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Chapter 1

Introduction

Inverse Problems are present in several fields of Science, namely in Mathematics,
Physics and Engineering. Inverse Problems are usually paired and are defined
as follows.

Definition 1.1 (Inverse Problems).

Two problems are called Inverse Problems from each other if the solution of
one of the problems is part of the formulation of the second one and vice-versa.
The easier problem is called the Direct Problem, the one with the harder solution
is called the Inverse Problem.

Example 1.2 (Sum and Difference). The first example of mathematical inverse
problems that one is introduced to are probably the sum and difference. These
are clearly two inverse problems, since if

3+4=7

then one knows that
7T—3=4,

that is, the solution of the sum is part of the formulation of the difference. In
other words, if one knows the solutions to all the sums, than one can solve the
all differences by exhaustion, that is, by trying every possible solution (if that
can be done in finite time). In this case, to find the solution of the subtraction
9 — 4, I have to find z such that 4 + 2 = 9. Also, in this case the sum is usually
considered the direct problem since it is easier (one learns to sum before learning
to subtract), while the difference would be considered the inverse problem.

Example 1.3 (Jeopardy). Another example of inverse problems gave rise to a pop-
ular TV show in the USA called Jeopardy. Usually in TV contests, the participant



is posed a question to which he has to find the correct answer. However, in Jeop-
ardy, the participant has to find the correct question for a given answer. These are
clearly two inverse problem (finding an answer to a given question and finding
a question to a given answer). However, it is easy to see that there are several
questions for a same given answer. For instance 2016 is the answer to all the
following questions:

* How much is 1000 plus 1016?

¢ In which year was Marcelo Rebelo de Sousa elected president of Portugal
for the first time?

It is clear that finding a question to a given answer is the inverse problem, since
it is more difficult. In particular, it has an additional difficulty, since the solution
is not unique. Non-uniqueness arises usually in Inverse Problems.

Example 1.4 (Differentiation and Integration). Differentiation and Integration are
also inverse problems of each other. In fact, for a continuous function f if

F(t) = /Otf(u)du

then
F(t) = £().

Usually one learns to differentiate before one learns to integrate, but actually dif-
ferentiation is the inverse problem in the context of applied mathematics. This is
well illustrated in figure 1.1. Since in applied mathematics and engineering data
is measured and usually corrupted with noise, figure 1.1 illustrates that the finite
integrals (area below the curve) of the exact and noisy functions are quite simi-
lar. However, the slope of the tangent line (which is by definition the derivative)
can be highly affected by noise. In this case, in differentiation, the solution does
not depend continuously on the data, which means that small errors in the data
may cause huge errors in the solution. This problem is called ill-conditioning
and leads to ill-posedness, which are concepts to which we will come back in
the following lines.

In this text, we will focus on the numerical solution of inverse problems and
how to overcome their main difficulties. The main difficulties for the inverse
problems in the general framework in which we are interested are related with
Hadamard’s [Hadamard, 1952] definition of well-posed problem.
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Figure 1.1: Illustration of the effect of noise in integration (top) and differentiation (bot-
tom).

Definition 1.5 (Well and ill-posedness).
A problem is called well-posed in the sense of Hadamard [Hadamard, 1952]
if
(a) Existence: It has a solution;

(b) Uniqueness: The solution is unique;

(c) Solution depends continuously on the data: Small perturbations in the
data give rise to small perturbations in the solution;

If one or more of the previous conditions fails, the problem is called ill-posed.

The class of inverse problems that we are interested in are usually ill-posed.
As we will see throughout this text, the solution does not depend continuously
on the data, which means that one needs to find a regularized numerical method
to obtain a stable solution. Since measured data is usually affected by noise, this
is a key issue that one has to deal with in the context of applied mathematics. De-
pending on the problem, existence and uniqueness might also be compromised,
as we will see. In addition, some of the problems are also non-linear, which
means that on top of the regularization to obtain stable solutions, one will also
need to consider linearization methods to solve the problem. These issues make
inverse problems very challenging to solve.

1.1 Inverse Scattering Problems: General Framework

We are interested in a very specific class of inverse problems, namely inverse
scattering problems.
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Let us consider an incident wave (or beam) usually denoted by u' that prop-
agates in free space, governed by some mathematical model that is usually a
differential equation. For instance, Maxwell-equations govern electromagnetic
wave propagation, while the Helmholtz equation is usually related with acous-
tic time-harmonic wave propagation. We will also consider a scatterer D (usually
an obstacle), with some given properties such as shape, location and the way it
interacts with the incident wave. The presence of the obstacle gives rise to the
so called scattered wave u°, being the total field u the sum of the incident and
scattered wave, that is, u = u’ + u®.

s

u
» v
Y

;;/

Figure 1.2: Scheme for scattering problems

If the obstacle is impenetrable the wave does not penetrate the obstacle. In
this case one usually considers three possibilities, namely sound-soft obstacles
which means that

u=0inT (1.1)

where I' is the boundary of the obstacle D, which means the total field vanishes
in the boundary of the obstacle; sound-hard obstacles which means that

u _ 0inT (1.2)
ov

where v is the exterior unit normal vector to the boundary of D, which means

that the normal derivative of the total field vanishes on the boundary of the ob-

stacle D; or an impedance condition given by

? —iAu=0inT (1.3)

14
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which models a behavior between the sound-soft and sound-hard obstacle. We
note that if A = 0 one has a sound-hard obstacle, while if A — -+oco one has
a sound-soft one. The impedance condition is the more realistic one, since in
reality there are no perfect sound-soft or sound-hard obstacles, however these
are useful in some model situations.

If the obstacle is penetrable then one has a transmission condition usually of
the form

Uy = )\UQ
Oui _ Quy InL (14
ov v

which governs the transition between the interior and exterior total field u;, us,
respectively, inside and outside the obstacle D.

Another possibility for the model is to consider an inhomogeneous medium,
instead of an obstacle. This means that though no obstacle is not present, some
coefficients of the governing equations change in some part of the domain, due
to a scatterer with different density or electrical properties, amongst others.

At this stage, and focusing on impenetrable obstacles, we are ready to formu-
late the direct and inverse problem in a general framework for inverse scattering
problems.

Direct Problem 1.6 (General direct problem).
Given an incident field " and the properties of the scatterer D, determine the
scattered field u°.

Inverse Problem 1.7 (General inverse problem).

Given a set of incident fields u, u}, ..., uY and the corresponding scattered
tields uj,us3, ..., uy, find some properties of the unknown obstacle D, such as
shape, location or its physical properties.

Though we are not currently working with any problem in particular, there
are some statements that can be formulated right away. The first is that the in-
verse problem is more difficult to solve than the direct problem. The second, is
that the direct problem has a unique solution (the incident field and the scatterer
determine a unique scattered field). For the inverse problem this is not quite
true. As we will see, this problem usually does not have a unique solution for
a finite set of incident and scattered fields, that is, there might be more than one
scatterer that would give rise to the same set of scattered fields for the given in-
cident fields. In addition, since the measured scattered fields are affected with
noise, in a mathematical sense there might not be even a solution, that is, there
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is no scatterer D that would give rise to the (noisy) measured scattered fields. In
this sense, existence is not the correct question to ask in terms of inverse scatter-
ing problems, and in fact though mathematically challenging, it is not interesting
for applied and practical use. Finally, if the presence of two obstacles creates in-
teracting fields between them, the problem is nonlinear, since the scattered field
with the two obstacles is not the sum of the scattered fields for each of the ob-
stacles individually. In this text, we will consider a linear problem (computer-
ized tomography in section 4) and a nonlinear problem (Time-harmonic inverse
acoustic scatering problems in section 5).

1.2 Relation with Medical Imaging

The relation between medical imaging and inverse scattering problems is quite
clear. In fact, inverse scattering problems are the mathematical model for med-
ical imaging. In medical imaging one wants to image the interior of the human
body (the scatterer), by applying incident fields (or beams) and measuring the
scattered field (or beam).

For instance, Magnetic Resonance Imaging (MRI) relies on the imposition of
magnetic fields and the measure of the scattered fields to image the interior of
the human body. This works since the different organs have different electrical
and magnetic conductivities and permeabilities. In fact, a MRI image is a plot
of these coefficients, therefore making it possible for the physician to distinguish
the position of the organs and the presence of abnormalities.

Ultrasound relies on incident acoustic waves in different frequencies and
their echoes in the interfaces between organs and different propagation prop-
erties of acoustic waves within different organs. These echoes are then measured
in the probe, making it able to establish from which depth they were send, due
to the use of different acoustic frequencies. Again, the produced image is a map
of sound echoes.

X-ray imaging is based in the fact the X-rays are more attenuated in bones
that in tissue. Therefore, standing in front of an X-ray emission machine, the
image obtained is just a map of the different attenuated intensities of the beams
that arrives at the film.

Computerized tomography (CT) is based in the same principle as X-ray imag-
ing, but instead of considering one single direction of incident beams, the emis-
sor and receiver rotate along the body on opposite sides, being able to determine
an attenuation map in a slice of the human body.

Several other examples could be given, but for now we will focus on the
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mathematical background that will allow us to mathematically formulate these
inverse problems. This will be the basis for the approaches to numerically solve
these models, as we will see in upcoming chapters.






Chapter 2

Functional Analysis Revisited

In this chapter we will revisit some results of functional analysis that are impor-
tant for what follows. In the majority of cases, we will not show the proofs, since
they can be checked in any functional analysis book (e.g. [Schechter, 2001]). In
particular, some books in numerical analysis (e.g [Kress, 1998]), also contain the
proofs for the following results.

2.1 Normed and Banach Spaces

Let us start with the definition of norm, that will be the basis for the definition of
normed space and eventually Banach space.

Definition 2.1 (Norm).
Let X be a linear real (or complex) space. The function ||.|| : X — R is called
anorm if forall z,y € X and o € R (or o € C) the following hold

(a) Positivity: ||z|| > 0;

(b) Definitivity: ||z =0< 2 =0;

(c) Homogeneity: ||az|| = |of ||z||;

(d) Triangular inequality : ||z + y|| < |||l + ||lyl|;
Definition 2.2 (Normed, Complete and Banach space).

A linear real (or complex) space X is called normed, if it is equipped with a
norm.
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A normed space X is called complete if every Cauchy sequence(z;,),en Of
elements in X, that is,

V5>0 EINeN\v/n,m>N ||xn - xm” <g,
is convergent for some element x € X.
A complete normed space is called a Banach space.
Example 2.3 (Banach Spaces). Some examples of Banach spaces are the following;:

(@) The spaces R" and C" are Banach with the norms

where p € N.

(b) The spaces R" and C" are Banach with the maximum norm

(c) The space of real or complex sequences (), .y given by
= {(xn)neN : ||J7Hp < OO}
with the norm

2l =

for p € N are Banach spaces.

(d) The space of real or complex sequences (z,), .y given by
02 = {(@n)pen * [12lloc < 00}
with the maximum norm
] = max |

are Banach spaces.
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(e) The space of functions
L= {f :[a,b] > R: | fl, < oo}

with the norm
b
el = ¢ / f(@)Pdz

are Banach spaces.

(f) more examples of functions spaces will be recalled later in section 2.4.

We also need to recall some results for operators in normed spaces. We start
by defining a linear operator.

Definition 2.4 (Linear Operator).
Let A: X — Y be an operator from space X to the real (or complex) space Y.
Then A is called linear if

A(ax + By) = aAz + Ay, (2.1)
forall z,y € X and «, 8 € R (or C).
We also define as follows the norm of an operator, induced by the norms of
the spaces it maps from and into.

Definition 2.5 (Operator Norm, Bounded Operator).

Let X,Y be two normed spaces. We define the operator’s norm for a linear
operator A : X — Y (induced by the norms ||.||x and ||.||y in X and Y/, respec-
tively) by

[All:=sup [[Azlly. (22)

]l x=1

If [|A|| < oo the operator A is bounded.

