(1) T2 a(r)
((r — #)log(r — ‘Eﬂ))_l log(t — #)
(rlog r)_l/z
-1/ /
= ) lli(ltoﬂ%f)l i — 0ast — +o0.

Finally we show that there are constaiit®ndU such that, forr large enough,
the following inequalities

1 .
0<L< 20 / Z(s)x(s)e s @@ gy < U < 400 (4.27)
c(t

hold.
Using equation (4.9) fox’ we can write

~ 1 — ~
=X =xy+ 80 —d(@)x = — > = y 4 &(0)x —d(2),
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and using the definition af(-) we have

a(8) = y(0) + 22(0)x(0) — (d(0) — E*())
= y(0) +E(0)x(0) — d(6) + T(0)x(0) + T*(6)

/

_! ; 1+ 3(0)x(0) +T(6)

= _d—delogx(G)—i— 1 +2(0)x(0) +2%(0),

and so upon integration

e _ X0 _f(; )
e = exp|: / (0)—|—c(9)x(9)+c(9) . (4.28)

We start by evaluating the term that doesn’t invakjeusing the same argument
asin (4.21)

T T

[ c2(0) do = / (9a) 2 (1(0))7" (logz(0))™** db

N s

= %/(3052)_1/3 (t(@))_l (|Ogt(0))—l/3 (|Ogt(9))—1 "

t

1 4 log¢
_ logu) ™" du = |
¢ [ atdogu du=tog (224)

N

and so we can conclude that

oqr \1/3 oas\ 173
e_'/:YT 52(0) do = Iog(:‘)g;) = elog(:o%)
logs\'/? _

= (%) ~ (log) 13 ast — +00.

This enables us to write (4.28) as

—JFa@ do _ X(@) ('oﬂ)l/3 N (L )
e = %) \log: exp / @ +¢(0)x(0) ,

N
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and remembering our initial expression, and that we wantdug(4.27),
T T 1
1 - T c(s) x(7) (Iogs)§
- Ji «(0)do d :/
() / clo)x(s)e 5= | 720" %) \log:
70 70

(1
eXp|:—/ (W +C(0)X(0)) :| ds

1
c(s) (logs\? — 7 (55 +2(0)x(6)) db
/ ()z‘(r)(logr) o >

Using the fact that is bounded and bounded away from zero, there are constants
L, andU, satisfyingd < L, < U, andL, < x(1) < Uy, allowing us to rewrite
(4.27) as

LyK(7) < % / Z(s)x(s)e™ s @9 g < U K (7), (4.29)
C\T
where
T 1
_ [ () (logs\*® _r_ i z6)x®)) i
K(7) '_/'c”(r) (Iogt) e @ ds, (4.30)
0

and so instead of proving the bounds in (4.27) it is enoughdegthem forK ():

T 1

L< / f(_s) logs\* o=l (R +8Ox©) & g0 7. (4.31)
c(r) \logt

0

As we did for the proof of (4.24) we fi¥ € (0, 1), and split the integral over
‘E—‘L’ﬁ T
(10, 7) asfro + [ 5

We first prove that the integral ovét,, © — ) goes to zero as — +oo; we
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have
—f 1
/S(_S) logs 3e—ff(ﬁ+2’(0)x(0))d9 ds <
c(r) \logt
70
1
E(TO) IOg(T_Tﬂ) 7 —U T8 —Ly (T—10)
= c(7) ( logt? Ly (e ¢ )
(4.32)
where

. 1 _
Lyw=_inf (m n x(@)c(@))

Is a positive constant sinceis bounded and bounded away from zero, and
decreasing to zero as— +o0. As for the other terms we have that

log(t — =#) _log(z — 9) _ logz(l - A1) s log(1 — A7)
logt logt logt logt

ast — +oo, and

(i(fo) ~ (trlog ‘L’)% ast — +oo.
c(7)

Hence the right hand side of 4.32 satisfies

1
Z(1o) (Iog(r - rﬂ)) ‘1 (e_exfﬁ _ e_exu_m)) N
{63 log ¢ L

~ (tlog7)? (e_z"’ﬁ - e‘ex(’_"’)) —> 0 ast — +oo0.

For the integral ovefr — t#, ), we havevs € (r — 8, 1)

a(1) (Iog(r—rﬂ))% _ (Iogs)% L@ —1P) ('09f)% (4.33)

(1) logt = Z(r) \logt c(7) logt

From what we have seen above the left hand side of (4.33) gdeadr — + o0,
and for the right hand side of (4.33) we have that
_ B-1
( 14 log(l — ))
logt

c(r — 19 rlogt %_ 1
O ((f —7P)log(r — fﬂ)) B (1 - fﬂ_l)

(Sl
(S




4.3. The bidimensional system 108

and this term also goes to 1 as—~ +o0o0. Hence we can conclude that in order to
prove the bounds in (4.31) it is enough to show they hold feritibegral

T

/ e—ff(ﬁ—i—?(@)x(@)) @ g
—18

Sincec(t) — 0 ast — +oo0 andx is bounded above and bounded away from
zero, we can define

Uy = Sup (; + 5(0)x(0)) < 400,

fe[rg,00) \X 0)

and so with?,. defined as above, a simple computation shows that we have

T
1 — e—uxr(‘)3 1 — e—uxrﬁ —LTh

- < / oI (e @) o g o L=
ux ux ex

- 1
ex’

—18

which are exactly the bounds we wanted, thus concluding tbheff Lemma
4.5. |

In this last Lemma we showed thap converges td, and thus that the —limit
set of all orbits is a bounded part of the hyperbfpla= 1/x}. In order to fully
identify it, we will use the same argument as in Chapter 2nypducing another
auxiliary function:

b(t) = y(r) — c(r)x (7). (4.34)

In order to study the dynamics bf we first need a few results about the derivative
of ¢(7)

d_ de dr S (3 de\ ' ode 3

— ()= —— = 21 1)(—) —=-(=1 1
IR A MR (2 0gr+ )(df) - ¢ (2 09+ )
and ofb,

b'(r) = y'(1) = €' (0)x (1) = 0)x'(v) = *()(=b(x) + x*(r)).  (4.35)
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By changing variables — 0 so that @ = ¢ dr , (4.35) now reads as a linear

equation for b:

db ,
— = . 4,
5 = b+x (4.36)

we will use this auxiliary function b in the proof of our negnhma
Lemma 4.6 Let (x, y) be any solution t¢4.9). Letting

Xy = lim x(7), x* == Iim x(1)
T—>+00 T—>+00

and similarly fory, and y*, the following inequalities are satisfied

*

X <1< x and y, <1< yn (4.37)

Proof. For a fixedg € (0, 1), integrating (4.36) iid — 6%, 6] gives

6
b(0) = b(O — 0P + / x2(s)e” @) ds. (4.38)
0—68
The boundedness afandy, and the fact thadé(s) — ass — 400, shows that
b(O —08) = (@ — 6P) —c(6 — 0P)x (6 — 0P) is bounded and so the first term
in (4.38) converges to zero. The integral term in (4.38) cabdunded above by
using the supremum of?

0

b(0)<0(1)+( sup xz(s)) / e =9 ds (4.39)
s€[6—68,0]
0—68
<o(l) + ( sup xz(s)> (1 —e_eﬁ), (4.40)
s€[0—08,+00)

and taking the limsup & — +o0 gives

im () < (x*)°. (4.41)

0—+o0

Similarly the integral term in (4.38) can be bounded belowbing the infimum
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of x?
6
b(6) = o(1) + ( inf xz(s)) / e~ 09 dy (4.42)
s€[0—058,6]
6—68
> o(l) + ( inf xz(s)) (1 — e‘eﬁ) , (4.43)
SE[0—08 ,+00)

and taking the liminf ag — +o0 gives

lim b(8) > (x.)*. (4.44)

0—+o00

Sinceb(t) = y(r) — ¢(r)x(r), and using the fact that is bounded and con-
verges to zero, we also have

im b»(@) =y*, and lim b)) = y.. (4.45)
§—>+o0 6—+o00
From Lemma 4.5, we already know thg)) = x(0)y(#) — 1 asf — +oo and
hence . |
y*=— and y,= pes (4.46)

Xx

Using the fact thak, < x*, (4.46), (4.45) and (4.41) we can conclude

1 1 * T %) 2 N *
(;gx—*—y —eﬂwa(Q)g(x)):Og(x)):lgx.

