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1. Introduction

J.E. Littlewood formulated the classic Lusin theorem by saying that ‘every measur-
able function is nearly continuous’. In the spirit of this formulation, we prove that ‘every
measurable volume preserving map is nearly a Sobolev-(1,p) volume preserving homeo-
morphism’. More precisely, we prove a weak version of Lusin’s theorem (see Theorem A
in Section 4) for the space of Sobolev-(1, p) volume preserving homeomorphisms on closed
and connected n-dimensional manifolds, n > 3, for p <n — 1.

This theorem generalizes for the Sobolev setting previous continuous versions proved
by Oxtoby [9], White [12], Alpern [1] and Alpern and Edwards [2].

The proof of Theorem A is based on a key perturbation result (Theorem 3.1). This
perturbation theorem is the Sobolev version of a classical result proved by Oxtoby and
Ulam [11] which, in rough terms, says that given any € > 0 and any two sets of distinct
N points {P;}Y, and {Q;}Y; in R™ such that P; is e-close to Q; for all i we can
construct a volume preserving homeomorphism h e-close to the identity which maps
some neighbourhood of P; by simple translation onto a neighbourhood of Q);. An explicit
construction of h can be seen in [2,3]. Yet, the strategy used in [2,3] cannot be applied
in our Sobolev setting because we need to control the LP-norm of the partial derivatives
of h. To obtain this control we define h as the composition of 2NV simpler perturbations,
which locally is a composition of just two perturbations.

Besides its intrinsic importance in Analysis, the weak Lusin theorem in the volume
preserving class was crucial in a proof given in [3] of the result of Oxtoby and Ulam,
that ergodicity is generic for measure preserving homeomorphisms of compact manifolds.
Therefore, a Sobolev version of this theorem could be useful in the study of dynamical
properties in the Sobolev class. Indeed, homeomorphisms on the Sobolev class gain sig-
nificance presently in applications to certain type of PDE’s in nonlinear elasticity (see
the Ball-Evans Problem in [7]), in ergodic theory (genericity of infinite topological en-
tropy in [5,4] and also subjects correlated with the closing lemma (see again [5]). We
believe that building bridges connecting these two areas could be of utmost interest both
in applications and fundamental mathematics.

This paper is organized as follows. In Section 2 we introduce the space of automor-
phisms and the space of Sobolev-(1, p) volume preserving homeomorphisms. In Section 3
we prove the perturbation result (Theorem 3.1). Finally, in Section 4, we prove a weak
version of Lusin’s theorem (Theorem A) for the space of Sobolev-(1, p) volume preserving
homeomorphisms, for p < n — 1 and we present a counterexample (see Example 4.1) for
p>n.

2. Preliminaries
Throughout the article X is a smooth closed connected Riemannian manifold of di-

mension n and d is the geodesic distance on X. We denote the Euclidean norm in R™ by
| - |. We shall denote by A the volume measure on both X and R™.
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2.1. Automorphisms and homeomorphisms of (X, \)

An automorphism of the underlying Borel measure space (X, \) is a bijection g: X —
X such that both g and g~! are measurable functions and A\(B) = A(g(B)) = A(g~1(B))
for all measurable sets B. Automorphisms which differ on a set of measure zero will
be identified. We denote by G(X) the space of automorphisms of (X, ). We shall
consider two topologies on G(X): the weak topology given by the metric p(f,g) =
inf{é : Mz : d(f(z),g(x)) > §} < §}, and the uniform topology defined by the met-
ric || f — glloc = sup ess,cxd(f(x),g(x)). The space G(X) is topologically complete with
the weak topology (see [6]) and complete with the uniform topology. Thus, with each of
these topologies, G(X) is a Baire space. We denote by M(X) the subspace of all home-
omorphisms in G(X), endowed with the uniform topology. This space is topologically
complete (see [10]). We shall call volume preserving homeomorphisms of X the elements

in M(X).
2.2. Sobolev maps

Let © be an open bounded subset of R™ with Lipschitz boundary and let 1 < p < oo.
Given a set A C R™ and 6 > 0 we denote by V5(A) the set {x € R™ : inf,eca |z —a| < d}.