To ease the notation, in the following we will drop the indexes X and Y of
the norms. We have the following upper bound for bounded operators.

Theorem 2.6.
In the conditions of the previous result, if A is bounded, we have in particular that

Azl < Al lzll, vz e X. (2.3)
Similarly, if A and B are bounded operator, then
[ABz| < |A[ Bl [, Vo e X, (24)
that is, || AB|| < [ A[l | B.
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Proof. It is shown simply by

|Az] = HA (H H) H lall < sup [[Az]l Jlz]l = Al le]] .

[l=]|=1

The proof of (2.4) is now trivial, considering y = Bz and applying (2.3) twice. [

Another important definition is of continuous operator.

Definition 2.7 (Continuous operator).

Let X,Y be two linear normed spaces. The operator A : X — VY is said
to be continuous at point x if for every sequence (x,),eny convergent to x (that
is, x, — z) one has Az, — Az. If A is continuous for all z € X, the operator is
said to be continuous in X.

For linear operators, one can show that continuous at a point and continuous
in X are equivalent.

Theorem 2.8.
Let X,Y be two linear normed spaces and A : X — Y a linear operator. Then A is
continuous at a point xo € X if and only if it is continuous in X.

Proof. Let A continuous in zy and let z,, — x # x¢. Then for y,, := x,, — 2 + 2o we
have y,, — z¢ and therefore Ay,, — Ax,. Now, by linearity of the operator, one
has

Ax, — Ax = Ay,, — Axg — 0.

so Ax, — Ax. As z is arbitrary, the result is shown. O

For linear operators, one also has the equivalence between continuous and
bounded operators.

Theorem 2.9.
Let X,Y be two linear normed spaces and A : X — Y a linear operator. Then A is
continuous if and only if A is bounded.

Proof. Let A be bounded and z,, — 0. Then
[Az, | < | Al flzal] — 0O

so Az, — 0 and by theorem 2.8 A is continuous.
Let A be continuous and let us assume that it is not bounded, that is, there
exists a sequence (x,),en such that ||z,|| = 1 and |[|Az,|| > n. Now, in order to
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find a contradiction, we define y,, = x,,/||Ax,||. By linearity of the operator, one

gets
1

[ Aynll =
[ Az |

| Az, || = 1.

However, since

1
[ynll < — =0,
n

by continuity of the operator we have Ay, — 0, which contradicts the previous.
Therefore A must be bounded. O

The solution of an operator equation of the form Az = b is similar to the
problem of inverting the operator A. Therefore, we must define an invertible
operator.

Definition 2.10 (Invertible Operator).
Let A : X — Y be bijective, that is, for all b € Y there exists a unique x € X
such that
Ax =b.

The operator A~! : Y — X such that
Az =y < A7 =g,

is called the inverse operator of A.

If A is a real or complex matrix, we know from linear algebra (see, for in-
stance [Magalhaes, 1997]) that A is invertible if and only if

min{|\| : A is an eigenvalue of A} > 0,

or, in other words, if the determinant of A (given by the product of the eigenval-
ues) is different from zero.

For the case of operators in Banach spaces, there are several results that ensure
the invertibility of an operator, such as the following.

Theorem 2.11.

Let X be a Banach space and B : X — X a linear operator with norm ||B]| < 1.
Let I : X — X be the identity operator, that is, [x = x for all x € X. Then the
operator I — B is invertible and its inverse is given by

o0

(I-B)'=) B (2.5)

n=0
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with the following upper bound for its norm

1
I =B)7' < —77
1—|B]|
Proof. We only present the general idea of the proof. For detailsm, we refer
to [Kress, 1998]. We start by verifying that the series on the right hand side
of (2.5) is convergent. Since || B|| < 1, and from mathematical analysis [Ferreira, 1995]
we know that if the series of the norms )~ |[B"z| converges, then the se-

ries (2.5) also converges. As

U—JﬂiiB”:iiB”—iiB”:[
n=0 n=0 n=1

=1

and . . .
> B"I-B)=) B"-> B"=1,
n=0 n=0 n=1

we show that (2.5) represents the inverse of I — B. The upper bound for the
norm comes from the upper bound of (2.5) by the series of the norms and the
expression for the geometric sum. O

2.1.1 Finite Dimensional Banach Spaces

The numerical resolution of model problems in applied mathematics gives usu-
ally rise to the solution of linear systems or the use of matrices for the formulation
of local linearized approximations of nonlinear problems problems. In this way,
it is particularly relevant the study of real and complex vector and matrix spaces.
In this section we will recall some results for finite dimensional spaces, in which
these are included.

We start by recalling that any normed space of finite dimension is a Banach
space. For that, we use the Bolzano-Weierstrass theorem, that will be the ground
for the proof.

Theorem 2.12 (Bolzano-Weierstrass).
Any bounded sequence (x,,)nen in R™, that is, such that it exists a C' > 0 such that

|z < C,¥n €N,
as a convergent subsequence, that is, there exists a v € R" such that

Tpky — T, Kk — 0.
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Proof. The proof can be found in any undergraduate level book in mathematical
analysis such us [Anton, 1999, Ferreira, 1995]. O

The Bolzano-Weierstrass theorem can be extended for any normed space of
tinite dimension by the following result.

Theorem 2.13.
In a finite dimensional normed space X, any bounded sequence (x.,,)nen has a con-
vergent subsequence.

Proof. Let {uy,us,...,u;} abasis of X and consider the representation

k
Tp = E A jU;-
i=1

As (x,,)nen is bounded, then every sequence of the vector of coefficients (c, )nen is
bounded in R". Then, by the Bolzano-Weierstrass theorem 2.12, there exists o €
R™ such that

Q) — @,  k — 00.

Therefore, as 7 — oo one has

k
l’n(]) — T = Z QG U;.
=1
[l

The following result is also a consequence of the Bolzano-Weierstrass theo-
rem.

Theorem 2.14 (Equivalence of norms in finite dimensional spaces).
If X is a normed space with finite dimension, all norms are equivalent, that is,given
two norms ||.||1 and ||.||o there exists two constants c¢; and cy such that

cillzlly < zll2 < ellz][oVe € X.

Proof. See [Kress, 1998, Thm.3.8]. O

We are now in place to show the following result.

Theorem 2.15.
A normed space X with finite dimension is a Banach space.
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Proof. We want to show that every Cauchy sequence (x,,),cn is convergent.
Let {uy, us, ..., u;} a basis of X and let us consider the representation of the
Cauchy sequence given by

k
Tpn = E O jUj.
=1

By theorem 2.14, there exists C' > 0 such that

-----

Therefore (v, ;)nen is a Cauchy sequence in C (or R) foreveryi =1,...,k, soitis
convergent, since C (or R) is complete. Therefore, we have the convergence of z,,
to
k
Ty —> T = Z QU
=1
where q; is the limit of the sequence (a, ;) en for every i = 1,... k.. O

2.2 Hilbert and pre-Hilbert spaces

We now recall the definition of inner product and Hilbert space.

Definition 2.16 (Inner product, pre-Hilbert space).
A function (.,.) : X x X — C (or R) defined for a complex (or real) linear
space X is said to be an inner product if it satisfies the following properties

(a) Positivity: (z,z) > 0;

(b) Definitiveness: (z,2) =0 x=0;

(c) Symmetry: (z,y) = (y,x);
(d) Linearity: (ax + By, 2) = a(z, 2) + 5(y, 2);

forall z,y,z € X and o, 5 € C (or R).
A linear space equipped with an inner product is called a Pre-Hilbert space.

We recall also the Cauchy-Schwarz inequality, that will be useful later on.
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Theorem 2.17 (Cauchy-Schwarz).
For the inner product we have the following inequality

[(z,y)]* < (z,2)(y, ). (2.6)

Proof. For x = 0 it is trivial. For « # 0, one has

0 < (aa + By, aw + By) = [af*(,) + 2Re(aB(z,y) ) + 181w, )

The result now comes from the choice of « as

]

The Cauchy-Schwartz inequality is the starting point to show that it is always
possible to define a norm in a pre-Hilbert space.

Theorem 2.18 (Norm induced by an inner product).
A pre-Hilbert space is always a normed space with the induced norm

2]l = /(z, z).

Proof. 1t is sufficient to show that this norm satisfies all the properties of the def-
inition 2.1 of a norm. We leave the proof as an exercise, suggesting the use of the
Cauchy-Schwartz inequality to show the triangular inequality. O

We also note that using the induced norm, the Cauchy-Schwartz inequal-
ity (2.6) can be written as

(@, )] <l lyll (2.7)

Moreover, with a norm available, it makes sense to define a complete space in
the context of pre-Hilbert spaces.

Definition 2.19 (Hilbert space).
A complete pre-Hilbert space is called a Hilbert space.

Also, theorem 2.18 shows that every Hilbert space is a Banach space, so every
results shown for Banach spaces is available for Hilbert spaces.

It is also important to introduce the definition of adjoint operator, for what
follows.
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Theorem 2.20.
Let X,Y be Hilbert spaces. Let A : X — Y be a bounded linear operator. Then, there
exists a so-called adjoint operator A* :' Y — X such that

(A‘r7y>Y:(‘r7A*y)X7 VIGtheY
where (.,.)x and (., .)y are the inner products in X and Y, respectively.

Proof. See, for instance, [Schechter, 2001].

2.3 Compact Operators

Compact operators will play a key role on the following text, so we will now
take some lines to establish its definition and some of its properties. We aim at
Fredholm theory, that we will consider in section 2.5. This theory sets the basis
for some of the inversion schemes that we will consider throughout the text to
solve inverse problems.

We start by characterizing a compact set in a normed space.

Definition 2.21 (Compact set).

A subset U of anormed space X is compactif and only if any sequence (z,,),, €
U has a subsequence with limit in U.

A set is called relatively compact if it closure is compact.

Also, we have the following result.

Theorem 2.22.

Let X be a normed space. If a subset U C X is compact, then it is bounded and
complete.

Let X be an Euclidean space. Then a subset U C X being bounded and complete
implies also that U is compact.

Proof. We refer to [Bass, 2013].

Let us now define a compact operator.

Definition 2.23 (Compact Operator).
Let X, Y be normed space and A : X — Y be a linear operator. Then A is
called compact if the image of any bounded set in X is compactin Y.
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There are several important properties of compact operators that we will list
Now.

Theorem 2.24.
Let A: X — Y be a compact linear operator. Then A is bounded.

Proof. Let x,, be a bounded sequence in X, such that ||Az,|ly — co. Then (Az,),
could not have a convergent subsequence, so A would not be compact.

From theorem 2.9 and the previous result it is clear that a compact linear
operator is also continuous.

Theorem 2.25.
Let X, Y be Hilbert spaces and A : X — Y be a compact linear operator. Then A* is
compact.

Proof. See for instance [Schechter, 2001].

We also note that the composition of a compact and a continuous operator is
a compact operator.

Theorem 2.26.
Let X,Y, Z be Hilbert spaces and A : X — Y and B : Y — Z be linear bounded
operators. If either A or B is compact, then the operator B A is compact.

Proof. See for instance [Schechter, 2001].

It is also important to look at the eigenvalues of compact operators A : X —
X, mapping from X to X. An eigenvalue ) is a value such that there exist x €
X \ {0} such that
Az = dz.

Eigenvalues determine whether an operator is easily invertible, or, in other words,
whether the image of an operator depends continuously on the object z, in the
context of Hadamard ill-posedness 1.5. In this sense, studying the spectral prop-
erties of compact operators is important, that is, study how eigenvalues of com-
pact operators behave.

Theorem 2.27 (Spectral theorem for compact operators).
Let X be a normed space with infinite dimension and A : X — X a compact linear
operator. Then

(a) zero is an eigenvalue of A.
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(b) The eigenvalues X\ # 0 are at most countable many, each has finite multiplicity,
and accumulate only at zero.

If Ais also self-adjoint, that is, if A = A*, then all the eigenvalues are real.
Proof. See, for example, [Colton and Kress, 2013, Kress, 1999, Schechter, 2001].