Similarly, this time using (4.46),(4.45) and (4.44) we candude

1
— =y 2= lim b0) > ()] = (12 (0)°) = 1> x.
X 0—+o00

This concludes the proof of the lemma forand using (4.46) fop. 1

In the next Lemma we show that the inequalities (4.37) of Lerdn® are indeed
equalities, and the proofs are exactly as in Chapter 2, anpistgoint out the
steps where they are different.
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Lemma 4.7 Let(x, y) be any solution t¢4.9). Then, with the notation of Lemma
4.6,

xy,=1=x" and y,=1=y". (4.47)
Proof. As in the proof of Lemma 2.9, we have the situation descrilpeligure
2.4, we start by supposing. < 1 < x*, and then trying to get a contradiction,
and choosing a poinfx, y) strictly between(1, 1) and(x, y*) belonging to the
hyperbola{xy = 1}. Since(x, y) belongs taw(y), the w—limit set of the orbit
¥, We can choose an increasing sequence of instantsn,,_, , - t, = +00, and
corresponding to thesg a sequence of point8, = (x(z,), y(r,)) belonging to
the orbity and satisfyingP, = (X, ), such thatx'(z,,) < 0 andy’(z,) > 0
for all n.

But sincex(t,) — X < l andy(z,) — ¥ > 1, we can, without loss of generality,
choose a sequence that also satisﬁ%fr\% > L2 > 1 for all n, and for some
constant. independent of as in Figure 2.5.

We now show that in these conditions the poiRjssatisfy an inequality similar
to (4.15):

V(1) = () (¥ (@) + () (@) — d(0)x (00) — (o) (1))
= E(on) (¥'(5) + E(@n) (*(1) = (@) — d(m)x (1))
< T(ta)x'(1n) (4.48)

sincex(z,) < y(z,) andx(z,) < 1 = x2(z,) < x(t,). Hence the coordinates
of the pointsP, satisfyy’(t,) < ¢(t,)x'(z,), from which we conclude that, since
we assumed’(z,) < 0, then we would also havg(z,) < 0, against out hypoth-
esisy’(t,) > 0. This contradiction stems from the assumption of the entste
of a sequence satisfying those conditions, and hence we measssarily have

(X%, ) = (1, 1).
We now show that we can’t have a point on the other sidd of) either. Let us
suppose similarly that there exists, y) in {xy = 1} strictly between(1, 1) and
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(x*, y«). Again we can choose a sequence of timg$ +oo and a corresponding
sequence?, = (x(v,), y(v,)) € y satisfyingQ,, 2 (X, »), but this time
such thatx’(v,) > 0 andy’(v,) < 0 for all n. Without loss of generality we
considerx(v,) > 1 for all n (see Figure 4.1, although with slightly different
notation the geometry is the same as in Figure 2.6).

A

Figure 4.1: Sequence of point&D,,) ony converging tax, y) € w(y).

In order to obtain a contradiction we need to establish diogldoetweenx’(v,)
andy’(v,). Asin (4.48) we have
¥ () = E0n) (¥ (0) +E0a)x20n) = dO)F(00) = E0n) 7 (v0) )
= &) (x () +E0n) (x2(02) = p () = d () x (v1))
> Ev) (¥ (00) + E0n) (X () = y(00) = AV (1))

e (x (va) + () (x(v,,) (1 - ff(”")) - y(vn)))
C(Vn)
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> () x' () . (4.49)

The last inequality is obtained noticing first that

(3 logt >
=c Elogt-i—l ~ — 0ast — +o0,
T

SIIIRSW)

and secondly that the straight lines defined jby= x (1 — ‘Z:((EZ))) are below

y = X, but converge to it uniformly on compact sets, and hencealfor suffi-
ciently large, the inequality (4.49) holds. Our hypothes(s,) > 0 now implies
y'(v,) > 0 using (4.49), which contradicts (v,) < 0. Once again this contradic-
tion means there is no sequence satisfying the conditiopesetd, and hence also
that no suchix, y) in {xy = 1} exists, the conclusion being that*, y.) = (1, 1).
These two results conclude the proof. 1

In Lemma 4.5 we showed thatconverges td —, and our next result specifies its
the convergence rate.

Lemma 4.8 Let (x, y) be any solution t¢4.9)and leth = xy. Then we have

1_—h(I):1

lim
T—>+00 E(‘[)
Proof. A closer look at the proof of Lemma 4.5 reveals that insteati@fnequal-

ities (4.27) we now need to prove something stronger, nathealy

T
; / x(5)3(s)e s @@¥ g 1 ast — +oo. (4.50)
c(7) J
Since we already proved that all terms but one converge tg pdrat remains to
be proved is that

T
/ e~ (R He@xO) 0 go o | a57 5 oo, (4.51)

‘E—‘L'B
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Sincex(t) — l ast — 400,

Ve>0,3T*:V0,0>T = 1-%<—— <1+-
and

Ve >0, 3T V6, 0> T = 2 <EO)x(0) < .
sincex is bounded and(s) — 0ass — +oo. Hence, by choosind” =
max(T*, T**) we havel — ¢ < %0) +2¢(0)x() < 1 +¢,VYy-7 and forzr so

large thatr — t# > T, we have thatfof > s > r —t# > T, that the integral in
(4.51) can be estimated as:

T T T
/ e—(l—i—s)(r—s) ds < / e_f;’(ﬁ-{—’c'(@)x(@)) do ds < / e—(l—s)(r—s) dS,

—18 t—18 —18

and

(1 _ e—(l-i—e)rﬁ) T (1 _ e—(l—a)rﬁ)
1 " < / e_fsr (ﬁ-ﬁ-g(e)X(e)) do ds < ; ) (452)
&

—18

By the arbitrariness of we can conclude that the left and the right hand side of
(4.52) converge ta.

This concludes the proof. 1

4.4 Long time behaviour

Given a solution of (4.2), introduce a new time scale

t

G(1) =¢Go + [ c1(s)ds, (4.53)

to
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whereg, is a positive constant, and consider the new phase variables

¢j(c) = ¢;(t(c)), (4.54)

wheret(g) is the inverse function of (¢). Whenc(t) > 0, these are well de-
fined ands is an increasing function af In the new variables, the; —equations
become

¢;'=¢-1-¢j, Jj =2,

where’ = d—dg This system of differential equations is a lower trianguiaear
system and thus can be explicitly solved in terms of the fondf; (¢) starting
from the equation forj = 2 and applying the variation of constants formula
recursively:

S

/51 (c —s)s’2eSds. (4.55)

0

- . T, ik 1
Gg)=e kzzz(j_k)!ck(ow(j_z)!

From now on we consider only this new time scale.
We now establish the convergence results of Theorem 4.isméw time scale.

By definition we have‘(’j—f = ¢;(z) and we already know from Theorem 4.1 the
asymptotic behaviour af;, hence we have the following estimates

W=

Ve>0,3T = T,:Vt > T, l—s<<%)_ 1% (logt)s e1(f) <1+ ¢

— (%)é 3 (logr) ™3 (1 —¢) < e1(7) < (%)é =2 (logt) ™% (1 + e).

We are thus naturally led to estimate the integ{;i)a“lr‘l/2 (|Ogs)_1/3 ds, ast —
+o00. After a few computations we obtain

t
/s_l/z (logs)™' ds = 252 (logr)™"*(1 + o(1)) ast — +oo.  (4.56)

o
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We can now use this last expression to obtain the followitafios between the
2 time scales:

W=

s =2(3)" 1 togn)™* (1 4+ 0(1))
= (ga)§ t2 (logt) 3 (1 + o(1)) ast — +oo, (4.57)
or,
13\
,ETOOE (5) t=%(logn)3c(t) = 1. (4.58)
And so forz(g),
8 —-2/3
1(c) =27 (ga) ¢*(logc)** (1 + o(1)) (4.59)
-2/3
— (ga) c2(logc)*? (1 4+ 0(1)) asc¢ — +oo, (4.60)
or,
4 2/3
im (ga) ¢ *(logg)*t(c) = 1. (4.61)

We can use (4.60) to obtain the asymptotic behavioui @f) as follows:

c1(g) = c1(t(g))

/
= (5)" )™ toge() ™ (1 + (1)

—2/3 —1/2
() )
4 \"2/3 —1/3
x (Iog ((ga) c? (Iogg)2/3)) (1 + o(1))

1/3
= (%az) ¢ ' (logg)™?* (1 4+ o(1)) as¢ — +oo, (4.62)
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or equivalently

2 —1/3
lim (§a2) ¢ (logc)*? &i(c) = 1. (4.63)

¢—>+o00

Using the representation of tlze given by (4.55) and this last equation we can
establish the behaviour of in terms of the originad variable. To this end, letting

g(c) = (1/2)"*(3/a)*"*c (logg)*>, (4.64)

we can writeg(c)ci(c) = 14+0(1), asc — +oo; we start by multiplying (4.55)
by g(c).