Recall that a measurable map f = (f1,...,fn): @ — R™ is in the Sobolev class
WLp(Q,R™) if, foralli = 1,...,n, f; and all its distributional partial derivatives df;/0x;
are in LP(Q).

We endow W1P(Q, R") with the norm defined by

Ifllp = I£ll, + IDfllp,  Vf € WHP(Q,R),

9fi
62:]' p

We shall be interested only on Sobolev maps that are continuous up to the boundary.

where | f]l, = max; ||fil, and [|Df ], = maxy, |

More precisely, we will consider the space
WP (Q,R") N C°(Q,R").
The (natural) norm in this space is equivalent to the one defined by
[flloo + 1D flp
since CY(Q, R) is compactly included in LP().

Remark 2.1. If p > n then W1P(Q,R") C C°(Q,R") and the norms on W1P(Q,R")
defined above are equivalent.

Finally we define the Sobolev space we are going to work with.
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Definition 2.1. We define Wi’p () as the set of all volume preserving homeomorphisms
f:Q — Qsuch that f € WHP(Q,R")NC°(Q,R™). In this space we consider the natural
metric defined by

dw;vp(g)(fvg) =[If = glloo + ID(f = 9l

for f,g € W}\’p (©2). We shall call Sobolev-(1,p) volume preserving homeomorphisms of
Q the elements in Wy ().

For simplicity we will denote dwi,p(g) (fs9) by IIf = glloos1,p-
Since M (Q) is topologically complete and W1P(Q,R™) N C%(Q, R") is complete, we
have the following.

Proposition 2.1. W}\’p(Q) is a Baire space.

Finally, we define a similar space for the manifold X. We denote by Wi’p (X) the space
of volume preserving homeomorphisms on X which in all local charts are Sobolev-(1,p)
maps.

3. A key perturbation theorem: ellipsoids

In this section we prove a key perturbation result which is the main ingredient to
prove a volume preserving Sobolev weak Lusin theorem. Let I™ = [0, 1]™ stand for the
n-dimensional unit cube.

Theorem 3.1. Let n > 3, ¢ > 0 and N € N. Let {P}N., and {Q;}X., be two sets of N
distinct interior points of I"™ such that |P; — Q;| < €, for all i.

Ifp < n—1, then, for allk € N there is Fy, € Wi’p(ln) such that, for alli, Fy(P;) = Q;,
Fy sends a neighbourhood of P; by translation onto a neighbourhood of Q;, and

st;p”kaIdHoo < e, ||kaIdH17p:O.

lim
k—o0
As a consequence, for k large enough, ||F — Id||so,p < €.

In addition, the functions Fy are C>* diffeomorphisms and equal to the identity in a
neighbourhood of the boundary of I™.

Remark 3.1. Notice that, if p > n, the conclusion of this theorem is false unless P; = @);,
for all i. In fact, taking in mind Remark 2.1, if limg_ o0 ||F — IdHlp = 0 then also

limy oo | Fr — Id|| . = 0. Hence, max;—; ... v |Q; — P;| = 0.

The rest of this section is devoted to the proof of Theorem 3.1.
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Let a,b,u > 0 with @ > b and 0 < ¢ < 1 and consider the ellipsoids

o (212 D N2
Za,b = {$ eR™: (Z) + Z (f) < 1} s Za7b7p, = Z(lfu)a,(lfu)b-

=2

Notice that A(Z4,5) = wy, ab™~1, where w,, is the volume of the unitary sphere in R,
and g M (Zas) € ABas \ Za) < 1 A(Sas):

For each a,b, 1, we will define a volume preserving C* diffeomorphism of R", Fy, 3 ,,,
that is rigid in ¥, , and is equal to the identity outside ¥, ;. In order to do that, we
first consider a function h, € C*°(R), strictly decreasing in |1 — p, 1] and constant in

M
]—00, 1—p] and in [1, +o00[. We let h,, be defined by h,,(t) = — "¢ ——, if 1—p < t < 1,
et—1 “+e 1—t—p
hu(t)=0,ift >1and h,(t) =m, if t <1—p.