The previous result shows that compact operators are not invertible in infinite
dimension. Moreover, even if Az = f is solvable, the inversion of A is ill-posed,
since their eigenvalues accumulate at zero.

We also consider the following result.

Theorem 2.28.
Let X be a normed space and A : X — Y a linear bounded operator with finite
dimensional range, that is, the space

R(A) ={A(x) : z € X}
has finite dimension. Then A is compact.

Proof. The result follows from the fact that R(A) is complete from theorem 2.15,
Bolzano-Weierstrass theorem 2.12 and the definition of compact set 2.21.

2.4 Function spaces

We will recall some function spaces that will be important for us. In what follows,
we consider the domain D as a closed bounded domain.

Definition 2.29 (Space of continuously differentiable functions).
The space of functions C"(D) defines all the continuously differentiable
functions f : D — R up to order n.

Definition 2.30 (Space of Holder functions).

The space of functions C™*(D) with 0 < o < 1 defines all the Holder func-
tions f : D — R up to order n + a that are in C"(D) and that the n'"-derivatives
satisfies the Holder condition with index «, that is,

D7 f(x) = D7 f(y)| < Cle —y|*, |l =n,
where j = (j1, Jo, - - -, Jn), |J| = j1+Jo+- - +jn, and D’ is the derivative of order ||
given by
ol f

Ox 0xy ... Oxly

Dif = (2.8)
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Definition 2.31 (L” Spaces).
The L?(D) space is the space of all the functions that have bounded L? norm,
that is, that
LP(D) ={f:D = R:|[f]l, < oo}

with

1l = /D F()lPdy. 2.9)

For the infinity norm p = oo, one has

|1l = max| f(2)].

Definition 2.32 (Sobolev Spaces).
The Sobolev space WP* is defined by

Wrk = {f:D =R ||DIf]ly < o0, ¥]j| < p},

with D’ f defined as in (2.8).
For k = 2, the Sobolev space is denoted by H?(D) := W??(D). Moreover,
H¥(D) is the space of functions in H?(D) with null trace in the boundary of D.

It is no coincidence that we called spaces to the previous sets of functions. It is
easy to check in any analysis or mathematical applications book (e.g. [Bass, 2013,
Kress, 1998]) that the previous sets are linear spaces. Moreover, all of them can
be equipped with a norm. For LP(D) the norm considered is (2.9), while for
instance C'(D) can be equipped with ||.||» or ||.||2. Holder spaces are usually
equiped with the norm

Ifllcna = 11fllen + sup | D7 fla

|7|=n
where

Ccn.o — Sup |D]f(l’)|, |f|a — Sup o
zeD,0<|j|<n wyep | —yl

1.f1

As for Sobolev spaces the norm to consider is

Ifllwer = > D1,

0<|jI<p



22 2.5. Fredholm-Riesz Theory and Integral Operators

while for H?(D) or Hf (D), we consider the norm

Ifllae = > [1Df]],- (2.10)

0<lj|<p

In this sense, these are normed spaces. One can also show that both L” with the
norm ||.||, and H? with the norm ||.||, are complete spaces, making them Banach
spaces. As for the space C?(D) it is in general not complete with the norm ||.||
or ||z

Considering now the inner product

(f.9)2 = /D )9y

that gives rise to the norm ||. ||, the space L?(D) is a Hilbert space,

It is also important to know how these spaces are related between them,
namely by checking embedding results between these spaces [Colton and Kress, 2013].
For instance, it is now that C%(D) is compactly embedded in C(D). Also, C*#(D)
is compactly embedded in C**(D) if 0 < a < 8 < 1. Note that the fact of the
embedding is compact means that note only the smaller space is a subpaces of
the bigger space, but also it is a compact set in the norm of the bigger space.

Also, Sobolev’s embedding theorem states that if

14

n

1k

1

p n q

provided that p < 1, ¢ < 1 and (k — ¢)p < n, then W"P(R") is continuously

embedded in W*%4(R"). In particular, for k = 1,/ = 0, one has that W?(R") is
continuously embedded in L(R") for ¢ satisfying ; = :

1
p n’

2.5 Fredholm-Riesz Theory and Integral Operators

An integral equation is a equation involving an integral of the unknown solu-
tion function. The results for existence and uniqueness of solution for an integral
equation include the so-called the Fredholm-Riesz theory. Fredholm developed
this theory for integral equations with continuous kernels in the early XX cen-
tury, while Riesz extended the results for compact operators.

For what follows we will be interested in integral equations of the first kind

/ ke, y)e(y)dy = f(2), @€ [ab (2.11)
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and second kind

¢m+/kmmmequxxemm (2.12)

where [a, 0] is clearly a closed set, ¢ is the unknown, & is the (known) kernel and f
is a (known) function.

We first establish the following result, that will be of crucial importance for
us.

Theorem 2.33.
Let k : [a,b] x [a,b] — R be continuous or weakly singular, that is, k is defined
and continuous for all x # y and there exists M > 0, a €]0, 1] such that

k(z,y)| < M|z —y|* .

Then the integral operator A : C([a,b]) — C([a, b]) defined by

M@@Z/k@me%#@%wGMM (2.13)

is compact.

Proof. See [Kress, 1999].

Now that we established that this operator is compact, theorem 2.27 estab-
lishes that for infinite dimensional spaces, the inversion of A is extremely ill-
posed, since there are eigenvalues tending to zero. This means that the solution
of equation (2.11) is extremely ill-posed.

As for second kind integral equations the situation is quite different. Fred-
holm theory shows that if the kernel £ and the second member fare continuous,
then (2.12) has one unique solution in C([a,b]). This is based in the so called
Fredholm alternative, that can be generalized for compact operators as follows.

Theorem 2.34 (Fredholm alternative).
Let X be normed space. Let A : X — X be a compact linear operator and I the
identity operator. Then I — A satisfies exactly one of the following:

o | — Ais bijective, that is, is injective and surjective;
* the dimension of the kernel of I — A, that is, the dimension of the space
{reX:(I—-Azx=0},

is greater or equal to one.
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Proof. See [Kress, 1999].

Fredholm alternative establishes the equivalence between injectivity and sur-
jectivity for operators of the form I — A, with A compact. In this sense, writ-
ing (2.12) as

(I =A)p=f

with A as in (2.13), it is clear that A is compact for a continuous or weakly sin-
gular kernel k. Since A is compact, Fredholm alternative is applicable to (2.12),
meaning that for the integral equation of the second kind (2.12), uniqueness of
solution is equivalent to existence solution. This means, for instance for K €

C(la,b]) x C([a, b)) that if

o() +/ k(z,y)e(y)dy =0, =€ [a,b]

has only the trivial solution ¢ = 0, the integral equation of the second kind (2.12)
is uniquely solvable in C([a, b]) for every f € C([a, b]).



Chapter 3
Conditioning

It Mathematics, it is a good practice to study the existence of solution before try-
ing to solve a problem. If it does not exist, it does not make sense to search for it.
Moreover, it is also important to know whether the solution is unique. If it is not,
though a method might give you a solution, it is important to understand if that
solution is the one we are looking for, given the problem at hand. In numerical
analysis, usually one looks for an approximation of the exact solution. Therefore,
another important problems arises: well-conditioning. As already mentioned in
the follow up of definition 1.5, it is important to check if small errors in the data
give rise to small errors in the solution. This is of key importance for obtaining
approximations of the solution, moreover if one has in mind that in real practical
problems data is usually affected by noise.

In the sequence of the definition 1.5 of well-conditioning, it is said that the
problem associated with the operator A given by

Ar=1» (3.1)
is well-conditioned at z, if there exists a constant C' > 0 such that

5; < €6, Va €V,

where V, is a neighborhood of z, §; = H?'_TH” is the relative error of the second
member and ¢, is the relative error of the solution. This means that the relative
error of the results is controlled by the relative error in the data, that is, the result
depends continuously on the data.

As an introduction to the study of conditioning of linear problems, we start
by establishing a norm for the linear operator A. We start by linear operators in

tinite dimension, that is, that can be represented by a matrix.



26 3.1. Matrices Norms

3.1 Matrices Norms

In this section, we will consider a real (or complex) matrix A with dimensions n x
n and entries a;; € R (or C) for i,j = 1,2,...,n and two complex column vec-
tors z,b € R" (or C") given by

a1 Q2 ... Ay ... QAip
Qg1 Q2 ... Q25 ... Q2p T bl
S : Ty by
A= =", b= 7. 2
;1 Qg2 ... Qi v (0779 : :
T, br
| Gp1 Ap2 ... QApj ... Qpp ]

Looking at a matrix n x n as an operator from the space of column vectors R"
(or C") into itself, it is possible to consider the induced norm (2.2) for the matrices
operators space.

Therefore one has the following result, that characterizes some matrix norms.

Theorem 3.1 (Matrix Norms).
The norms in the space of column vectors R™ (or C") given by

2|l = (3.3)
2]z = (3.5)

induce (in the sense of definition 2.5) the norms in the linear space of real (or complex)
matrices of dimensions n x n given by

|AllL = ]g}axn; |a (3.6)

[Alloe = ;Illaxnzl |a] (3.7)
p

|Alls = /p (A*A) (3.8)

respectively, where A* is the adjoint matrix given by the (conjugate) transpose matrix
of A and the spectral radius is given by

p(A) = max {JAi| = A; is eigenvalue of A} . (3.9)

..... n
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The matrix norm (3.6) is called columns norm,while the matrix norm (3.7) is called lines
norm.
If A is hermitian, that is, if A = A*, then

1Al = p(A). (3.10)

Proof. Exercise. O

Remark 3.2 (Matrix norms in Octave). In Octave, the command norm (A, p) com-
putes the p norm (p=1,2,Inf) of matrix A.

Exercise 3.3. Show that the matrix norm ||.||; induced by the euclidean norm for

column vectors satisfies
n

Al < (| D lay]*

ij=1
Solution.
By the Cauchy-Schwartz inequality (2.7) one has

n
E aij.ij
j=1

< i (i ]aij\> (i \x]\> (Cauchy-Schwartz (2.7))
= (> ’%’|) Z (Z ’%’\)

n 2

1Az]3 =

=1

j=1
-n n 2

_ Z(Zw) el
=1 \j=1

hence we have the result by the definition of operator norm (2.2).

Theorem 3.4.
For every norm in C" and any square matrix A, one has

p(4) < Al (3.11)
On the other hand, for all € > 0 there exists a norm such that

JA] < p(A) + <. (3.12)
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Proof. Let v, be an eigenvector of A associated to the eigenvalue \,, such that |\,,,|
p(A). Without loss of generality, we assume that v,, has unitary norm. Then

1All = sup [[Az|| > [[Avn | = [Am| = p(A).

||||=1

so (3.11) is proven. For the proof of (3.12) we refer for instance to [Kress, 1998,
Kincaid and Cheney, 2009]. O

3.2 Conditioning of linear equations

Thought we started focused on linear equations of the form (3.1), where the lin-
ear operator A has finite dimension, what follows can also be applied to linear
operators with infinite dimension. Therefore, we formulate the results in this
section for linear operators A (with possible infinite dimension) as defined in
definition 2.4 in normed spaces, since we will need the definition of the norm
of A. Obviously, the results are also valid for finite dimensional operators.

The following theorem gives us an upper bound for the conditioning of linear
equations. We note that to speak about the conditioning of a linear equation (3.1),
we assume that the equation has a unique solution, that is, that the operator A
should be invertible in the sense of definition 2.10.

Definition 3.5 (Condition number).
Let A : X — Y be an invertible operator. We call condition number of the
operator A to

cond(4) = A7 [|AJl (3.13)

We note that the condition number depends on the norm that one considers.

Remark 3.6 (Conditioning number in Octave). In Octave, one can compute the
command inverse (A) to compute the inverse matrix of the matrix Aand the
command cond (A, p) to compute the condition number of the matrix A in the
norm p (p=1,2,Inf).