We can write the first term in the right hand side, correspogdo the non-
monomeric initial data contribution as

J i—k

g0 e L

k=2

c(0) =0 (gj_le_';) =0 (e_)‘g) asc — +oo,

for everyA < 1 and fixed;.

For the second term in the right hand side we start by changtegration vari-
abless — y = s/c¢, which allows us to write the integral term as an integralrove
the fixed interval0, 1], and defining the function

V() =g(al), (4.65)

we obtain

¢
g©) [~ 2 s
——= [ci(c—s)s' e ¥ ds =
(]—2)!0/

1
/2’1 (c(1—y)(yg) ?e g dy
0
_ ( 9 )”3 ¢/ (logg)*"?
B (=2

9 \"* ¢(logg)?3
(ﬁ) (j —2)!

1

/’c“l (c(1—y) y/ e " dy
0
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1

_ cf‘1(|09§)2/3/ Y —y) 2
(j =2)! (1= y)(logg(l — y))*/?

e Svdy.

0

In order to evaluate this integral we split the integral athe singularity ay =

1, by writing it asfol_8 + fll_g, and then for the second of these integrals since the
argument ofc; is not necessarily large, we know that sirgds continuous and
goes to zero at infinity, by (4.63), there exists a positivestantM satisfying

0 < ¢1(x) < M for x € [0, +o0] and hence

1 1
¢/ (logg)*/? /E}(c(l — )y 2e™¥dy < c’(logg)* M -1 / eV dy

1—¢ 1—¢

; 1
<Mc/(logc)*? < (e_C(l_a) — e_§>

=Mc/'(logg)*?e™¢ (!¢ — 1),

and this term is exponentially small when— +oc.

For the first integral, we now have thate (0,1 —¢) = ¢(1 — y) € (¢ce,¢), and
hence forc sufficiently large, we can use (4.63) and (4.65) to conclhdey =
1 + o(1) in the interval we are considering, and thv&, > 0,37(81):V¢ >
T61), ¥v(c(1 —y)) e[l —6;1,1+4+ 8], and hence as — +oo we have

1—¢

| 2/3 1 — j—2
(= 80)1;(c) < / (logg) "¢ (s(1 —y))y
0

(1 — y)(logg (1 — »))2/3

e 7dy <(14681)1(c),

(4.66)
where

1—¢
_ (logg)?/3 /=2 _
1i(6)= / (= ogc( =i ¢ ¥
0

1—¢

:/( logg )2/3 ¥/ 57 dy
J logg(1 —y) 11—y
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1—¢ | 2/3 -2

0 logg

Sincey # 1, we now have that

log(1 — y) N

lo =
gg — +oo |Ogg

| 2/3
0= (—1 n Iog(l—y)) -1 asg — +00,

logg

and so

1

log(1—y)
logg

2/3
V82>0,3T(82)2VC>T(82),( ) 6[1—82,1+82],Vy7é1

Hence forg sufficiently large, it is enough to estimate the integral

1—e j—2
Y e~ SV dy,
-y

0

which can be computed using Watson’s lemma. We start by giotiat ylj__y
y/72 32520 ¥’, which is a convergent series, singee (0, 1 — ¢), and hence we
obtain

J=2 INGEE! 1
/ iy_ye_cydy:(chl)—i_O(g_])’ aSC—>+OO.

Putting this last expression in (4.66) results in

¢ T (loge) Py (e (1 — y)) yi

-y dy — ~1
G2 - ploge(i— i ¢ W T IFOE D Ese e

Gathering these exponentially small contributions ansl st result, we have the
following generalization of (4.63) g(c)¢j(c) = 1+ o(1),Vj > 1, asg —
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+o00, or in the originalf variable, using (4.57)
o —
5)

4.5 Self-Similar behaviour

W=

t%(logt)%cj(t) —1,Vj>1, ast > 4o00.

We can now turn to the results concerning convergence ofisokito self-similar
profiles. Let®;_;,, : RT \ {I} — R be defined by (2.34) (page 67). The
following result states that the functiob, _;,, is the similarity profile of the
solutions to (4.1) along non-characteristic directions.

Theorem 4.9 Let (c;) be any non-negative solution of (4.1) with initial data sat-
isfyingdp >0, u > 1:Vj, c;j(0) < p/j*. Letg(¢) andc;(c) be as in(4.53)
and(4.54) respectively. Then,

} cIigr1+oo(l/2)1/3(3/01)2/3c (1096)**¢;(c) = ®1,-1/2(n).

n=j/c fixed
n#1

As we did for thew > —1/2 case, we now study the convergence to similarity
profiles. Starting with the monomeric initial data case:his tase we only have
the integral term, and we start by multiplying the repreagon formula forc;
(given by (4.55)) bye(c), obtaining

8(c)ci(c) = G
J

We can defin@; on[2, co) x [0, co) by

2()

¢1(x,6) = m

S
/ ci(c —s)s¥ 2™ ds. (4.68)
0

Whenx > 2 is an integer, the functiop; clearly satisfies;(x,c) = g(¢)cx,
and we shall use, instead of the definition of;. Using Stirling’s asymptotic
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formulaT(x) = e *x*"2/27 (1+0O(x™") asx — oo, the recursive relation
'(x—1)=T(x)/(x—1),lettingn == x /g, and changing variabler y = s /¢,
we can write, ag — +o00,

The proof is the same as in Chapter 2 until we get to

1 9o\ s
¢1(gn.G) = E (ﬁ) n?z "§C2C(|09C)2/3

1
eSmlogy—y+n)

<(1+0(c7) [ At - ———dy. @69)

0

In order to make clear the asymptotic behavious;@t ) we multiply (and divide)
inside the previous integral by(c(1 — y)), as defined in (4.64) and (4.65), and
we obtain

19N s s 9V
wl(qn,q)=ﬁ(ﬁ) nf‘"ccfc(logc)/(ﬁ) G~

eS(nlogy—y+n)

(log(c(1 — »)))** (1 — y)y2

1
x (1 +@(€‘1))/¢(c(1 — ) dy. (4.70)

Simplifying and grouping the log terms we obtain

1

1

1 (14 0(c7)

1 2/3
1 eS(mlogy—y+n)
< [ ¥t -») ( — .Ogl_y) dy. (4.71)
0

¢1(gn.g) =

9

_ 2
g (1—=y)y

Rearranging the last expression, the proof reduces to yimegstic evaluation of
the function

1 1 1 } eS(nlogy—y)
10.6) = < hree [y -m) (g | Tyr O 472
J I »)y

as¢g — +oo.
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We start by showing that foy > 1 we havel(n,¢) — 0, as¢ — 4o0. In
order to study the behaviour @f we start by splitting the interval of integration
asfo1 = 01_8 + fll_g, since near the point = 1 the argument of/ (c(1 — y)) is
no longer large, and so we evaluate the integral ger — ¢) using (4.71), and

over(l — g, 1) usingc; and (4.69).
In (0,1 —¢) bothy (c(1 — y)) and —= +|ogl - arel + o(1) when estimating the

integral for large values af, and hence to evaluate (4.72) we only have to estimate

1—¢

ne cn y~2esmiogy—y)
et [ I
(1-)

—&
eS(nlogy—y)

[SIE

c 1 RCCPLL

dy=¢ dy

(1—=y)y?
0

1—¢

1 1
<c 27) SesT exdtelg)]?xe] g1 (t)) / m dy
0

= ¢ 2SS exp( max g1(1))loge™", (4.73)
t€l0,1

Whereegl(l) — t—zec(n logz—t) _— e—2logteg(nlogt—t) — e(gn—Z) |ogt—gt'

Forc > —2- andt < 1, the functiong; satisfies
n—1

gn—2
t

g1 (t) =

—-¢=2(Gn—-2)-¢=cn—1)—-2>0,

and hence (1) < g1(1 —¢) = —¢(1 —e —nlog(1 —¢)) —2log(1 — ¢).
Plugging this result back in (4.73) we have

cIin" “e¢"exp( max g;(r))loge™" =

tel0,1—¢]
2 | 1
%exp( G(nlogn—n+ (1 —&) —nlog(l —e))),

and so itis enough to check that we hapMegn —n + (1 —e) —nlog(l —¢) > 0
forg > -2 andn > 1.
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Rewriting this inequality as

1 —
r)logn—n—l—(l—e)—r)log(l—e)>O¢>(1—8)—77>77|0ng
l—e¢ l—e¢
& ———1>log—,
n n

and, lettingz = (1 — ¢)/n, this last inequality amounts to> logz + 1 which
holds for allz # 1, and that is the case singe> 1 = n # 1 —e¢. This concludes
the proof in the interval0, 1 — ¢).