Lemma 3.2. In the above conditions, h, € C*(R) and |h;(t)| < 27”, for allt € R.

Proof. Since hl(%(t —(1—p))) = hu(t), t € R, it is enough to show the result for p = 1.
But

—%.ef1 1 1
L CCheemt (11
7r|1()| (_% L)2 t2+(t_1)2

et +et-t
1 1 1 1
et et-1 et—1 et
T 1 e 12 1 1 \2
~ et +etd N~ et ettt
<4e—2 <4e—2
4e~2
<
> 1 1
et tet-t

1 _ 1 1 .
and the conclusion follows, since et +et—1 > 2¢ 2t T 3(-1) > 2e~2, remembering that
the geometric mean of two numbers is less than or equal to their arithmetic mean. O

Consider now the function F, 4, : R® — R™ defined by

Fopu(z) = (acl cos(a(x)) — ¢ xasin(a(z)), g 21 sin(a(z)) + x4 cos(a(x)), i‘)

where z = (23,...,2,) and «: R®» — R

2 N2
oo (VE L 6
To be precise, we should write aq .., but we choose to drop the subscripts as it will
be clear in the context.

Note that ‘g—”“ < 2% and
1 na

g%,ifizz

Oa
Bwi
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Lemma 3.3. In the above conditions, Fu, is a volume preserving C* diffeomorphism,
is equal to the identity in R™ \ Xqp and Fop (x1,22,...,2,) = (=21, —T2,23,...,Zp)
mn Ea,b,u'

In addition, denoting Fyp, by (F1,...,Fy,), we have

OF; a 6w
R"™ ! < .= 1
wek |Th@| <} 1)
Proof. If x € ¥, 5 then a(z) = a(F, . (z)) since
(ml cos(a(x)) — ¢ x2 sin(a(az)))2 N (g zy sin(a(z)) + x2 cos(a(x)))2 - x_% N x_%
a? b2 T a0 b2

Therefore, F(;blu is obtained by replacing a(z) by —a(z) in Fop .
The function F,, preserves the volume because the determinant of its jacobian
matrix is equal to the determinant of the jacobian matrix of (Fy, F5), which can easily

be seen to be equal to 1. Indeed

oF Oa Oa

a—xl(aﬁ) = cos(a(r)) — x1 sin(a(g;))a_xl(x) —ag, Cos(a(x))a—xl(x)
g—fz(x) = cos(a(z)) — x2 sin(a(x))g_xo;(x) by COS(Q(JI))S—Z(@")
g—f;(x) = -1 sin(a(x))g—i(w) - %sin(a(:v)) + 22, cos(a(x))g_;;(x)
g—i(x) = -1y sin(a(x))g—z(x) + Zsin(a(x)) + 2 cos(a(x))g_;‘l(x)
IoJe" L1 5y 1~ e~ T T2 T,
8—-771(1'):a2_|l‘~|h#(|x‘)’ lfl'—(z,y,...,7)
Oa To o,
o, ) = ey 7D
and then

OF;,  0F, )
2N z 3—3:2(36) = cos(a(x))

+ [L21 cos(a(z))® — 22 cos(a(z)) sin(a(z))] g—a(x)

T2
— (f2 cos(a(z))? + 1 cos(a(z)) sin(a(z))) B_Q(x)

833‘1
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+ (37— ka?) costaw)) sinfa() 52 () 52 2)
s (sin(a(2)? — cos(a(@))?) 5 ()5 (@)
and
Z_ff . g_f;(x) = —sin(a(z))?
— [2ay sin(a(x))? + 23 cos(a(z)) sin(a(z))] 5—;@)
+ (fasin(a(o)? - 21 cos(a(z) sinfa(w)) 7 (0)
+ (g = b con(a() sin(a() 5 (1) 32 )
da , . da