Independently of the norm considered, we have the lower bound for the con-
dition number given by the following result.

Theorem 3.7.
Let A: X —Y be an invertible operator. Then

cond(A) > 1. (3.14)
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Proof. We have
L= || =[|A7All < A7 A]l = cond(A).

O

It is also important to establish upper bounds for the error of solution of linear
equations of the form
Axr =0,

when the operator A or the second member b is affected by errors. We have the
following results

Theorem 3.8 (Conditioning of linear equations).
Let X and Y Banach spaces and let A : X — Y be a linear operator with bounded
inverse A~' 1 Y — X. Let also A be a linear operator such that

IAH A - Al <1
and let x and Z, respectively, be the solutions of the linear equations
Az =b e Af =b.

Then we have the upper bound for the relative error of the solution

(55 + 6A) (3.15)

[l —2]|
[l

where the relative error is defined by ; =

Proof. We start by noting that by theorem 2.11, the operator I + AN A - A)is
invertible. Then, the operator A is also invertible, since it can be written by

A=A (I+A—1(A—A)>

and his inverse is given by
N _ -1
A= (1 FATYA - A)) A1

and has norm bound by

o
= AT A - 4]

JA7Y < (3.16)
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By the definition of x and  one has

A —x)=b—b— (A - Az,

therefore applying the inverse of A and getting upper bounds for the norms one
has

12 = all < JA) (16— 8l + 14 — Al ]l

Applying (3.16), dividing both members by ||z|| and considering the definition
of condition number to get ||A~!|| = cond(A)/||A||, one gets

lo — 2] _  cond(4) <%—MI wi—mg.

= +
7 — A—A Allllx A
el = ona(a A= AL AT 4]

| Al
and therefore the result, since
[A[l[|z|| > [[Az|| = [|b]].

O

The previous result shows that the higher the condition number, the worst
the resolution of the linear equation is conditioned, since the term

cond(A)
1 — cond(A)d 5

— 0

when cond(A) — oo. This is even more clear where the errors are only in the
second member b.

Exercise 3.9. Show that if the linear operator A is invertible and exact (i.e., A=A,
one has the upper bound.
0z < cond(A)d;. (3.17)

Solution. )
Comes directly from (3.15) considering A — A = 0.

Exercise using Octave 3.10. Consider the norm ||.||; and the linear system Az = b
with
3 5 -1 0
A=12 -4 2 |, b=11
5 1 1.0001 10
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(a) Compute the condition number of A, using Octave.
(b) What can you conclude about the conditioning of the resolution of Az = b.

(c) Consider the approximations

) 3 5 -1 ) 0
A=1]2 -4 2 . b= 1
5 1 1.00005 10.00005

Compute the relative errors of the matrix A and vector b, by its definition,
using the command norm in Octave.

(d) Verify the conditions of theorem 3.8, using the commands inv and norm
of Octave.

(e) Compute the upper bound for the relative error of the solution of the linear
system Az = b with respect to the solution of Az = b.

(f) Compute the exact error.

Answer.
(a) condy(A) = 1.3831 x 10°.
(b) As the condition number is high, the system is ill-conditioned.

A-A
(C) 5;1 = M ~ 6.8778 x 1076; (55 =
1Al

1o — bl
11]2

(d) Since we are considering matrices (and therefore linear operators), one just
has to verify that A is invertible and

= 4.9752 x 1075,

|A7Y|o]|A — A, = 0.95130 < 1,
therefore, the hypothesis of the theorem are verified.

(e) From (3.15) we have §; < 33.661, that is the upper bound tells us that the
relative error of the solution in less than 3366, 1%.

(f) We have the solutions
r = [-2.4545,3.2727,9]" x 10*; & = [-4.9091,6.5455, 18]" x 10*

and therefore obtain §; = 1, that is, an error of 100 %.
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We will focus in solving linear equations of the form
Ar=1b

where b is a small perturbation of the exact value b, that is, the second member is
affected by errors. As we have seen, the conditioning of the equation is related
with the condition number of A, by (3.17).

We also note that the condition number is related with the invertibility of A.
In particular, if A as eigenvalues close to zero, the invertibility of A isill-conditioned
and the condition number will be high. This claim has its support on the defi-
nition of condition number and theorem 3.4. In fact, as the eigenvalues of A™*
are the inverse of the eigenvalues of A, so if A has an eigenvalues close to zero
(with respect to the other eigenvalues), then A~! has a large eigenvalue in abso-
lute value, so p(A™') is large. In this way, by theorem 3.4, whatever the norm
considered, we have ||A™!|| very large and therefore the condition number will
be very large (supposing that || A is not close to zero, since this would imply that
its eigenvalues are close to zero by theorem 3.4).

Therefore, a way to control the ill-conditioning in the resolution of a linear
equation Az = b is to control the eigenvalues of A, that is, solve a similar linear
equation where the eigenvalues of the corresponding linear operator are away
from zero.

3.3 Regularization

In this section we will focus on some regularization methods for ill-conditioning
equations, that is, we will consider processes to stabilize the resolution of linear
equations. We start by recalling the concept of singular system, that we will gen-
eralize for compact operators. From theorem 2.28, this is also applied to matrices,
that are special cases of compact operators.

If A is a compact linear operator, then its adjoint A* is also compact from
theorem 2.25 and therefore the operator AA* is a self-adjoint compact operator.
The spectrum of the operator AA* is characterized in theorem 2.27 and is the
starting point for the singular system that we now describe.

Theorem 3.11 (Singular System).
Let A : X — Y be a linear compact operator. Then there exists orthonormal sys-
tems uy, ug, ..., Up, -+ € X and vi,vq, ..., vy, - € Y and real values

R 1 R
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ordered and repeated by its multiplicity such that
Au; = pjv;, A'vj = pju;, j=1,2,...,n,... (3.18)

The system (j1;,u;,v;) is called singular system of the compact operator A and the
values y; are called singular values of A.
Moreover, the linear equation Ax = b has a unique solution if and only if

(b,y) =0, VyeY:Az=0.

In that case, the solution is given by

1
v =Y —(buv)u; (3.19)

j 7
Proof. We refer to [Kress, 1998] for the proof. O
Exercise using Octave 3.12. In Octave, use the command [V MU U] = svd(A)

to obtain the singular system of A as in exercise 3.10. Verify that (3.18) holds.

Answer.
We obtain the column vectors U

uy = [~0.59153, —0.79603,0.12814)";  up = [~0.76710,0.50670, —0.39347];
us = [—0.24829,0.33104, 0.91036]";

and the column vectors vV

v; = [—0.80923,0.31051 — 0.49872]"; v, = [0.10866, —0.75515, —0.64649]" ;
v3 = [—0.57735, —0.57735,0.57735]";

that are an orthonormal basis of R? and obtain the singular values from the di-
agonal of MU given by

p = 7.2697; e = 5.7577; 3 = 2.6280 x 1077,

The expression of the solution (3.19) illustrates the relation between the sin-
gular values of A and the conditioning of the linear equation Az = b. To simplify
the analysis, we will consider A an invertible nx matrix, which means that all its
eigenvalues and singular values are different from zero.
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We start by noting that if the singular values p; are close to zero, the fac-
tor 1/p; makes the numerical solution unstable. In fact, as /,4]2. are the eigenvalues
of A* A since from (3.18) one has

A" Auj = pjA*v; = u?uj,

from (3.10) one gets
2
condy(A) = M—;
therefore if the lower eigenvalue p, is close to zero, the conditioning of the linear
equation Ar = b is compromised.
Finally, we will compare the eigenvalues \; of A to their singular values ;.
We start by noting that the eigenvalues of the adjoint (complex conjugate trans-
pose) matrix A* are the complex conjugate eigenvalues of A. Therefore, as the

determinant of a matrix is the product of its eigenvalues, one gets

n

[ 12 = det(A*4) = det(A*) det(A) = [[ A2 T] A2 = [T
j=1  j=1 i=1

Jj=1

In a hand waving argument, if one of the eigenvalues is close to zero (making
the inversion of the matrix ill-conditioned), the product of the eigenvalues, and
therefore the singular values is close to zero. Therefore, one of the singular values
must be close to zero. As seen before, if the eigenvalues are close to zero, the
linear equation is ill-conditioned.

3.3.1 Regularization by singular values decomposition

Equation (3.19) illustrates the ill-conditioning associated with singular values 1,
close to zero. On the other hand, it also allows to approximate the solution of
the problem in a stable way. Having that in mind, one can truncate the sum, not
considering singular values 1; lower than some given ¢ > 0. In this way the
contribution of the terms 1/, for unstable values disappears. We then get the
approximation

p
1
rp =Y —(bv)uy,
j=1"7

where p is the index such that p1, > € and 1,41 < €. The choice of ¢ or in a similar
way, the choice of p is crucial to the quality of the approximation. On the one
hand, one wants a stable solution. On the other hand, one does not want to
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truncate the sum too much, in order to get a good approximation, since by the
triangular inequality one gets

n

1
lz —plla < D —I(b,05)].

j=p+1 "7

This error shows us that if b is perpendicular to the space generated by the v,
paraj =p+1,...,n,..., then (b,v;) = 0 and therefore the error is null. On the
other hand, if b belongs to that space, the error might be huge.

Having this in mind, recently some author use the effective condition num-
ber conds s, instead of the usual condition cond;(A) [Chen et al., 2023]. The ra-
tionale behing this is that the second member b should also matter to measure
the conditioning of a fixed linear equation Az = b, therefore defining

[10]]
pnl ||

COIld27eff =

Though it can be shown that conds .r < conds, and therefore, it illustrates better
the conditioning taking into account the second member b, the computation of
the effective condition number cond, ., relies on knowing the exact solution =
of the problem, which is not always the case.

3.3.2 Tikhonov Regularization

The regularization by decomposition in singular values is unpractical, since one
needs to compute the singular system of A, which is by itself is time consuming
and unstable. In this section, we will consider another method for regulariza-
tion, namely Tikhonov regularization. The idea is to replace the resolution of the
linear equation

AF =b
by the linear equation

(ol + A*A)x, = A*D (3.20)
with some regularization parameter « > 0. As we will show next, the equa-
tion (3.20) has better conditioning than the original equation and its solution z,,
is close to z.

Theorem 3.13 (Tikhonov Regularization).
Let (pj, u;, v;) be the singular system for the compact linear operator A and let o > 0
be a real constant.
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Then the operator M = od + A* A related with the resolution by Tikhonov regular-
ization (3.20) has condition number

1+ a

do(M 3.21
condy (M) < F7 21)
Moreover, the solution of (3.20) can be written in the form
ILL . ~
Lo = EJ: - +Ju§ (b, v;)u;. (3.22)

If x is the solution of the linear equation Ax = b then we have the upper bound for the

error
b ‘

where the absolute error of the second member is given by e; = ||b — b]|».

(3.23)

T — Zalla < ||b
b nals < e 2 Ty

Proof. By (3.18) one gets
(ol + A" A)u; = (o + )y,

therefore the eigenvalues of M are given by (a + 13). Moreover, since M is her-
mitian, result (3.21) comes directly from (3.10). The representation (3.22) comes
directly form the singular representation (3.19) by noticing that (o + 13, u;, u;)
is a singular system of M and (A*b,u;) = (b, Au;) = p;(b,v;). Finally, from the
representations (3.19) and (3.22) one gets

- (L~ @] o o)
] (mai 6+ a0 b o))

and from the triangular inequality and Cauchy-Schwartz, one obtains (3.23).
O
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The application of Tikhonov regularization as a great advantage with respect
to regularization by singular value decomposition: one does not need to com-
pute the singular system. In fact, to apply Tikhonov regularization one only
needs to solve (3.20). The major disadvantage of Tikhonov regularization is that
one needs to chose the regularization parameter o appropriately, similarly to
having to choose the proper index p to truncate the sum in the regularization
with singular value decomposition. This is usually not trivial and it most cases,
it is still an open problem. On the one hand, « should be small to ensure that the
linear equation (3.20) as a similar solution to the original system. This is clear,
since the first term in the error estimate (3.23) goes to zero, as « goes to zero. On
the other hand, o cannot be too small to ensure that the solution is stable, or in
other words, to ensure that the error in the second member b is not amplified.
This is clear in the second term of the error estimate (3.23). A similar indication
is given by the upper bound for the condition number (3.21), since a must not be
too small to ensure well-conditioning of the Tikhonov equation (3.20).