In order to show that the integral ovélr — ¢, 1) also goes t® as¢ — +oco we
use a similar argument but this time making use of (4.69)c&th is continuous
and goes t® as¢ — +oo it is obviously bounded ifil — ¢, 1], and so there is a
constantM > 0 such that;(¢c(1—y)) < M ,Vy €[l —¢, 1]. Hence in this case
we have to estimate

1 1
eS(nlogy—y+n) / e—S(nlogn—nlogy+y-n)

1} (loge)? /Tdy — c}(loge)?

1—¢

dy

e—Sh()

ZC%(IOQC)?[ —dy
Y

1—¢

1
<c? (Iogg)*exp( S [mln h(1)) /—J;

£,1]

— exp(—ch(l)),
(4.74)

= ¢3(loge)i-

whereh(t) == nlogn —nlogt 4+t — n has a unique minimum at= 1, and since
h(l) =nlogn+1—mn,andnlogn+1—n > 0forn # 1the expressionin (4.74)
is exponentially small ag — +o0. This concludes the proof for > 1.

Forn < 1 we need a similar approach, but the situation being slightbye deli-
cate, since now the (unique) maximumydbg y — y is attained at an interior point
(1 > 7 € (0, 1)), we need to split the integral by writing it & + '~ + [,_..
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With ¢ andy defined as above, for every> 0 we split the integral ovejo, 1]
asl; + I, + I; = f(f+f;_e+fll_8. I, I; — 0, and the only non zero
contribution comes fronf.' .

Givenn < 1, we choose > 0 in such a way thay) € (¢, 1 — ¢), for instance
e <min{n/a,1 —n}, witha > 1.

log

logc

1 + o(1) when estimating the integral for large valueg;ofand hence to evaluate
the integral over/; we can use an argument similar to what we used imthel
case. To evaluatg it is then enough to estimate

For the integral over;, we now have that botli(c(1 — y)) andﬁ are

. ; eS(nlogy—y)
c2n Meesn a7 dy, as¢ — +oo.
0

Letting g,(¢) == (cn—2)logt — ¢t, we haved < ¢ < ¢ < n/a < n and hence

for ¢ > =7, -we can conclude that the functign satisfies
-2 ) . 2 2
gﬁ(l)zL—g=M>0,SInceg> > ,
t t n—n/a n—t

and hence (1) < g1(¢) = —c(e — nloge) — 2loge.
We then have the following estimates

&€ &

1 eS(nlogy=y) I e810)
c2y ncecn/ dy =¢2 ncecn/ 1 dy

(1—-y)y? -y
0 0

&

1
< g%r]—ngegn exalrggoa.g g1 (t)) / m dy
0

=c? —1G 61, 81(€) Iog(l _ 8)—1

= g%g‘z log(1 — 8)—le—§(n logn—n-+e—nloge)

—

And so we only need to check thatogn — n + ¢ — nloge > 0, which is true
since this last expression is always positive, expech fer ¢ where it is zero, and
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we choses < 1. Hence we can conclude that — 0, as¢ — +oc.

For the integral ovefl — ¢, 1], we have0 < ¢(1 — y) < ¢e, and hence it is
preferable to use equation (4.69), which invol¢gsnstead ofyy. Hence for the
integral /; we have to evaluate

1
o 32 2/3 eS(nlogy—y+n)
n "¢ *(logg) B E—

1—¢

dy, as ¢ — +oo.

This can be done as before, by showing that the fundtign = nlogn — n —
nlogy + y is always positive fory € [1 — ¢, 1], remembering that we picked
¢ < 1—n,and hence > 1 — ¢ > n, when evaluating;. And so recalling that
h(y) > 0, andh(y) > 0 for y # n, we can conclude that is also exponentially
small asg — +o0.

In order to evaluate the integrd, we use again the fact that fore (e, 1 — ¢),
we have

log(1 — ) N

logc — =
dg +00 logc

. 2/3
0= <71 N Iog(l_y)) — lasg — +oo,

logg

and so writing (4.69) as

1

¢1(6n,6) = E(

9\ , ,
ﬁ) n2 " c2¢(logg)*/?

1—e¢
eSmlogy—y+n)

<(1+0(7) [ @t -

&

1 3 1
= =" "g2¢(logg)*/?

eS(nlogy—y+n)
(1—y)(logg(1 — y))?/3y

1—¢
X(1+O(c‘l))/1/f(c(l—y))g ~dy

= ! n%_ncc
2

NI
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(logc)?/3eslogy=y+m

1—¢

0 (c! - d
< (C))Zw““ A= pioge— e ¥
_ 1 316 3% -1
_mn S (1+0(§ ))

1—¢ 2/3
1 eS(mlogy—y+n)

x[w@u—y»<bp%;”) T

2/3
Since in this casé (c(1—y)) = 1 +o(1) and the same holds f rm) :
it also holds for their product as — +o0, and we conclude that

2/3
V8>0,EIT(5):V§>T(8),1ﬁ(g(1—y))( ) e[l —46,144].

log(1—y)
I+ logg

It is then enough to study the integral

1—¢

; . eS(logy—y+n)
n2"c2 / ———dy as ¢ — +oo,
(1—-y)y?

since we can write
(1=8nF ¢ I(c) < L < (1 + 80P "¢ I(n,c) (4.75)

where

1—¢

eS(nlogy—y+n) o
J(n.c) = / ——————dy, for ¢ sufficiently large.
(I-»)y

Applying Laplace’s method for the asymptotic evaluatiommégrals [1, pg 431]
to the integral

1—¢ 1—¢
/ e—S(y—nlogy—n) e~ S0

= 4.7

) 1= yp)?

& &€
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where¢ : (0,1) — R defined byp(y) = y —nlogy — n, is smooth and has a
unique minimum, attained at = n € (e, 1 — ¢) with value¢(n) = —nlogn and
¢"(n) = n~!, we obtain, ag — +o0,

1—¢
e—S(y—nlogy—n) 1 27 eSmnlogn
——dy = esmlogm +0 (—) . (477
8/ (1—y)y? (1= \ ¢/n G2
Now from (4.69) and (4.77), we obtain fgr< 1,

1 3 1 1 21
o1(gn,¢) = N2 g 28 M100M +0(c™! (4.78)
: V2 n2(1—n) '\ ¢/n (™)

= ﬁ (I 4+o(1)), asg — +oo0. (4.79)

This concludes the proof in the monomeric case.

If the initial condition is not monomeric we have the contitibon arising from the
sum term in the right hand side of (4.55).

Multiplying it by g(c) we now have to prove that

J i—k
lim —s 0) =0. 4.80
jdm  g©)e > TR (4.80)
n=j/c fixed k=2
n#1

Since we want to show the limit is zero, we will drop the consdan the defini-
tion of g, and so we only consider(logc)?/3. The proof is based on the same
argument used in Chapter 2.

We have
J i—k

| 2/3 —¢
c(logg)*’e ];(j—k)!

J ik
. 2/3 . —Jjv (]\))-]
cx(0) < (log jv)*p jv e™ ,;—(j—k)!k“

= ,0§02(V, .])
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where

J S Nj—k
@2(j,v) = (IOng)2/3 Jv e’ kX; (J(j_v])c)l Jom”
We can adapt the results in the studygefdone in Chapter 2, where instead of
the prefactorjv” in expressions (2.39) and (2.40) we now have to use the term
jv(log jv)?/3. The estimates show that now in order {orto converge to zero
we need to consider initial data satisfying(0) < p/j*, but in this case with
u > 1. The logj term growing much slower thayy; has no influence on the
convergence ap, to zero. This completes the proof of the theorem. 1

In the case with inpuis® with ® > —1/2, we've seen that for values of < 1
the singularity of the self-similar solutiof, ,, can be dealt with by considering
a different similarity variable and a different time-scai, allowing us a sort of
inner expansion for the characteristic directips= 1, and we obtained a solution
@, , satisfying?;(c) ~ g"/z%,w(%). It is worth noticing that foro >
—1/2 the similarity variable was independentwof and the time scaling variable,

althoughw—dependent was alwayslf the one used fo®; ;.