+z122 (sin(a(z))® — cos(a(z))?) P x 92s x)

concluding that

b Oa a O«

Flo) =1+ 2o 2% _ 9, 9% _q,
det JF(x) +ax18x2 bxgaxl

The conditions on the partial derivatives of Fy ; , are simply a consequence of the hy-
potheses on a, b, 1t and of the inequalities |cos(a(z))|,|sin(a(x))| < 1, |z1] < a, |z;] < b,
fori>2. O

A similar result can be obtained for ellipsoids in general position in the space.
Corollary 3.4. Let a, b,y € R, witha >b>0,0<p < 1. If Fopur=ToF,p, 0T !,

where T : R™ — R"™ is a rotation, there exists a constant Cy, independent of a,b, i, such
that

Ve eR" Vi, j=1,...,n

< —.
<y by (2)

Therefore, if a’ >0 > 0,0 < p/ <1, T": R" = R" is a rotation and G = Fyr 1 ©
Fa7b;N,T then

!

aGl a a
50, = @

VeeR" Vi,j=1,...,n ‘

where Cy = n C3.

The following results will provide important ingredients for the proof of Theorem 3.1.
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Proposition 3.5. Let n > 3, € > 0 and P,Q be two points in the interior of I"™ such that
|P— Q| <. Let § > 0 be such that U = V5(PQ) is compactly included in the interior
of I". If p < n —1, then, for all k € N there exists Fy, = Fi, pg € Wi’p(ln) such that
F(P) = Q, Fy, sends a neighbourhood of P by a rotation of angle m onto a neighbourhood
of Q, is the identity outside U and

sup||Fk—IdHoo <eg, lim ||Fk_IdH1p:O-
k k—o0 )

In addition, the functions Fy are C*> diffeomorphisms.

Proof. If P = Q we choose F;, = Id. Assume otherwise. The properties that we want
to prove are invariant relative to the choice of axis. Therefore, we can assume that the
origin is the middle point of the line segment PQ and that there exists ¢ > 0 such that
P = (—¢,0,...,0) and @ = (c,0,...,0). Consider ¢ < a < ¢/2, 0 < b < a such that
the ellipsoid ¥, 4 is contained in U. Choose p > 0 such that (1 — p)a > ¢ and therefore
P,Q € 344, Wefix a and p and so we drop them from the indexes, denoting F, = Fy -
Of course we have ||[F, — Id||, < 2a < e. We will prove that | £}, — Id]|, , converges to
0 when b tends to 0. Notice that ||Fy — Id|l, = [[Fy — Id|[zr(,,) < g()\(ga’b))l/p =
e(w, a b 1)Y/P. For the partial derivative we have, by Lemma 3.3,

O(F, — Id) 2(Fy),
T S Oz + H]‘”LP(Ea,b)
J Lp(In) J NLP(Za)
< NS0 )P+ A(Bap)'”
< 6:ba . (wnabn—l)l/p + (wnabn—l)l/p.

Then

HFb - Id||1’p < E(wnabnfl)l/p + n2 (GZLrba . (wnabnfl)l/P + (wnabnfl)l/}?)

and the conclusion follows since ”le >1. O
One can prove that, if p > n — 1 then the construction in previous proposition does
not work. Of course we only need to consider p = n — 1. In this case if (for example)

_ n.q M r1\?2 i\ 2 7
U={zeRr":1-5< (;) +Z<—) <1-foan@ 20

F—1Id),

then there exists C, independent of a, b, u such that H a(T > (' -2, The key

@) — M
ingredients when we evaluate the integral are the monotonicity of the derivative of h, in
]1 — %, 1[ and the fact that h,(1 — %) and h,(1 — §) do not depend on p.

Next result is an upgrade of Proposition 3.5 towards the proof of Theorem 3.1.
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Proposition 3.6. Let n > 3, ¢ > 0, P,Q, R be distinct interior points of I™ with |P —
Q|,|P — R|,|Q — R| < e. Consider § > 0 such that U = V5(PR U RQ) is compactly
included in the interior of I and diam(U) < e. Let p <n — 1.