Exercise using Octave 3.14. Consider the matrix A of dimensions n x n, whose
entry (j, k) is given by a;;, = sin(jk/n) and the column vector b is such that

bj = Z ksin(kj/n).
k=1

Consider also b affected by error, such that
b; = b; + 1072 cos(20005 /n).

The solution of the system Az = bis given by the vector with components z; = j
forj=1,2,...,N. Consider n = 12 for what follows.

(@) In Octave, define the matrix A and vectors b and b.
(b) Compute the relative and absolute error of b in the euclidean norm.
(c) Compute the condition number of A in the euclidean norm.

(d) Compute the relative error of the solution of A7 = b obtained by the direct
resolution of the linear system in Octave given by the commands xtil = A\ btil
with respect to the exact solution x.

(e) Compute an approximation to the solution by regularization by singular
value decomposition, using the higher p = 10 singular values. Compute
the respective relative error.
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(f) Compute an approximation to the solution by Tikhonov regularization, us-
ing a regularization parameter a = 107'°. Compute the respective relative
error.

(g) Graphically compare the obtained solutions and draw some comments on
the result.

Answer.

(@) Ina’.m’ file, we write the algorithm:

N=12;
b = double(zeros(N,1));
btil = double(zeros(N,1));
A = double(zeros(N,N));
for 3= 1: N
for k= 1:
A(3, k) =
b(3) = b
end
btil (j)= b(3j)+10A(-12) *cos (2000«3/N);
end

N
sin(jxk/N);
j) + kxsin(kx]J/N);

(b) One gets the absolute ¢; = 2.1277 x 107! and relative 6; = 1.9864 x 10~ %
errors in the data, being therefore quite small.

(c) One gets condy(A) = 1.7470 x 10, therefore the system Az = b is ill-
conditioned.

(d) We have # = [27.18, —40.25,47.18, —31.27 ... ., 12.00] therefore

0z = 312.10%.

This huge error in the results originated from a small error in the data is
justified by the ill-conditioning of the system and the lack of regularization
in the resolution.

(e) We obtain the regularized solution
z, ~ [1.00,2.00, 3.00, . .., 12.00]"

by writing a ".m’ file with the following algorithm:



3. Conditioning 39

[v mu u] = svd(A);
p = 10;
Xp = zeros(N,1);

for 3= 1: p
xp = xp + dot(btil,v(:,3))*u(:,3)/mu(j,J);
end

The relative error is §,, = 0.00016850%.
(f) We obtain the regularized solution
To = [1.00,2.00,3.00,...,12.00]"

by writing a ".m’ file with the following algorithm:

alpha = 10A(-10);
MTik = alphaxeye (N) + A’ xA;
bTik = (A’)*btil;
xTik = MTik\ bTik;

The relative error is §,, = 0.00069637%.

(g) The comparison between the three approximate solutions and the exact one
is shown in figure 3.1, obtained by the following commands:

figure (1)

plot (x,’'r-");

hold on;

plot (xtil,"b-");

plot (xp,"g=");

plot (xTik, " c-");

legend(’ Solucao exata’,’Solucao com erro’,’SVD’,’Tikhonov’);
hold off;

The instability of the solution by direct solution of the linear system is clear,
While the regularized solutions coincide graphically with the exact solu-
tion. This illustrates how regularization can be used to solve in a stable
way a ill-conditioned system with a smooth solution.

We will now apply the concepts in functional analyisis and conditioning that
we have been revising until this moment to two applications. In chapter 4 we
will consider a mathematical model for computerized tomography, based on the
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Figure 3.1: Comparison between the numerical solutions and the exact solution regard-

ing exercise 3.14.

Radon transform, which inversion is mildly ill-conditioned. Moreover, it is a lin-
ear operator, which means that we will consider a mildly ill-posed linear inverse
problem. In chapter 5 we will consider the inverse problem of recovering the
position and shape of an obstacle given a time-harmonic incident wave and the
far-field of the scattered wave. This problem is severly ill-conditioned and non-
linear, posing therefore more difficulties for obtaining a stable solution than in

the case of computerized tomography.



Chapter 4

Computerized Tomography

4.1 Introduction

In this chapter, we will focus on the mathematical modelling of Computerized
Tomography (CT) and some numerical reconstruction algorithms. These lectures
notes are based in the lecture notes of Prof. Rainer Kress [Kress, 2005] in Tomo-
graphie (in german) and the book [Natterer, 2001], so we refer to those for a more
detailed version of what we address here.

First, we will focus on the geometrical setting of the problem, and, in partic-
ular, how the image of a slice of the body can be obtained in the context of this
imaging modality.

Computerized tomography is based on the emission of X-rays through a body
of unknown density f = f(z), depending only on the spatial coordinate = € R
The goal is to recover the unknown density f from the knowledge of the intensity
of the ray at the source and the measured intensity at the receiver, for a set of rays
traveling over different trajectories across the body.

There are several assumptions that one needs to make for the mathemati-
cal modeling of computerized tomography. The first assumption is that X-rays
travel over straight lines, which though not being exactly the case, is a very good
approximation. Therefore, one assumes a geometrical setting as in figure 4.1.

In this way, any line L corresponding to the trajectory of a ray can be charac-
terized by a unit vector § € R? and a length s € R, that is

Leg={s0+1t0":teR} (4.1)

where 0+ is a unit vector perpendicular to 6.
The second assumption for the mathematical modeling of CT is that the loss
of energy is proportional to the density itself. In fact, one assumes that the local
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Source

L

Receiver

Figure 4.1: General geometrical setting for a line L corresponding to the trajectory of a
ray in CT.

variation of the intensity A/ of the ray is proportional to the density f, to the
current intensity / and the travelled distance Az, that is,

Al = —vyfIAx.

Taking the previous assumption as Az — 0, one gets that

dl

e =1,
that is o)

x

Integrating the latter in = over the line trajectory L, one gets that

1n<[receiver) - ln(Isource) - _7/ f(fE)de
L

that is, taking the parametrization (4.1), one gets

In (—I> = —y / F(s0+ t64)dt.

ISO’MT‘CB
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For imaging purposes, one can redefine f = 7 f, since the plot of f or v f will only
vary by a matter of scale and therefore both will equally distinguish different
densities. Therefore, we can simplify the CT mathematical model as

] [e.e]
In (%) = / f(s0 4 t6*)dt. (4.2)

We are now in a position to define the Radon transform, that will be of great
use throughout this chapter. Before this definition, we also define the Schwarz
space of functions, in which the Radon transform is defined.

Definition 4.1 (Schwarz space).

Let f : R? — C.

Then the Schwarz space S(R?) is the space of functions f € C*°(R?) such that
both f and all its derivatives decay faster to infinity than any power of z, that is

S(R?) = {f € C°(R?) : sup |2" D’ f(x)| < c0,Vn € N,Vj € NQ}

zeR?

with D’ f defined as in (2.8).

The Schwarz space S(R?) guarantees that the function f vanishes in an ap-
propriate speed to infinity, so that the line integral is well defined.

Definition 4.2 (Radon Transform).
Let f € S(R?).
Then the Radon transform (Rf) : R x 2 — C of f is defined as

(Rf) (s,0) = / f(s0 4 t6+)dt, (4.3)
where Q2 = {6 : |§| = 1} is the unit circumference.

The Radon transform makes the formulation of (4.2) easier, in the sense that
it can be written has

(R0 = n (7222 ).

receiver

where the right hand side is known for each ray defined by s and 6.
In this way, the direct problem in the context of CT can be formulated as
follows.
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Direct Problem 4.3. Given the density f, find the Radon transform (R f)(s, ).

However, our interest is the computerized tomography inverse problem, that
can be mathematically formulated as follows.

Inverse Problem 4.4 (Computerized tomography with full data). Given the Radon
transform (RF')(s,0) of f for all s € R and 0 € (2, determine the unknown den-

sity f.

The previous problem will be the basis for the mathematical discussion of the
inverse problem in the context of CT in the following sections. However, there is
also another problem that is interesting in theory, since in practice sometimes one
cannot recover data from a region K. For instance, a prosthesis can ruin the data
from lines crossing it, so one needs to recover the density outside that region,
form the knowledge of the Radon transform for lines not crossing that region.

Inverse Problem 4.5 (Computerized tomography exterior problem). Given a con-
vex and bounded domain K and the Radon transform (RF)(s, ) of f forall s € R
and 6 € 2 such that the line L, ; satisfies Ly N K = (), determine the unknown
density f.

Moreover, it is clear that in real situations one does not have full data, that is,
one does not have the value of the Radon transform for all lines, but only for a
finite set (s;,0;) fori = 1,2,...,n. There are several possible configuration for the
rays. One of them is to use parallel rays and then rotate them, as in the animation
in figure 4.2.

Therefore, the numerical methods of interest should consider the following
inverse problem.

Inverse Problem 4.6 (Computerized tomography with limited data). Given the
Radon transform (Rf)(s, ) of f for a finite set (s;,6;) € R x Qfori=1,2,...,n,
determine a (stable) approximation to the unknown density f.

In either case, CT imaging is based on the inversion of the Radon transform.
Being the Radon transform based on a integral transformation, we should expect
that the inversion of the Radon transform is ill-posed. This statement is sup-
ported by theorem 2.33 that makes the integral transformation compact and the-
orem 2.27 that ensures that the inversion of compact operators is ill-posed. This
should be taken into account for the inversion schemes in sections 4.3 and 4.6.
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Sources

Receivers

Figure 4.2: Possible configuration of parallel rays for CT imaging (click on the
image to animate).

4.2 Fourier Transform

In order to prepare the inversion formulas to the solution of the CT inverse prob-
lem 4.4 we will recall the definition and some results on the Fourier transform.
Though the definition can be used for higher dimensions, we will focus on the
bi-dimensional space R?, since CT images plane slices.

Definition 4.7 (Fourier Transform).
Let f € L'(R™).
Then the Fourier transform of f is given by

f&) = ——— [ fo)e e, w= (0100 1)

(\/%)m R™

The map
F:if—f

is called the Fourier transformation.

The Fourier transform has the following properties.
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Theorem 4.8 (Properties of the Fourier transform).
Let f € LY(R™) and g € L'(R").
Then,

(Ffla+a)©) = “(FN(E), VaeR"
FHON© = D (§) MeRAZ0
(Fneal IR )E ) = (Bl Fr)0)

(4.4)
(4.5)

(4.6)

Proof. All these proofs are quite trivial, using proper variable changes in the in-
tegration. For (4.4), one only needs to take into account that for y = = + a one

has

1
(V2m)™ Jrm
i&.a

(Fflz+a))§) = flx+a)e " dx

5

= f(z 4 a)e @t dy

ﬂm

(V2m)™ Jr
i&.a
(V2m)m
— ()

fly)e " Vd

).

.Q‘m
=
3

Similarly, for (4.5) since y = Az implies dy = |y|™dz, one gets

z = ! x)e €T dy
FIO0)© = | 0w
:—1 z)e % A8) y
(Vo /A0
1 €
e —.—_—_—_—, e_li‘yd
VTvemrl MRACRL

0 (5)
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Finally, for (4.5), being = = (z,y), h(z) = f(z)g(y) and ¢ = (£, n) one gets
(Finsn(f(@)g(W)))(E,n) =(Fh)(C)

= — h(z)e **dz
2T - /]Rm+n
1 —i(&.x
—r / / f(@)gly)e™ 9 dyda
T Rm JRn

= \/;_Wm - f(ﬂf)eig‘”dw> <ﬁ / ng(y)ei"'ydy>

]

The Fourier transform is, in general, not invertible. However, it would be
nice to have a space of functions in which this transform would be invertible.
As we will see in the following results, the Fourier transform is invertible in the
Schwarz space in definition 4.1. To prepare this result, we will show that the
Fourier transform of a derivative of f is related with the Fourier transform of f.