In the case at hand, we also have a singularityat 1, as we have just seen, and
hence it is natural to check if this similarity variable atgiges rise to a solution,
and if that is the case, one for whigh= 1 is no longer a singularity.

Hence, choosing the similarity variabll'%£ and the scaling

6'2(log(c)?)** = (1/2)1*¢ 2(log ¢ )*/*

and definingd, _;,» as in Theorem 2.14, we hope it is equal to the limit

2
1 /= (3\3 1 2
Iim —=/=|— 2 (lo 3¢i(c). 4.81
m U3 (2) <t esoriae (4.8
E:j%gﬁxed

EeR

We now show that this limit does not exist.
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Following a strategy similar to the one we used déor> —1/2, for monomeric
initial data we have to estimate

S

2/3 _1/2
z 2/3 1/2~. — zc(logg) S /~ . j—2 —s
\/ZC“OQC) G '7cj(c) ,/2 e Ci(c —s)s? 2 e %ds,
0

2
3

: i—¢ & 143
asc — 400, j — +o00, % fixed, whereC == 1 (2)°.

As usual we define the functign in [2, co) x [0, 00) by

S

_ [wc(ogg)* ' /~ 2 s
p3(x,g) = \/: =1 c1(c —s)s'“eds,
0

and using the similarity variable = %(: %) we can rewritep; as

S
_ [m Clogg)*Pe'2 [ SHEE-2 o
¢3(c +£./G,c) = T TC+EeoT) ci(c—s)s e ds.
0

If 2 < x = j €N, we havep;(j,c) = /ZC (logc)*”* ¢'/?¢;(c), and hence
we need to evaluate the limit

gLirpoo ¢3(c +£5.¢). (4.82)

Changing variables > w = /,/C — % , in such a way that — s = ./ w?
and d = -2,/cw dw, we obtain

_ [7 C(logg)* ¢!
93(c +£C.6) = \/:I’(q-l—é\/f—l)

1
g4

< / 2L (JEWP)(C — JEWd)SHEVE2o— RNy duy (4.83)
0
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Now we would like to use our knowledge about the large timealadur ofc; to
compute the limit ag — +o0; we can use (4.65) to write (4.83) as

NS

S

V2mC(loge)*c'2 2\ —2/3 2—1
= |
rle +615.0) = TF RS O/C (log(v/u?) ™ (V&)

X Y (JSw?)(§ — /Gw?)sTEVE 2TV e du

_ V2rgl? i 1 2/3 2
_F(c+éﬁ—1)0/(1+4'°gw) v(vew)

logg

% (¢ — JEw)THvE st L gy
w

B

[2m cSHEVEI2 g 1 2/3 ;
- Te+éfe-1 (1+4'°QW) vivew)

logg

2\ 6t+é/5—2
X (1 — wT) eN/E“’zl dw,
C w

and using Stirling’s asymptotic expansion for the Gammation we can write

eSTEVTS

1/T(c+&J/c—1)= \/IZ_JT(C +S\/E)C+Eﬁ_3/2(l + o(1)), asg — +oo

and hence; can be written, ag — +o0,

cSHEVET3/2 o8 VT

06+ EVG0) = (o e (14 0(1) (4.84)
i
1\ ) w2 \ TV o
- - Jews
><0/(l +4I|Zgg?) Y(/qw )(1 \/E) e wdw.

To estimate the multiplicative prefactor in (4.84)@s> +oo we can write it as

—3/2 c+EVT 3/2
s (s )

(C 1 EJO) T —_ =
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1 1
= etVe - (1+o(1)
e v _&-2
_ ((1 " g/fg)ﬁ/é) e € (1 + o(1)) (4.85)

= 278 (1 + 0(1))
= e E/2(1 4 o(1)),
where in (4.85) to compute the limit gs— +o0o we use the change of variables

£ /x
—_ i i e 1 A 1 3,
G > X = 2 to obtaln((1 x)l/x) and then we apply L'Hopital’s rule

twice.

Using this last expression we can write (4.84xas> +oc in the following way

03(c +£/C.c) = e E2(1 + o(1)) (4.86)

4>|~

/3 , w2 c+&./c—2 e .1
_ sw~ __
X/(1+4'°9w) vivew )(1 ﬁ) Ny

| w
0 og¢

In the case where > —1/2 we proceeded with a study of the integral term in
(4.86) by considering (and hence/cw?) close to zero, and away from zero,
and showing that the integral, for small valuesugf could be made arbitrarily
small, while the remaining integral convergedcas> +oc.

This approach will fail in the case at hand, essentially dube singularity arising
from 1/w in the integrand of (4.86).

We now considet > 0 arbitrarily small and < T < ¢ '/* and we show that the
integral ovelle, T'] can be made arbitrarily large.

We start by splitting the integral ovflr, ¢ /4] as a sum over 3 intervals

NS,

S

1 2/3 5 w2 c+& /52 e 51
- - — cw? 1 4y —
/(1 +4'°9“’) v(vew )( ﬁ) et

0 logg
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1
c4

£ T
1 2/3 5 w2 ct+é /52 5 1
- - _ JewT
(] o) s )t

T logg

Both the integrals ovdp), €] and[T, ¢ !/*] are non negative and fav < [¢, T] we
have ,/Jcw? > ,/ge* — +oo as¢ — +oo, and so as we have already seen

2/3
before(;) Vv(/Sw?) =1+ o(1) asg¢ — +oo.

1441092
This means that fow € [¢, T'] the integral we want to evaluate is asymptotically
equal to

- w2 C+§\/E_2 2 1
1+ o(l))/(l — —) eVer — duw. (4.87)
w
&€ ﬁ
To estimate this last integral we have@s> +oo

2

e (R (R (Bl

NS NS NS NS
_ VN VT
B ((1 uf_/wzﬁ) ) (14 o)
= e W 2= 8w (1 4 (1)) (4.88)
4
- 2
—e 2 oV (1+ o(1)), (4.89)

where (4.88) is obtained by changing variables— x = ﬁ and applying
L'Hopital’s rule.

From (4.89) we conclude that there exists a continuous imgt(w, ¢) defined
forc!/* > ¢ andw € [, T] and satisfying + g(w,c) > 0 andg(w,c) — 0 as
¢ — +oo for each fixedw, such that

eV = o HEE (1 4 g(w. ). (4.90)

2 —
(1 \u/)g)CvLEﬁ 2
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We now estimate the integral

T
w 2 1
/e‘T‘l_‘f“’ (1+ g(w,g))a dw. (4.91)

&

We can use (4.90) to write

2 - wh
L+ g(w,¢) = (11— —=) TV evaule b,

NG
We can estimatél — :"/—2)5‘/6 using the series development (0g- x) = —x —
x2/2—x3/3 —x*/4 —-.. valid for x € [-1, 1) to write

= (e
_ (P G L) ))5
=e‘w25<e‘w_i(%+%w—i+%(f/—§)2+ NE
s oWt G (T ) %e_wzé’ (4.92)

since whethet is positive, negative, or zero the argument of the secondrexp-
tial goes to zero as — +oo.
Using once again the Taylor series for {(dg- x) we can write

(ewz(l _ w_z)ﬁ>ﬁ _ (ewze_wze—wfig%w—§+%<3—§>2+~~))ﬁ

NG
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since the argument of the second exponential goes to zere-astoc.

Finally we have

c+&./c—2 wh
14 g(w.c) = eV/owit it

ef”  [since— > 0]
2

C+E - 2e~/—“’

)
) c+EJS— 2 w2 w*
)

2

2 £ _
(1- T_)ﬁ)ﬁ+ o EW 2 [since(l — %) o

T
1
> LI/— dw, (4.94)

whereL; = L(§,T) = %e—T“—STZ_

The integral in (4.94) can be made arbitrarily large, sineecan choose > 0
suitably small, and hence since the integral in (4.86) isctbt) larger than the

integral in (4.91), this concludes the proof that the limit(4.82) (and hence in
(4.81)) does not exist.



Chapter 5
The slow input cases

This Chapter contains unpublished results obtained iraboHation with F. P. da
Costa and J. T. Pinto.