The function Hy, = Fy r,q o Fi.p,r, where Fi, r g, i pr are given by Proposition 5.5
satisfies Hi(P) = @Q, sends a neighbourhood of P by translation onto a neighbourhood of
Q, is equal to the identity in R™ \ U, and

sup || Hy, — Id||s < €, lim ||Hy — Id||, , = 0.
k k—o0 P
Proof. Let ¢ = |P;R‘, cd = ‘Q;Rl and a,a’ be such that c < a < c+4, d < d <

d +9,a,a <e/2. Consider T,T' : R* — R" rotations such that T'(—c,0,...,0) = P,
T(c,0,...,0) = R, T'(—¢,0,...,0) = R, T'(c,0,...,0) = Q.

Consider 0 < u, ¢t < 1 such that (1—p)a > cand (1—p')a’ > ¢ and, for 0 < b, b’ < 4,
the ellipsoids E,p, =T (X4) and Eg py = T (L4 1), which are contained in U.

Then, since a,a’, u, ', T,T" are fixed we will drop them from the indexes. If F, =
Fﬂyb#»T and Gy = Fa',b/,;L’,T’ and Hb,b' = Gy oIy, we have ||Hb,b’ — Id”oo < dlam(U) <e
and

([ Hy,pr — IdHLp(I") < HQEHLP(E,L;)UEGIJ)/) = 2eA(Eqp U Ea’7b')1/p~

Hence, using Corollary 3.4 and noticing that Hp, = Gy outside E, 5, we obtain

H@(Hb,b, —Id), Ha(Hb,b/)i 1

al,j Lo(m) — 81‘]‘ Lo (BB 1) LP(EqbUE,/ 1)
O (Hpp ). Hc’)(Gb,)_

<ll— +ll— + 11l 20 .
H 9rj o, ., Ox; LP(Eyr y\Eas) L

<o o MEq)'Y? 4+ C o MEq )P + XN Eap U Eqr y)'/?

_— b/’L bI/J/I ’ blll/ ’ ) )
Ciaad Coa’

S (waab )7 (wn ' U™ ) 4 A(Eyy U Egr )7,

— b o
Choosing s such that 0 < s < ”le — 1 and V' = b® then the conclusion follows letting b
converge to 0.

Since, by Proposition 3.5, F} restricted to a neighbourhood of P and Gy restricted
to a neighbourhood of R are rotations of angle m on the plane defined by P, R and Q,
then Hpp = Gy o Fy is locally a translation around P. O

We can now prove Theorem 3.1.

Proof of Theorem 3.1. Let P = {P;,Q; : i = 1,...,N} and J = {i : P, # Q;}. Let
{R;}ics be a set of distinct points of the interior of I" not in P such that PR, N P;R; =
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P5 = Qa4

@ P11 = Qu1

Ro

P =Qs

Qo

Rs P3 = Q2 Rs

@® Pio = Qo
Fig. 1. An illustrative example of the setting of Theorem 3.1.
RiQiNR;Q;=0,ifi#j, |P — Ril,|Ri — Qi] <e/2 and

R, ifi=j
PR; ﬂRij = P; if P, = Qj

0  otherwise.

This can be done by a step by step argument. To avoid overweight of notation, we suppose
that J = I. First we choose R; in a small ball around the midpoint Pl%Ql and such that
(PiR{UR1Q1)NP = {P1,Q1}. Then, fori = 2,..., N, we choose R; in a small ball around
the midpoint # and such that (P;R; U R;Q;) N (P U U;;ll P;R;UR;Q;) ={Pi,Qi}.

Let > 0 be such that, if L1, Ly are two line segments, each one of the form P;R; or
R;Qj, then V5(L1) N V5(L2) = 0 if and only if Ly N Ly = () (see Fig. 1).

For each i € I, consider ellipsoids F; and E; such that P;R;, C E; C Vs(P;R;) and
R,Q; C E; C V3(R:iQy).

Let Gy = Fi,p, g, and Hy; = Fj R, g, be given by Proposition 3.5, if ¢ € I, and
G; = H; = Id, otherwise.