Theorem 4.9.
For f € S(R™) we have that

F(D7f)(€) = @) (Ff()
with j € N™, &/ = (€] &2, ... &m ) and D7 f defined as in (2.8).

Proof. In order to use integration by parts and Gauss theorem, we will start by
considering the limit of an integral over a bounded domain, namely by

= ! im z)e Ty,
FOO = gy i, [ ey

In this way, for the derivative of f with respect to xy, for some k € {1,2,...,n},
by integration by parts one has

e F (1) © = jim /| OF (p)e-i=ay

. a —i€.x a —i€.x
:1%1_{1010 {AlSRa—%(f(a:)e £ )dx_/ﬂng(x)a_xk(e £ )dx
(4.7)
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By Gauss theorem that states that (under some regularity assumptions)

/gradud:c:/ w.vds,
D oD

x
grad udr = / u.—ds,
A«R o=k It

and so for the first term on the right hand side of (4.7), one gets

0 . o
lim — 2)e %) dr = lim 2)e 8T ds = 0

one gets that

since f is rapidly decaying, since f € S(R™). For the second term on the right
hand side of (4.7), one gets

A @y () do =i fim [ fle)ende
= —i& | fla)e " do
Rm
= i&(V2m)" (F)(€).

Therefore, we have shown that

e (g_f) () = i&(F1)(E).

The result now follows by repeating the procedure to show that

F (ajkf ) (&) = (i&)™ (F£)(&).

ozt
and then extending the procedure to more than one variable as

71472
]—“( Ll

J1 9,2
Oxy Oy,

) (© = &) (& (<A
O
We are now in the position to show that the Fourier transform is invertible

within the Schwarz space. This is the main reason why the Schwarz space is
relevant in the context of Fourier transforms.



4. Computerized Tomography 49

Theorem 4.10 (Inverse Fourier Transformation).

The Fourier Transformation F : S(R™) — S(R™) is a bijective map and the inverse
Fourier transformation is given by

1
(V2o

(Fl9)(z) = /m g(&)e*Tde, x = (v1,79,...Tm) (4.8)

Proof. The proof can be found in any harmonic theory book, though it is quite
technical. We stress that the proof consists in two steps: a) showing that if f €
S(R™) than Ff € S(R™) and b) showing that the inverse operator of F is given
by (4.8). Step a) must be done very carefully since it implies the derivative of
an indefinite integral, that are both defined by limits. This creates the additional
issue that to interchange the order of the limits one needs to make sure the inter-
change is legitimate. O

Exercise 4.11. Show that

Exercise 4.12. Show that
DE(F f(x))(€) = F((—iz)* f(2))(E). (4.9)

Another important property is the application of the Fourier transformation
to the convolution.

Theorem 4.13 (Fourier transform of a convolution).
Let f,g € S(R™).
Then

F(f *9)(&) = (V2m)™(F£)(£).(Fg) (&), (4.10)

where the convolution operator « is defined by

(fxg)(x) = - flz —y)g(y)dy.
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Proof. We have that

F(f=9)(&) =

e e / (x — y)dydz,

75 b

/ e i / (x — y)g(y)dydz,
- / D [ e @ = ey

/

g(y)eiey / ) f (g — y)dudy,

Now, performing the change of variable £ = x — y in the inner integral, one gets

FU o)) = [ o [ e o iy
- ﬁl_ﬂm [ atweer [ e piayanay,
= (\/;_ﬂ)m /m g(y)e “vdy /m e T f(7)d7,
= (V2m)"(F)(€)-(Fg)(©)

]

Another important property of the Fourier transform is given by Parseval’s
formulas.

Theorem 4.14 (Parseval’s formulas).
For f,g € S(R™) one has Parseval’s formulas

| T©g(0de= | F©)a(€)de. (411)
| J©ae)de = | J©)a(€)de. (412)
Proof. We leave the proof as an exercise. O

A direct corollary of the previous result is that the Fourier transform F is an
isomorphism, that is,

[ Ffllze = 1flz2-
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This comes directly from (4.12) with ¢ = f. To finalize this section, and there-
fore mention the main tools regarding Fourier transform that we will need for
the inversion formulas and reconstruction algorithms in the next sections, we
enunciate the Poisson summation formula.

Theorem 4.15 (Poisson summation formula).
For f € S(R™) we have the Poisson summation formula

S (=B - S e e

JEL™ JEL™

4.3 Inversion Formulas

We are now in a good place to address some inversion formulas for the solution
of the Computerized tomography (CT) inversion problem. In the last section, we
were introducing some concepts as the Radon transform and the Fourier trans-
form, and some of their properties. We have seen that the Radon transform is
clearly related with the solution of the inverse problem 4.4 of CT, since this prob-
lem consists in the regularized inversion of the Radon transform. However, the
use of the Fourier transform to this end is still to be revealed. To shed some light
on this issue, we will start by establishing the Fourier transform of the Radon
transform. The following theorem is known has the Projection theorem or the
Fourier slice theorem.

Theorem 4.16 (Projection theorem).
For f € S(R?) one has

f(r6) = V%@xe,r), (4.14)

where one has a 2D Fourier transform on the left-hand side and a 1D Fourier transform
(with respect to the second variable s) on the right-hand side.

Proof. The proof comes directly from the definition of Fourier transform, since
VER(ET)O) = [ (RPG.5)e ds

= / / f(s0 + 0+t)e " dtds.
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Now performing the change of variable x = s + t0*, since x.6 = s, one has

M(@)(Q,r) = /OO /oo f(s0 + 0 t)e " dtds

= [ flx)e ™ da
R2
— 27 f(r6)

as we intended to proof. O

We now define the Schwarz space in the domain {2 xR of the Radon transform
as follows.

Definition 4.17.
We define the Schwarz space in the domain 2 x R as

SQAxR):={geC®QxR):g(0,.) € S(R) uniformly forall § € Q}. (4.15)
With this definition, we can state the following result for the Radon transform
of a function in the Schwarz space.
Corollary 4.18. If f € S(R), then Rf € S(2 x R).

Proof. Follows directly from theorem 4.10 and 4.16, first to show that f € S(R),
than to show that Rf € S(2 x R) and finally that Rf € S(Q2 x R). O

To prepare the first inversion formula, we will first characterize the adjoint
operator of the Radon transform.

Theorem 4.19 (Adjoint operator of the Radon Transform).
The operator R* : S(Q x R) — S(R?) given by

(R*g)(x) :z/ﬂg(é’,xﬂ)d@ (4.16)

is the L* adjoint of the Radon transform operator R given by (4.3).

Proof. We have to show that for f € S(R?) and g € S(Q2 x R) one has

/Q/_oo (Rf)(0,5)9(0,5)dsdt = 5 ()R g(x)da.
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This can be done, since

/Q/_Z(Rf)(Q,s)g(@,S)dsde = /Q/_Z /_Z [0+ 16)g(6, s)dtdsdo
= /Q - f(2)g(0,2.0)dxdd (v = 50 4t = 1.0 = s)

—/RQf(x)/Qg(Q,x.Q)dﬁdx
- [ s@@ g
[

In the next subsections, we will consider some inversion formulas for the CT
inverse problem 4.4. Some of them will be useful for reconstruction algorithms,
while others will only be useful to prove uniqueness of solution.

4.3.1 Radon’s Inversion Formula
Radon (1917) developed the next inversion formula for Radon the transform.

Theorem 4.20 (Radon’s inversion formula).
For f € S(R?) one has the Radon’s inversion Formula given by

1,0
where the Hilbert transform! is defined by
(Hg)(s) := l/ 90 4 ser (4.18)
TS 85—t

Proof. We start by noting that

f@) = (FF) @)
[ e feyae

2 R2

!The Hilbert transform is well-defined in S(R) as a Cauchy singular value

(oo} S—¢g o0
/ 90 4t — i / 9) 4y +/ 90 .
o St e=0 | _o S5—1 ste S—1
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and making the change of variable £ = rf, we get from (4.14) that

o 1 > ire.0 ¢
_QW// e f(rf)rdrdo

zm: 0
\/%27// Rf@'r’rdrdQ
Now, noting that

]/%;”(—9, —r) = \/L_ /OO e Rf(—0,s)ds

S AR s
\/ﬁ/ e " Rf(0,s)ds (since Rf(0,s) = Rf(—0,—s))
— Rf(@,r),

we get

flz) = \/L_Qi// e 0Rf(6’ r)rdrdd
%\/_ // ¢ 0 RF(0, 1)|r|drdd.

Defining now
1 IR
h(0,r) = Tor /_OO e Rf(0,r)|r|dr, (4.19)

one gets

- - zr:c@
flx) = 2_\/%27r// Rf (0,7)|r|drdo

11
= -~ [ h(0,2.6)d0
221 Q

1 *
= (R) (@)

To complete the proof, we need to show that

0
h(#.r) = Hs RY.
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To this end, one has

L rn)0.5) = - [FRI0.9)

v

which can be shown similarly to (4.9). Using the change of variable t = s — ¢, one
can write the Hilbert transform as

o)) =+ [ L

while using the change of variable t = s 4t one as
1 [ g(s+1)
H =— —dt.
(Ho)(s) = — [ 4
Summing both of the previous equations, one has

2T t

—00

zrst 9 S)

so, since e (*t) 4 s+ = _2/ci"S sin(tr), one has

(H%(R f)) (0,5) = H (\/L_ / T e R, s)dr)

—rsm (tr) "S/ Rf (0, s)drdt

7r\/ 27
7r\/ 27

The result is now proven by noting (by 1ntegrat10n by parts several times) that

1 [~1
—/ i sin(tr)dt = sgn(r),

T J -

"st G 5)/ %sm(tr)dtdr.

and therefore, since |r| = r sgn(’r) one gets

(H%(Rf)) (6.5) = - F re RF (9, 5) /_ ) %Sin(tr)dtdr

[e.9]

= \/?/ ngn(r)e”st(Q,s)dr
T J—c0
r|e"sl/%?(9, s)dr

vl
= h(0,s)

as defined in (4.19). O
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It is clear that Radon’s inversion formula (4.17) is useless for numerical re-

construction purposes. Note that the presence of the derivative 2 makes the
inversion formula highly unstable, as illustrate in example 1.4 of the Introduc-
tion. However this inversion formula has importance for uniqueness results, as

shown in section 4.4.

4.3.2 Cormack’s Inversion Formula

Cormack’s inversion formula starts by considering the representation of the solu-
tion as a Fourier series in polar coordinates. We will leave most of the details out
of this text, and will only show some steps in the long way to show Cormack’s
inversion formula. We refer to [Kress, 2005, Natterer, 2001] for details.

In polar coordinates, one represents a point = € R? as

r = (rcosa,rsina), r >0, «ac€]0,2n].

Then, one represents the density f in Fourier series as

f@)= Y fulr)em™ (4.20)

m=—00

where
27

fm(r) = i (z)e "™ da.

In the same way, the data g (which is the Radon transform of f) would be defined
as

o0

g(0,s) = Z Gm(5)e™™ (4.21)

m=—0oQ

where
1 27 )

= —/ g((cosa,sina),s)e_’mo‘da.
2 Jo

The idea is to express f,, in terms of g,, and therefore find a way to reconstruct f
from the knowledge of ¢ = Rf. The first question that one needs to ask is
whether the series (4.20) converges.