5.1 Introduction

In this chapter we study the case with slow input tefm= «¢® with @ > 0, as
usual, andv < —1/2.

x' =at? —xy—x?
(5.1)

Y =at? —xy.
5.2 Thecasex =0
We consider the system

r_ 2
{x/ e (5.2)
yh=—xy.

Remembering that we are only interested in positive saigtiand that the pos-
itive cone of R? is invariant under the flow of (5.2), it follows from (5.2) tha
bothx’ andy’ are negative, and hence bottand y are monotonically decreasing

135
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and positive, hence there must exist., y») depending on the initial data and
non-negative, such that

xX(t) — Xoo and y(t) — yoo, as t— 4oo.

The identification ofx,, can be easily done, since> 0, y > 0 we have from
(5.2) thatx’ = —xy — x? < —x2, which upon integration betweenandr > ¢

gives
1

X(to)™V+ (t —19) 1=+

x(t) <

and thusx,, = 0.

In order to identifyy.,, we start by noticing, from the—equation in (5.2), that
y is strictly decreasing. This allows us to change the timéesca> y, and to
considerx as a function ofy.

From (5.2) we have
dx X

—_ = 1 + R

dy Y
and definingu = § we obtain an equation far = u(y), yu’ = 1 which after
integration betweem, and y givesu(y) — u(yo) = log(y) — log(yy), which can

be written asx/y — x¢/yo = 109(y/y0), Or more suitably as
£:1(1+&Iogl), (5.3)
Xo Yo X0 Yo

wherexy = x (o).

Plotting the graph off, (s) = s(1 + y logs) we conclude from (5.3) and the non—
y()

— -
Yo

negativity ofx andy, and the behaviour of, that e~*0/¥0 a5t — +00.

This proves the following result.

Proposition 5.1 Consider non—negative solutions (6.3). Then the following
holds true

(i) the function®(x, y) == T log y is a first integral of(5.3),
Y
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yoe_XO/yO |

| yoe—l—xo/yo

_yoe_l_xO/yO X

Figure 5.1: Integral curve for thex = 0 case.

(i) for every initial condition(x,, yo) € R™ x RT, the solution satisfies
x(t) = 0, y(t) = yoe /% ast — 4o0.

5.3 Thecasex > 0

This situation is considerably more delicate thandhe- 0 situation of the last
section, since now (5.1) involves balances between pesitid negative contri-
butions that are not always easy to handle.

Generally speaking we can cut the positive con®éfinto three disjoint (time
dependent) sets determined by the sign of the functionseimi¢iint-hand side of
(5.1).
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To fix notation, forr > 0, let

i(1) = {(x,y) e R*":at® —xy < 0},
(1) = {(x,y) e R*":ar® —xy — x> <0, at® — xy > 0},
3;3(t) = {(x,y) eR*™at® —xy—x? > O},

and letl’;(z) = 0X;(z) N 0% (¢), for j =1, 2.

It follows easily from the definition of the sels; that a solution(x, y) to (5.1)
satisfiesy’, y/ < 0in X;(¢),x’ <0, y' > 01in X,(¢), andx’, y" > 0in X;3(¢).

We sum up this geometric behaviour in Figure 5.2. It is img@otto notice that

y

()

A

23(1)

25 (1)

& I, (1) k Iy (1) ’

Figure 5.2: Geometry of the sets associated with monotonicity behavibsolutions
to (5.3). The arrows indicate the monotonicity propertyledt and y components
of the solution vector< meansx(¢) decreasing, etc.).

the picture in Figure 5.2 is dynamicone, and ag — +oo, the setd";(¢) and
I',(¢) converge to ther and they axis, and to the’ axis, respectively, uniformly
in the second case, and uniformly in compact subsets in gtechise.

The dynamics of (5.1) is very much dependent on the way thdieakg(t) =
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(x(2), y(2)) visit the setsZ;(¢), and it will be important to know under what
circumstances ig(¢) able to cross from onE; (¢) to an adjacent one.

This is fairly easy to answer fat, (1) andX;(z), and it is done in the next Propo-
sition.

Proposition 5.2 Letg(z) be a non-negative solution {6.1)with initial condition
@(to) € Xs(to).

Then, there exists a uniqué > ¢, such thaip(7') € I',(T) and () € X3(¢) for
allt < T,ande(r) € X5(t) forallr > T.

Proof. Suppose the solutiop(z) remains inX;(z) for all 1 > 7. This implies
that the solution satisfies’(r) > 0 andy’(¢) > 0 for all t > #,, and thus the
solution must remain both i&;(¢z) and in the translation of the positive cone of
R? with vertex atp(zy). But this is impossible sincE, (1) converges uniformly to
the y—axis and so sweeps the (bounded) part of the cone wheydies in finite
time.

Actually it is immediately clear thaf,(z) passes through(z,) at some time <
%)2/“’, and sap(¢) cannot be inZ;(¢) at this moment in time. Hence there must
exist7T such thatp(z) € I',(T).

At this pointe’(T) = (0, x2(T")) and they—component of",(T") is strictly de-
creasing. So, for a sufficiently close later time 7 the solutiony() must be in
3, () . But nowg(z) cannot cros$’, back intoX;(z): suppose it could cross back
and letr; > T be the smallest time for whicp(z;) € I'>(¢;); then by the defini-
tion of I';, we would havex'(z;) = 0 andy’(z;) > 0 while the curvel’, () moves
downwards. This means tha{s) cannot ente&;(¢) for ¢+ > t;, a contradiction.
This concludes the proof. 1

Another general feature of the dynamics of (5.1) witl 0 is obtained using the
first integral of (5.3) defined in Proposition 5.1.

Proposition 5.3 Let¢(7) be a non-negative solution ¢b.1)and let

R
d(x,y) = 5 log y, (5.4)
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A |
Ve e
¢(lo) + R*T
.
Yo (o
- Talto)
. Ta(0) \<\\
S5 | o -
% Vet Vet

~

Figure 5.3: The geometry of the problem wherizy) € X3(7p).

then® is decreasing along, and, as a consequentim,_, _ y(z) > 0.

Proof. By computing

1 1
Vo(x,y) - ¢'(t) = (—, —12 — —) . (at“’ —xy—x% at® — xy)
y oy Yy
_ X e
= —FOH < 0,

we conclude tha® decreases along solutions. By observing the foliatioR%of
provided by the level sets df, see Figure 5.4, we immediately conclude the lower
bound ony(¢) holds as stated. 1

The previous two Propositions sum up all that can be said meige about solu-
tions to (5.1) without further restrictions on the valueesnf In what follows we
need to study the casesc (—1,—1/2), ® = —1, andw < —1 separately.
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<

C1
Ca

C3
1
Cs
/Cs
C7
Cg
Co

X

/
/
/
_—
0

Figure 5.4: Foliation of R2*given by the level sets @b, ®(x, y) = c (several values
of c = cj with ¢c; < ¢ if j < k are plotted).

The main distinctive feature in these three cases is thatisnkg(7) will eventu-
ally remain inX,(¢) in the first case, irE (¢) in the third, while the case = —1
is a borderline case requiring a different approach, andeat it last. So the size
of w will determine in which way the orbit will ultimately crods; (). The last
result of this section clarifies how the solutions to (5.19ss; (¢) and will be
needed for the remaining sections of this Chapter.

Proposition 5.4 Let ¢(¢) = (x(¢), y(¢)) be any non-negative solution {6.1).
Leth(t) = x()y(1).

Then there exists a uniquedal point

Na()) = (ea0.4(0) = (=== 174 ) e T )
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such that%(h(t) — at®) is zero at the nodal point, is positive at pointsIgf(z)
above the nodal point (i.e., with(z) < x(z) ), and is negative below it.

Proof. Using the differential equations (5.1) we conclude that

d
E(h(t) —at?) = —(h(t) —at®)(2x() + y(t)) + at‘“(—? —x(1)).

At a point onI'; (¢) the first term on the right-hand side of this expression is,zer
giving

d

S0 —ar”) = azw(—$ — X)),

and this proves the result, since bp(¢) we havey = at®/x. 1

Remark 5.5 We should note thap(¢z) can crossl';(¢) coming fromX,(¢) into
31 (z) only above the nodal poit,(¢), and, reciprocally, the crossing frol; (z)
into X, (¢) can only occur below, (7).