Define G, = Gg10---0GyN, H, = Hp10---0 Hy n and F, = Hy, o Gj,. We have
that,

Fie = 1d =3 Xpgna; () (i © Gra = 1d) + 3 g (us6rtEy) (Cri = 1d)
(]

4]

+ D X\(.m) (Hig —1d)

J
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Notice that, when applying the function Fj — Id to a point, at most one of the terms is
non-zero. Then, by the choice of the points R;, we have that

1k = Idlloo = max{[|H; © Gk — Id]joc, [|Gri = Idloc, [|Hkj — Tdl|oc} <.
Furthermore,

1Fx = Idll1p <Y |[Hyj 0 Gri— Id|1,
i
+ ) NG = Tdllp+ Y [ Hej — Id]1 -

J

Hence, the conclusion follows from the previous proposition. O
4. Volume preserving Sobolev weak Lusin theorem

In this section we prove a volume preserving weak Lusin theorem for the Sobolev class
W}\’p(X), for p < n — 1 and show that if p > n the result is not true.

Theorem A (Volume preserving Sobolev weak Lusin theorem). Let X be a closed con-
nected n-dimensional manifold, n > 3. Let € > 0 and g € G(X) with ||g — Id]|~ < €.
Let 1 <p < n—1. Then given any weak topology neighbourhood YW of g, there exists
f € WYP(X) such that f € W and ||f — Id||sci1,p < €.
In addition, f € Wy™(X).

Since any smooth closed connected n-manifold can be obtained from I™ by making
boundary identifications, it follows, using a Moser’s result [8], that the proof of Theo-
rem A reduces to the proof on the unit cube. For this, we will follow the strategy of
the proof of [3, Theorem 6.2], adapting it to the Sobolev setting. As a key step, we will
prove that a dyadic permutation of I"™ can be approximated by a Sobolev-(1, p) volume
preserving homeomorphism of I™, in the sense described in Theorem 4.1.

We recall that a dyadic permutation of I™ of order m is a bijection & : I"™* — I which
permutes by simple translation the dyadic open cubes that are products of intervals of
the form |k/2™, (k4 1)/2™][.

Theorem 4.1. Let ¢ > 0 and & be a dyadic permutation of the cube I, n > 3, with
| & — 1d||s < €.

Let1 <p <n—1. Then given any~y > 0, thereis f € Wi’p(_f"), with || f—Id||sos1,p < €,
and equal to the identity on a neighbourhood of the boundary, satisfying

Mz: P(x) # f(2)} <.

In addition, f € Wy (I™).
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Proof. Without loss of generality we can suppose that &2 is a permutation of dyadic
cubes o, i = 1,..., N, with diameter less than (¢ — ||# — Id||«)/3. For 0 < 8 < 1,
we denote by crf the cubes concentric to o; with parallel faces and such that )\(af ) =
B A(o;). We denote by P; the center of the cube o; and let Q; = Z2(F;),i=1,...,N.
By hypothesis, |P; — Q;| < € for every i. Since |Z — Id||sc < 3¢ + 3|2 — Id||c,
applying Theorem 3.1 to the sets {P;}Y, and {Q;}Y,, we obtain a volume preserving
C*° diffeomorphism of I equal to the identity on a neighbourhood of the boundary of
I™ and

1 = Idllos1p < 3¢ + 3112 — Id] . (4)

Furthermore, since F' sends a neighbourhood of P; by translation onto a neighbourhood
of Q;, there exists 0 < a < 1 such that ' = & on of, for every i. Consequently,
Mz : P(x) # F()} <1—a If 1 —a < v, the Theorem is proved taking f = F
Otherwise, it is clearly enough to obtain a map f which coincides with & on the cubes
0’8, for some g such that § > 1 —~. Fix > 1 — . To obtain f we first define a map
T:I" — I" (not volume preserving) which leaves each cube o; invariant in the following

way: T sends of* radially onto o?, with constant Jacobian matrix JT = {/E.I d, and

i
sends o; \ 0@ radially onto o; \ o7, with constant Jacobian matrix JT = { 1 I d.

Finally, we define the map f := TFT~!. This map satisfies the following.