Im(5)

Theorem 4.21.
Let f € S(R?).
Then the Fourier series (4.20) converges .
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Proof. The result follows from the fact that if f € S(R?), then f € C*°(R?) and
therefore the Fourier Series converges. In fact, one can prove a little bit more,
since by integration by parts one can gets

1 27 ak

W . Wf(r COS Oé,TSiH oz)e_imada

fm(r) =

and since f € S(R?) one gets that

k
r”%f(r cosa,rsina)| < Cp
o
and therefore C

]

The following theorem relates the Fourier coefficients f,, of the density f (as
in (4.20)) with the Fourier coefficients g,, of the data ¢ = Rf (as in (4.21)).

Theorem 4.22.

Let f € S(R?).

Then, the Fourier coefficients (4.20) of f are related with the Fourier coefficients (4.21)
ofg=Rfby

52

9m(s) = 2/00 (1) Tirs () : (4.23)

r2

forallm € Z and s > 0, where
T, (1) = arccos (m cos(r)) . (4.24)

Proof. The result follows (in a non-trivial way) from geometrical arguments and
integration by parts by taking the Radon transform of each coefficient f,, of f.
We refer to [Kress, 2005] for the complete proof. H

The inversion formula comes now from inverting the integral equation (4.23),
in order to obtain f,, in terms of the coefficients g,, and therefore being able to
reconstruct f from the coefficients g, of the data g = Rf.

This can be done (see [Kress, 2005]) by the use of the Mellin transform

(Mf)(s) := /OOO fetdt, seC
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which is defined for f such that any restriction of f to a closed interval [a, b] is
in L*([a, b]).2

The next step is to show (see [Kress, 2005]) from (4.23) and the properties of
the Mellin transform that

(Mgm) (s) = M(rfm)(s)(Mp)(s)

forp = 2T‘T—\/‘_7(;). Then one can show that
M0 () s
M(rf)(s) = S 2™ = (Mga) (5)(Ma) (9

for some appropriate ¢. From the fact that (under some assumptions, see [Kress, 2005])
the Mellin transform satisfies

(Mgm) (Mq) = M (gm * q)

where * is the convolution operator, the inversion formula

Tfm = Gm * q

now follows from the injectivity of the Mellin transformation for f € S([0, c0]).
Following the previous procedure, one has Cormack’s inversion formula.

Theorem 4.23 (Cormack’s inversion formula).
Let f € S(R?).
Then, we have the Cormack’s inversion formula for the Fourier coefficients

nmo:—ijw¢4@

™

Mds, r>0meZ (4.25)

s2 — 2

Cormack’s inversion formula is nor the best way to numerically reconstruct
the density f directly, since one can show by the Helgason-Ludwig theorem
(See [Kress, 2005, Natterer, 2001]) that g, is rapidly oscillating. There are ways to
stabilize the process, but the main use of this formula is again uniqueness results.

2The function space of functions whose restriction to any closed interval [a, b] is in L*([a, b]) is
usually denoted by L}, .(R.) In this way, the Mellin transform is defined for f € L}, ([0, oc]).

loc
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4.4 Uniqueness

In this section, we will address some uniqueness results. The first one concerns
the inverse problem for full data 4.4.

Theorem 4.24 (Uniqueness for full data).
Let fi1, f» € S(R?).
Ifgl = gngT’ g ‘= Rfl and go ‘= ng, then f1 = fg.

Proof. This results comes directly from the Radon’s Inversion formula (4.17). [

Another important result, is the uniqueness result for the exterior inverse
problem 4.5.

Theorem 4.25 (Uniqueness for the exterior problem).

Let fi, fo € S(R?) and K C R? a convex and bounded set.

If g1 = g2 for g1 := Rf, and go := Rfs for all lines Ly s such that Ly s N K = (.
Then fi = foinR?\ K.

Proof. 1f K is a disk of radius 7, the result comes directly from Cormack’s Inver-
sion formula (4.25) using r > 7.

Otherwise, since K is bounded and convex, for every x ¢ K there exists a
disk Kp , containing K such that x ¢ K ,. Therefore, one applies the previous
argument to show that f; = f, outside K, and therefore f; = f, in K. O

We will now say some words on uniqueness for the case were we do not have
tull data. We will start by the case where instead of considering all angles § we
only consider a countable (infinite) number of them.

Theorem 4.26 (Uniqueness for countably many 0).
Let f € C5°(R?), that is, f € C™(R?) and has a compact support>.
If Rf(0,,.) = 0 for countably many 61,0, ....,6,,..., then f = 0.

Proof. We start by reminding that if f has compact support than its Fourier trans-
form f is analytic. As Rf(6,,s) = 0 then Rf(f,,r) = 0. Now from the projection
theorem 4.16

~ 1 —

0,) = —=Rf(On,7) =0
f(rt,) = —==RI6..7)
for countably many 6,,, n € N. As f is analytic, then f = 0so f = 0. O

3If f has support K this means that f = 0 outside K.
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The uniqueness for a finite number of angles 6,,6,, ..., 6, cannot be proven.
However, a question arises of what is the degree of non-uniqueness for the prob-
lem with only a finite set of angles. It can be shown (see [Kress, 2005]) that if f
a compact support in K, then for any compact set K C K, there exists f ¢
C>(R?) with compact support in K; such that f = f in K and Rf(;,.) = 0
for j = 1,2,...,n. This shows that the density f + f provides the same data for
the CT problem then f, since

R(f + [)(05,) = (Rf)(0;,.) + (Rf)(6;,.) = (Rf)(6;,.), j=12,....n.

4.5 Shannon’s Theorem

Until now, we were focused on the proof of uniqueness. In fact the inversions
formulas that we studied so far were more related with uniqueness than with
reconstruction algorithms. In this section, we will present a theorem that plants
the seed to obtain reconstruction algorithms for band limited functions. We will
start by defining this concept.

Definition 4.27 (Band-limited function).
A function f € L'(R™) is called band limited if there exists b such that

A

f(&) = 0,V[¢[ > b.

The smaller b with this property is called the band width of f.

Remark 4.28. 1f f is band limited, then by the inverse Fourier transform it is clear
that f does not have larger frequencies than b and therefore it does not have
smaller periods than 2. In this sense, f does not have smaller oscillations than 2
and therefore the smaller the band width b the larger the details of f, since small

details require high frequencies.

Shannon’s Sampling theorem determines the degree of detail that a band lim-
ited function needs to bew uniquely defined, or in other words, the spacement
of a grid of points to uniquely determine a band limited function.

Theorem 4.29 (Shannon’s Sampling Theorem).

Let f,g € L*(R™) be band limited functions with band width b.

Let h < 7.

Then [ is uniquely determined by its values at equidistant grid points jh with j &
Z™ and can be given by the series

f@) =3 f(jk)sinc (%(m— jh)), (4.26)

jezm
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which converges in L*(R™) and where

{ sinx(:c)’ fE#O

sinc(z) = 1 0
Y T =

r e R,

and for x € R™ then sinc(z) = sinc(z1) X sinc(xg) X - -+ X sinc(,,)).
Moreover, the Fourier transform of f is determined by

~

f(e e~ (4.27)

EZTYL

which converges in L* ([T, *]™) .

Finally, the L*-inner product of two band limited functions is determined by

| J@3g(a)de = k" > Fim)g(in). (4.28)

jezm

Remark 4.30. Shannon’s sampling theorem has several implications. The first one
is that the Fourier transform and the L? inner product of band limited functions
can be determined exactly by the trapezoidal rule with appropriate spacement.

Moreover, the so called Nyquist condition i < 7 requires step size h < 3¢

270/
being 2 the size of the smaller period in f.
To what follows, let us define the operator
(Shf)(x Z f(jh)sinc ( x —jh)) (4.29)

jezm™

It is clear from (4.26) that for band limited functions one has S, f = f.

The importance of Shannon’s Sampling theorem to our context of recovering
densities f € S(R?) from the data ¢ = Rf starts to be unveiled in the next result,
which establishes an upper bound for the error of approximating f by S, f for a
general f € S(R™).

Theorem 4.31.
Let f € S(R™).
Then

1S0f — flloo < —o /IS EGLS (4.30)

Proof. See [Kress, 2005]. H
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Now, from the properties of the Fourier transform (4.10), it is clear that the
convolution of a limited band filter with any other function in S(R?) is a band
limited function. In this way, band limited functions are usually called low-pass
filters, since the convolution with this functions eliminates the high frequencies.
This will be the seed to the first reconstruction algorithm, namely the filtered
back projection, where instead of aiming to reconstruct the density f we will aim
at reconstructing a low-pass filtered version W, * f, where W, is an appropriate
low-pass filter. We then know that the error with this approximation is bounded
by (4.30), that is low, if f has few high frequencies.

Exercise 4.32. Show that sinc is a pass filter, by computing the integral

Answer.
Since for the function

one has

one has that sinc(¢) = x(¢£) and therefore sinc is band limited since sinc(¢) = 0
for |£| > 1.

4.6 Reconstructions algorithms

In this section, we will consider some reconstruction methods to numerically
recover the density f from the given data ¢ = Rf.. We refer, for instance,
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to [Kress, 2005, Natterer, 2001] for a theoretical background on the several possi-
bilities. The review paper [Louis, 2006] presents several practical methods and
some numerical reconstructions.

4.6.1 Filtered Back projection (FBP)

From the error estimate (4.30) and the following considerations, the main idea of
the filtered back projection is to recover a filtered version W, * f of f, being W, a
low pass-filter. To this end, we will take the Radon inversion formula (4.17) and
try to write it as

1 0
Back projection \Lf—% data

Approx. by convolution

or in other words, try to get a relation of the form
Wy f = R*(wp x Rf). (4.31)
This is possible, due to the following result.

Theorem 4.33.
Let fi, fo € S(R?). Then

R(f1* f2) = (Rf1) * (Rf2). (4.32)
Let f € S(R?*) and g € S(Q2 x R). Then
(R*g) * f = R*(g x Rf). (4.33)

Proof. The relation (4.32) comes directly from the alternate use of the projection
theorem 4.16 and the Fourier transform of a convolution (4.10), namely by

F (R(fi f2)) (0,5) = V2rF (f1 * f) (s)
= (V27)* (F f1(s0).F f2(s0))

= V27 (FRf1(6,5).FRf2(6, 5))
= F (Rf1(0,5) * Rf2(6,5)).

Now the injectivity of the Fourier transform gives the result (4.32). To prove (4.33),
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by the definition of convolution and of R* one has

(R*g) * f)(x) = / (R*g)(x — ) (y)dy

= [, | a0.c = uo)sasay
= [ [ a6, = )ty

Now, by making the change of variable y = s + ¢6+, that implies y.0 = s, one

has
(F)« @) = [ [ 000, )001 )yt
:// / 9(0,2.0 — 5)f(s0 + t0")dtdsdo
// (0, 2.0 — s) / f( se+t0i dt dsdf
// (0, 2.0 — s)Rf(6, s)dsdd
:/Q(g*Rf) (0, .0)d6
= R'(g* Rf)(x),
as we wanted to prove. O

The identity (4.33) allows our goal of find an identity of the form (4.31), so in
this way, (4.33) can be seen as an inversion formula for a filtered solution. In fact,
replacing g by wj in (4.33), one gets

(R*wy) *f = R*(wy * Rf ), (434)
= 7

so our goal now is to find w;, such that W, = (R*wy) is the optimal low-pass filter.
Therefore, in order to guarantee that 1V, is band limited, we need to study the
behaviour of the Fourier Transform of R*g, as in the following theorem.

Theorem 4.34.
Let g € S(©2 x R). Then

E@(f)—fﬂg(m \5!) (m |£r)] £#0. (4.35)
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Proof. For any w € C*°(R?), using Parseval’s formula (4.11) and the definition of
adjoint operator R*, we have

| i = [ R

R2
= (Rg,w A)LQ(RQ)

(g9, ) L2 QxR)

// (0, s)(Rw)(0, s)dsdb.
Using Parseval’s formula (4.11) in the second variable one has
| Fa@u©as = [ [ o0.9)r0)0.5)isd9
R2 aJr
_ / / 30, 0) (F~ R (6, o) dord).
o Jr

Now, by the projection theorem (4.14)

F IR0, 0) = V2rF i (oh)

SO

42@(§)w(6)d£=1249(0,0) (F7'Rw) (0, 0)dodd

_ \or / / (0, 0)w(o0)dodo

_ Vor / ( / Yw(o)do + /0 m g(e,a)w(ge)da) a9
— Vor /Q ( /0 40, —oYw(—ob)do + /O o g(e,a)w<oe>da) i

o / / ™ (300, —0Yw(—0) + (6, 0Yw(08)) dodd
Foo 1 R
_ \/—// ~ (30, —0)w(=00) + §(0, 0)w(00)) o dods.