Remark 5.6 It is important to observe that, bein®.1) a non-autonomous sys-
tem, the situation of an orbit crossing from (¢) into X, (¢) does not (necessarily)
mean that itsst—component is increasing: in fact, sin€g(z) is actually moving
towards the coordinate axes, what the crossing actuallynmees that the orbit,
while also moving towards the—axis, is overtaken by the moviiy(z) . Hence,
an orbitp(¢) that eventually would crods, (r) a number of times, as in the scheme
in Figure 5.5, does not really correspond to an oscillatidugion, but can simply
correspond to the situation depicted in Figure 5.6.

5.3.1 The small input exponent case € (—1,—1/2)

From Proposition 5.2 we already know that every solutiorbt@)must eventually
leaveX;(z) never to return. We now prove thatgife (—1, —1/2), the same holds
true for X, (z), and thus solutions must eventually stay3in(z) and converge to

a limit point in the y—axis with a definite rate. However, this is somewhat less
straightforward than the situation of Proposition 5.2.
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Figure 5.5: A solution repeatedly crossing back and forth betwEe(¥) and X (¢),
plotted in a coordinate frame centered at the (moving) npdait V. (z) and for
which T (¢) is also fixed.

We start by proving that a solution with initial conditi@r(zy) € X;(¢y) cannot
remain inX(¢) forever.

Proposition 5.7 Let ¢(¢) be the solution of5.1) with initial conditionse(zy) €
21 (o).

Then, there exists a time> ¢, at whiche(t) € X,(1).

Proof. Assume thap(z) remainsinX, (z) forallr > ¢, . Then bothy/(z) andy’(z)

are negative, andl’(r) = ar® — x (1) y(t) — x2(t) = y'(t) — x?(t) < —x?(¢), this

implies, as we have already seen, that the following reslttdtrue for allk > ¢,
1

x(t) < )T T (=10 e 0. (5.5)

Sincey’(r) < 0 implies thaty(z) < y(t) for all ¢ > ¢y, we obviously conclude
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Figure 5.6: Plot of the solution depicted in Figure 5.5 in the fixed cagegrame.
The dashed lines are the linBg(7) at successively higher valuesof

that

x (1) y (o) K
X0 < X0 0) < T s <

whereK > y(ty) max1, ty x(t)}.

But then, iftr > (K/a)/0+%) we haveat® — x(t)y(t) > at® — K/t > 0,
which implies that, for those timesg,(¢) is not in X;(z), as assumed. Since by
Proposition 5.2 , it can only be iB,(¢), this proves the result. 1

Observe that the previous result does not rule out the pbssifat the solu-
tion ¢(¢) leavesX,(z) and entersz(¢) at a later time, and proceeds in this way
indefinitely.

Note however that, ifp(z) does this, it must have the behaviour relative to the
nodal pointV,(7) € I'1(¢) depicted in Figure 5.5, and, a&.(z) escapes to infinity
ast — +oo, the orbit could not remain boundedjn

Our next result, Proposition 5.8, excludes this possyhiilit establishing thap(z)
will eventually remain inX,(¢) for all sufficiently larger.

Still, this does not yet preclude(z) from being unbounded since ,(¢) the
derivativey’(z) is positive. The boundedness piwill be established in Proposi-
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tion 5.9.

Proposition 5.8 Let ¢(7y) € R?>* and lety(¢) be the solution t¢5.1) with initial
conditiong(ty) € X5(t).

Then, there exist® = T (ty, ¢(ty)) > to such thaip(z) € X,(z) forall ¢t > T.

Proof. Suppose that the orbit does not eventually sta)i(¥), then, from Propo-
sition 5.7, we know that it will crosE; (¢), from X, (¢) into X (¢) in an unbounded
sequence of times. But then, by Proposition 5.4, this mdwatshey—component
of the solutionp(¢) must cross the value of the—component of the nodal point
Ni(t) = (x4(2), y«(¢)) in a monotonically increasing sequence of times- #,
for which¢(z,) € 2,(t,).

Letr be the smallest integer for which

o l+w

@ aw
lr1+a)/2 >

Then, by constructiow, = y(,) = y«(t,) = —21°F1.

Since X,(¢) is an open set there exists> ¢, such thatp(z) € X,(¢) for all
t € (t,,t). We shall prove that for these valuesrofwve havey(z) < y,. This
contradicts the assumption thafr) does not remain ik, (¢) for all sufficiently
large times, since this inequality implies7) < y.(z,) and sop(¢) cannot cross
into X (z), by Proposition 5.4.

Letz € (¢, 7). Then

at®/? [ a(l+ow) - at?? [ al+ow) -0
Yr w Yr w

Sinceg(t) € X,(t), we havey'(tr) = at® — x(t)y(t) > 0 and so

at®  wt®  ar®/? a(l +w
x(t) < < = 1°/% < \/—(7)1“’/2,
Y Vr Vr w

« . . 2 0((1+a)) . . .
which impliesx<(1) < —=——1“. But because the solutign() is in X,(z) we
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also have
x'(t) = at® —x(t)y(t) —x*(t) <0,
and hence |
X(Oy() > at® — x2(0) > at® + o ST 0,
from which it follows that
1
—a( + w)t“’ — (at® —x(t)y()) > 0. (5.6)

By the definition of the nodal point in Proposition 5.4 we havé) = —%z”“’,

and so
= —« t
dr w

which, together with (5.6) and (5.1), implies that

9

dy.
dr

— (1) > 0. (5.7)

Since at, we havey.(t,) = y(t,) = y,, then, from (5.7) we havey, — y)’ > 0,
and we conclude,(¢) > y(¢). This concludes the proof. |

Proposition 5.9 With the same assumptions of Proposition 5.8 jtheomponent
of the solutionp(z) is bounded.

Proof. By Propositions 5.2 and 5.8, we need only to prove {haj remains in
a bounded subset df,(z). In X,(¢) the solution satisfies’(r) > 0, and so

x(1) < % Since alsox’(¢) < 0, we deduce from (5.1) that

yv)zf@+w%o<x%)<f;zy

from which it follows that

2

20+1 _ t2a)+1) .

V0 < ¥ (t0) = 5= (15
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Applying lim ;_, ;.o to both sides of the last inequality results in

2

im 3 < 3(t0) — —t2a)+1,
Jim yR(0) < y() 2o £ 10
from which it follows thaty is bounded. This concludes the proof. 1

The above results allow us now to state and prove the maiit gghis section.

Proposition 5.10 Let ¢(¢) = (x(¢), y(¢)) be any non-negative solution (6.1)
with initial data ¢(z9) = (o, X0, o).

Then, there exists a constaht= L(¢y, xo, o) Such that,

yt)— L and o 't7“x(t) — L' as t— +oo.

Proof. From Propositions 5.2, 5.8 and 5.9 we can conclude thiateventually
monotonically increasing and bounded above, and so thest exist a constant
L(ty, x¢, yo) such thaty(r) — L ast — +o0o. By Proposition 5.3 we conclude
that L > 0.

Actually, as the computation in the proof of Propositiongh8ws, sinc&®(x, y) =
§ — log y is decreasing along solutions, we can conclude fhat e®%’

Now, for the convergence rate of the-component, we need only to notice that
the same Propositions imply that(r) < 0 < x2(t) + y(t)x(t) — at® > 0 and
thus, seeking only positive solutions

X(O) > —2y(0) + 2320 + a1 = ort .
? * L) + /120 + are

Furthermore, since’(z) > 0, equation (5.1) implies that(z) < % Hence

1
X () < —,

2
y(t) + Vy2(t) + date = y(2)

and applying limits ag — +o0, remembering thap(z) — L, concludes the
proof. |
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5.3.2 The very small input exponent case < —1

In the casew € (—1,—1/2), studied in the previous section, all solutions will
eventually end up ir2,(¢z). As in that region the solution satisfigg(z) > 0

we need somewhat careful estimatesyom order to conclude its boundedness.
On the other hand, the fact that the orbits stayiy(z), and thus between the
curvesl'; (r) andI',(¢), immediately gives us upper and lower bounds on the rate
of convergence aof (¢) to zero.

For the present case < —1, a different situation occurs. We will prove that all
solutions will eventually end up i (). Since in that region we always have that
y'(t) < 0, we immediately conclude that, eventually monotonic decreasing, is
bounded, and, from Proposition 5.3, it must converge fg,a> 0. But now we
only have a natural lower bound on the solution, arising ftbenboundary™; (¢)

of X,(¢). This produces a natural lower bound on the rate of convergefx (¢)

to zero. An optimal upper bound is a much trickier questiorshall discuss later.