(i) Mez: e@(a:) # f(x)} <, by construction.
(i) Jf(x) = (T*1 (x)), except in the boundary of o;, o& and af. For this, just notice
that z € U; int(c?) if and only if f(T~1)(z)) € U;int(c®).
(iii) f is volume preserving. Since, by (ii), J f(z) = JF(T~*(x)), except in the boundary
of o;, o and crf, we have that det J f(z) =

We will now obtain the control of ||f — Id|lo;1,p. By Theorem 3.1, we have that
1f = Idloe < IF = Id]low + 2T — Id]c < =.

Furthermore, using (ii), the change of variables defined by T—! and the fact that
F =% in o, we obtain that

S|P =2 [P @) e
gk J P Gk J
_ Z/‘ (F - Id) @) det JT() dx
Jk In
Z / ‘M(x) det JT(x) dz
Wk Zj

I"\Uo
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1-p (F —Id)
_17(%2 / ’ (x) dx
I”\Ua
17 F 1d);

p

Hence, taking 8 large enough, the conclusion follows. 0O
We can now complete the proof of Theorem A.

Proof of Theorem A. Let € > 0 and g € G(I™) with ||g— Id||e < €. Let 6,y > 0. We will
obtain f € V\V}\’p(ln)7 with || f — Id||oc:1,p < € and equal to the identity on the boundary
of I, satisfying Mz : |g(x) — f(x)] > d} < 7.

The automorphism g € G(I™) can be weakly approximated by a dyadic permutation
R with p(g, R) small. This follows from the denseness of dyadic permutations in G(I"™),
in the weak topology (see [2, §2] or [3, Lemma 6.4]).

Furthermore, the dyadic permutation R can be weakly approximated by another
dyadic permutation & such that Mz : |[g(z) — P(2)] > 0} <y and || P — Id|« < €.
The technique for this approximation is described in the proof of [3, Theorem 6.2, p. 46].

Set vo == v — Ma : |g(z) — P(z)| > J}. Applying Theorem 4.1 to the permutation
& we obtain a map f € W}\’p(I”), with ||f — Id|leo;1,p < €, and equal to the identity
on a neighbourhood of the boundary, satisfying Mz: Z(z) # f(x)} < 0. Hence, Mz :
lg(z) — f(x)| > 6} < 7. In addition, f € Wy™(I"). O

Example 4.1 (Counterexample to Theorem A for p > n). Consider p > n and g any
continuous element of G(I™) different from the identity. Let €9 > 0 and x¢ € I™ be such
that

l9(x0) — ol = llg — Id]|oc = 0.
For k > 0 let Dy = {z€l":|x—axo| <%, |9(x) — g(xo)| < +}. Notice that &, =
A(Dy) > 0, since Dy, is a non-empty open set.

If the weak Lusin Theorem was valid for W}\’p (I™) then, for k € N there would exist
fr € WYP(I™) such that

| fro = Id||so;1,p < €0+ £, A(Ag) < Ok, where Ay = {z € I" : |fr(z) — g(z)| > 61}
By construction Dy € Ay. Consider 21 € Dy, \ Ai. Then
1fx — Idllso > | fr(x1) — 1] = |g(z1) — 21| — |g(21) — fi(z1)| = €0 — 2 — Ok

Since || fx — Id||oo;1,p = |.fi = Id]loc + || D(fx — 1d)||, we obtain [ D(fy, — Id)||, < 3 + J.
As fr = Id on the boundary of I™ we conclude that the sequence (fx)ren converges to
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Id in WHP(I™). Moreover, as p > n then (fx)ken converges to Id in C°(I™) which is
absurd because || fi — Id||sc > €0 — % — .

We observe that, this example also shows that Theorem A is not valid for (Cg’a(l ™),
for all 0 < a < 1. Indeed, as before, we obtain f;, € C?\’Q(I”) such that

e Tl > e 2 — 50, sup U 1) = (= 1))
= r ’ T#Y |z —y|*

<%+5k.

Choosing y such that f,(y) = y we have |(f — Id)(z)| < (£ + &;) (diam(I™))*, which is
a contradiction.
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