We start by a kind of dual to Proposition 5.7 that just staleg ho solution to
(5.1) can stay irk, (¢) forever.

Proposition 5.11 Lety(z) be a solution of 5.1)with initial datume(zy) € X, (z).

Then, there exists a time> ¢, at whiche(t) € X (2).

Proof. The proof is quite similar to that of Proposition 5.7; assum® stays in
() forallt > ¢,.

In that case we would havé(z) > 0 andx’(¢) = at® —xy—x? = y'—x? > —x?
which implies

x(to)
1+ x(to)(t —19)
But the positivity ofy’(¢) implies thaty(z) > y () forall ¢t > ¢, and we obviously
conclude that

x(t) >

X (t0) y (%)
1+ X(to)(t — to)’

x(@)y() > x()y(t) >
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and, since» < —1, we conclude that, for all t sufficiently large

© X (t0)y (o) o
x@)y) —at?® > X —10) 1@ > 0,

which contradicts the assumption that the solution staysi). This concludes
the proof. 1

As was the case fap € (—1,—1/2), under the present conditions we cannot a
priori rule out the possibility that the solution visik,(7) repeatedly at an un-
bounded sequence of later timgg). Again, for this to be the case the solution
would need to have the behaviour relative to the nodal pditt) € I'i(¢) as
depicted in Figure 5.5.

Our next result prevents this from happening.

Proposition 5.12 All solutionsg(¢) to (5.1)will stay in 3, (¢) for all ¢ > ¢, suffi-
ciently large.

Proof. Suppose otherwise. Then, there would exist an unboundeceseg of
times, (¢,), such thaip(t,) = (x(tn), y(tx)) € Za2(tn), Vn.

But then, there would exist another unbounded sequencenesti, € (¢, ty+1)
such thaty(t,) = y«(t,), WhereN.(t) = (x«(¢), y«(?)) is the nodal point. Now
note that this nodal poinV.(z) is given by(—2, —%t“’“), and sincev < —1, it
will converge to(0, 0) ast — +o0.

But this would mean that the solutigriz) would not be bounded away from zero,
which contradicts Proposition 5.3. This concludes the proo 1

Proposition 5.13 Let () = (x(¢), y(¢)) be any non-negative solution ¢5.1)
with initial data ¢ (7o) = (o, X0, Yo)-

Then, there exists a constaht= L(zy, xo, o) > 0 such that, ag — +oo

y— L, lim o 't ®x(t)>L"", and @ a1 x(t) < L7, Ve > 0.
—>—+o0

t—>—+00
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Proof. The convergence of is trivial. Indeed, by Proposition 5.12 all solutions
will eventually stay inX(z). In this regiony’(z) < 0, and soy(z) is monotoni-
cally decreasing (and bounded below by zero), and henceaingergent.

By Proposition 5.3 the limit must be positive.

The first inequality on the rate of convergence is easilyiobth sincep(zr) €
31(z), we know thatx(¢)y(z) > «t®, and, using the convergence oft) as
t — +o00, we obtain the result.

From the fact thap () € X;(z) we can only obtain one natural bound, resulting
from the bound™;(¢) provides, and this is what we just used.

To obtain the other inequality we need a more delicate aisalysly part of which
was successfully completed thus far.

5.3.3 Thecasa = —1

The analysis we performed in the preceding sections faisnwh= —1, and so
we try the same approach we used inéhes —1/2 cases.

We suppose that(¢) behaves likex/t ast — +o0, and hence the new variable
X () = o~ 'tx(¢) behaves like a constant as> +oo.

Performing the change of variab¥(r) = o~ 'tx(¢), (andY(¢) = y(¢)), in (5.1)
we obtain the system

1
4Y:I—XY—QX(X——)
t o
rzgu—xn,

or, writing everything back ioc andy :

, o 1
x=1—xy—7x x—a 58

o

ﬂ—tﬂ—wl
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We define the four regions
24, 1 1
A=3(x,y) eRT:—>aand— >y,
X X

1 1
B = {(x,y)€R2+:—<x<—},
y o

1 1
C = {(x,y) e R**:x > — andx > —},
o Y

1 1
D = {(x,y)eR2+:—<x<—}.
o Y

Notice that when(x(z), y(t)) = (1/«,«), which doesn’t depend on in (5.8)
bothx’(z) andy '(¢) are zero and hence we have an equilibrium point.

Y

Figure 5.7: Geometry of the sets associated with monotonicity behavibsolutions
to (5.8). The arrows indicate the monotonicity propertyledt and y components
of the solution vector<- meansx(¢) decreasing, etc.)

Proposition 5.14 The y—component of solutions {(&.8) is bounded.

Proof. In regionsB andC in Figure 5.7 we have’ < 0, and hence is bounded.
InregionD, y’ > 0 but y < « and hence the only way for the—component of
the orbit to escape te-oo, is in regionA, since once the orbit leaves for B or
D, it cannot come back intd again. But in regiod, we havex < 1/«, and
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hencex, being increasing, is convergent ih But by definition, in4 we have
y < 1/x and hence if is bounded in4, so isy. This concludes the proof that
IS bounded. 1

The same result also holds for the-component of solutions to (5.8)
Proposition 5.15 Thex—component of solutions {&.8)is bounded.

Proof. In regions4 and B we havex < 1/«, and sox is bounded in4 and B.

In regionC we havex’ < 0, and sax is bounded inC, and once the orbit leaves
C, for eitherB or D, it cannot come back i'. Since as mentionedis bounded
in B, the only remaining interesting option is when the orbitvesaC for D.
Now in D we havey’ > 0, with y bounded by the (fixed) hyperbojay = 1},
and hencey converges to some positive limif — y.,. Considering that inD
any horizontal straight line, withro, > 0, {(X, Voo) : I/ < x < 1/yx}, IS @
bounded set, we conclude that the orbit must have a boundetnponent (since
for ¢+ in any compact set, the-component is bounded, and in any Bet-oo) to
the bounded set above, and hends also bounded). 1

Having shown that the solutions are bounded, we now showtlibgtare conver-
gent.

Proposition 5.16 Solutions tg5.8) are convergent.

Proof. Suppose by contradiction that it doaet converge. If at some instant
the orbit is in region4, then since in4, x < 1/« andx is increasing, thec-
component is obviously convergent, to a non-zero limit. c8iin A we have
y < 1/x,andy is increasing it follows that it must converge. Hence if iteliges,
then it must necessarily leave regidnfor region B or D, and if it leavesA it
cannot come back.

If the orbit goes into regiom, then it cannot escape from regidh since it
cannot cross back into A and it cannot go into regionAlthough it might fail to
converge to the equilibrium poiiit /o, ), we knowy is decreasing and bounded
from below by« in B and hence convergent. Since thwe know thatx is
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bounded above by/a and below byl /y, which converges, it follows th&t(x —
é) goes to zero as— +oo and hence from the first equation in (5.8) that x y
must converge to zero, and hengdjeing convergent, that is convergent.

If the orbit goes into regiorD we observe that it cannot leave. In regidnwe
have thaty is increasing and is bounded by«, and hence converges; from this
we obtainx convergence as in the case of regi®n

Finally if we are in regiorC we have thak is bounded below angl is decreasing
and hence converges; (n we know thaty decreases and is bounded, and hence
converge. If it escapes frodi into region B, we already know that it converges
there. [

5.3.4 Long time behaviour of solutions

Y y
* i
\\‘
\\\ 6 b
AN
s,
AN
1_,__@\.?&
.
0.3 .4 .50 .5 X
Figure 5.8: Simulation done fow = —0.6, 0 = 1,7 = 1,x9 = 0.2, and y,

varying betweerl and5 in steps of 1. Also shown is the hyperbgla= 1/x.

Having established convergence of solutions of (5.8), walaviike to be able
to identify their limit. We have already seen in Figure 5.4 fbliation of R?™
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provided by the level sets of the functiah defined by (5.4) that the limit of
solutions depends on the initial conditions.

In Figure 5.8 we show a simulation done tor= —0.6, ¢ = 1,# = 1,x0 =
0.2, and y, varying betweenl and5 in steps of 1. Also shown is the hyperbola
y =1/x.

This, and all the other simulations we ran tor= 1 and for different values

of w, point to theconjecturethat choosing different initial conditions we obtain
different limit points; we have not been able (yet) to pravs the case.

This conjecture also means that there are no self-similatisos.

Notice that this behaviour markedly constrasts with whathaege seen in the
previous cases. where we could identify a unique limit point
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