Finally, with the change of variable { = 0 which implies that § = é—‘, o = |¢
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and d¢ = ododf, one has
[ Fatewiere= [ 2o (2el) +a (2 -1a) | wiorte

for any w € C*(RR?), which concludes the proof. O

The previous result will now help to construct wj, since we want W, = R*w,

to satisfy
1
T o |€| S b
— 2
Wb(g) - { O, |§’ > b

but so that wj is even and independent of direction, that is w, = @(0) indepen-
dent of 6. From (4.35), one now gets

lo]

NV =, [l <b
wy(o) = { (2)’ 2 €] > b (4.36)

From the inverse Fourier transform, one now gets

wp(s) 0)e"do

=32 / lo|e* do

= do
47r2 i acos(sa)

which after integration is given by

1 { % (cos(bs) — 1) + Lsin(bs), s #0,

b2 _
472 DR s =0.

wy(s) =

With this choice one gets a reconstruction method by (4.31). Other possibilities
for wy, can be found in [Natterer, 2001].

Remark 4.35. The application of (4.31) is not computationally efficient. One needs
to take into account that one should have a rectangular grid in order to be able
to use Fast Fourier transform in the discretization of the convolution. Details can
be seen in [Natterer, 2001].
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4.6.2 Fourier method

The Fourier method is based in the direct application of the Projection theo-
rem 4.16. In a brief way, the idea is to follow the next steps:

e FM1 - Given the data ¢g(0,s) = (Rf)(0, s) determine the Fourier transform
of f by direct application of (4.14) by

f(s0) = #g(s, 0). (4.37)

e FM2 - Since the previous step determines the Fourier transform f in polar
coordinates, one needs at this intermediate step to determine f in a rectan-
gular grid to obtain f in the following step.

e FM3 - Obtain f by inverse Fourier transform of f obtained in the previous
step by

fla) = 57 [ e iteras 438)

:27r

The key step in this reconstruction method is step FM2. In fact, this is the step
that usually turns the reconstructions of the Fourier method to be not that good.
Let us consider an example.

Example 4.36. Let us assume the setting of the parallel scanner in figure 4.2. Then
our data is given by

905, 80), j=1,....p, L=—q,...,q,

with s, = (h, being h the (uniform) spacing between two following values s,
and sy ;1. Let us also assume that ¢(0,.) as support in [—1, 1]. Then, one knows
that g is band-limited with band width 1, so by Shannon’s theorem 4.29 it suffices
to sample g in a grid of points of spacement 7, since the Nyquist condition is

h<-—=m.

Sl

In this way, considering the points (¢;,r7), j = 1,2,...n,r = —¢q,...,q as a grid

for g, one has
1 [
g(0;,rm) = — e ""g(0,s)ds,
(65m) = <= [ (0.
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and applying the trapezoidal rule in the known points s, with spacement h, one
gets

~ h : —irT
9(0;,rm) ~ Vo Z e (0, 50),
l=—q

~~
=gj,r

where the values ¢(0, s;) are known, since they are our data. Note that the error
given by the previous approximation can be obtained by Poisson summation
formula (4.13), since, as g is assumed to be band-limited, one has for £ = rx
and m = 1 that

oo

p 27T'] — h - . —ihrjm
Z g (9]7T7T_ h ) - (\/g) Zg(eﬁjh)e )

j=—o00

which can be rewritten as

. ~ = 217
9(0;,r7) = gjr — Z g <9j77“7T - T) :

j==o0

J7#0

~~
error

Therefore, if g is essentially band limited, that the error is small. This concludes
step FML.

For step FM2, one aims at approximating the value of §(&) for & = kh in
a rectangular grid with spacing h and k € Z, using the values g;, ,, in polar
coordinates from step FM1. One can consider, for instance, a piecewise constant
approximation by the nearest neighbour, that is,

g(fk) ~ gjkﬂ“k

such that r;,0;, is the closest value to &;.
Having in mind the projection theorem in step FM1, one considers
5 1 1

f(&) = mﬁ(fk) ~ \/_2_7ngk’Tk7 (4.39)

tinalizing step FM3.

Then, in step FM3, having in mind that §(¢, .) is band-limited (and so is f by
the projection theorem), it suffices to use the Nyquist condition & = 7 and from
Shannon’s sampling theorem (4.27) (applied to f with m = 2) one has

7T2 ¢ inx.k
f) =1 3 fhme

kezm
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that is, the formula

is almost null if f is essentially band limited.

It is clear from the previous example that the errors of steps FM1 and FM3 are
small if f is essentially band-limited. Therefore, the interpolation step FM2 is the
one responsible for decreasing the quality of the reconstructions of the Fourier
method.

4.6.3 Algebraic Reconstruction Technique (ART)

The Algebraic Reconstruction Technique (ART) is a reconstruction method that
copes very easily with different setting of CT, in what concerns the lines in which
the intensity attenuation is measured. It is based in an algebraic solution us-
ing the Kaczmarz’s method, that we now introduce. Kaczmarz’s method is also
know as the method of successive orthogonal projections and was used in the
tirst commercial X-ray scanner in 1972.

Let X and Y7, Y3, ...,Y, be Hilbert spaces and let Y = ¥} x Y5 x - - - X Y),. Being
an algebraic solver, the Kaczmarz’s method wants to find ¢ € X such that

Aj@:fja j:1727"'7p7

for some given surjective operators A; : X — Y;and f = (fi, fo,..., fp) €Y.
p

Example 4.37. If we consider X = R?, Y} =Y, = --- =
tors A; of the form

= R, and the opera-

p
Ajp = Z Ak Pk,
k=1
this corresponds to finding ¢ € RP that belongs to all hyperplanes
Ajp = fj-

It is clear that this problem might not always have a solution, so it is im-
portant also to characterize what happens with the application of Kaczmarz’s
method in that case. For the time being, we will define the method.
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Definition 4.38 (Kaczmarz’s method).
Let X and Y7, Y, ...,Y), be Hilbert spaces and let A; : X — Y, be surjective
operators. Let (); be the orthogonal projection into the affine spaces

Ui={peX:Ajp=f}
for some given f; € Y;, j =1,2,...,p. Letalso
Qj,w = (1 — w)[ +WQj

and
Qu = Qpuldp-1w-- Q1w
Then the iteration scheme
Ont1 = Quipn (4.40)

is called the Kaczmarz’s method with relaxation w.

Remark 4.39 (Relaxation). The use of a relaxation term w is to try to speed up the
convergence of the method.

Theorem 4.40 (Computation of Kaczmarz’s method).
One iteration of the Kaczmarz's method (4.40) has the form

P = on,
D = 00 4 wA [A;A5] 7 [ — AV, i=1,2,...,p, (4.41)
P = ).

Proof. See [Kress, 2005]. H

The ART method comes from applying the Kaczmarz’s method in a very spe-
cific context of CT. One starts by considering the density f with compact support
within a rectangular domain, that one discretizes in K pixels p;, £ =1,2,..., K.
We then consider the approximation f of f as piecewise constant, that is, the
density f restricted to the pixel pj is constant

ﬁpk(x):fka k=12... K.

Therefore, the Radon transform of f can be computed exactly as

(Rf)(0.5) =~ (Rf)(8,5) = f(x)de = agonfe

LQ,S k=1
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where a9 = |Lo,s N pi| is the length of the interception of the line L, ; with the
pixel pi. Therefore, if the available data is given by ¢; = ¢(¢;,s;),7 =1,2,..., N,
that is, the Radon transform of f over the line L; :=y, ,, defined by (6;,s;), one
can consider the operators A; : RX — R defined by

K
Aif = ajif (4.42)

k=1

where a;; = |L; Npi| and f = (f1, fo, ..., [x) € RE, wiht each f;, corresponding
to the unknown value of the density in each pixel. Therefore, one wants to solve

Aif=g;, 7=12...,N, (4.43)

to get a piecewise constant approximation f of f and the ART method comes
from applying the Kaczmarz’s method to the previous operators. We note that
in this case, the adjoint operator A} : R — R¥ is defined by

Ala = aa;, a€R, (4.44)

where a; = (a;1,a;2,...,a;K) since

K
(Ajf, ) = aA;f = Oézaj,kfk ZOMIJ ke = (f; a0 )px
k=1

In this way,
AjAla = Aj(aay,) = alla;, |15

Therefore, applying Kaczmarz’s method (4.41) to the operator (4.42) and equa-
tion (4.43), one gets the following method.

Theorem 4.41 (Algebraic Reconstruction Technique).

Given the CT data g; = g(0;,s;),j = 1,2,..., N, that is, the Radon transform of f
over the line L; defined by (0, s;), the Algebraic Reconstruction Technique corre-
sponds to iteratively compute

f(o):Fn7
JO = U 4 o [g = A9 ;. j= 1,2 N, (4.45)
Fn-i-l:f(N)'

If the problem is solvable, the iterations F,, converge to the solution of minimal norm,
ifw e |0,2].
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If the problem is unsolvable, the method converges to f,, that, as w — 0, converges to
the solution of the minimization of the cost function

N 1 M
j=1 k=1

las. 113 |\ =

2

Proof. See [Kress, 2005]. H



Chapter 5

Acoustic Scattering Theory

In this section, we will introduce a simple model for sound propagation. This
will be a simplified approach for another medical imaging modality, namely ul-
trasound imaging. This modality is based on the emission of sound waves and
the measurement of the echoes of the reflected waves on the different organs
inside the body. Ultrasound is usually modelled by the Westervelt’s equation

Ay — 1%u 6 Pu Bu)dMu
o2 Ao pct ot

where u is the sound pressure, c is the small signal sound velocity, J is the sound
diffusity, p in the medium density and 5(u) is a nonlinear coeficient, that de-
pends on u. The fact that the previous equation is nonlinear makes its analytical
and numerical treatment very difficult for an introduction to inverse scattering
problem, so we will simplify the acoustic wave propagation model.

In this way, in order to introduce this topic, we will consider sound waves
with fixed frequency w, which leads to the Helmholtz equation described in a
tew lines. Though we will focus on mathematical models for wave propagation
more than on the reconstruction method for ultrasound imaging, it is important
to mention that ultrasound uses more than one frequency for image acquisition.
The combination of more than one frequency allows to distinguish the depth
were each measured echo is coming from, being this the main principle for ultra-
sound image acquisition [Ammari, 2011]. In this chapter, we will mostly focus on
the propagation and inverse problems relates with acoustic waves with a single
frequency, as a simple model for wave propagation.

We will now go back to some of the concepts already discussed in section 1.1,
in order to recall the context of inverse scattering problems.
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5.1 Scattering theory revisited

Scattering theory has been a matter of interest for scientists over the last century.
There is a broad band of applications, such as radar and sonar and, to our spe-
cial interest, medical imaging. Roughly speaking, scattering theory studies the
effect that an obstacle or some inhomogeneity in the propagation medium has
on an incident wave or particle. Considering the total field v to be the sum of
the incident field u' and the scattered field u*, then the direct problem consists
of determining «* from the knowledge of the geometry and properties of the
medium and the characteristics of the propagation of the field. In mathematical
terms, this means the determination of the scattered field «* from the knowledge
of the obstacle or inhomogeneity (including the boundary condition satistied at
the boundary of the obstacle) and the differential equation that models the prop-
agation of the field. The inverse problem is, however, a much more challenging
and interesting problem: Given measured information on the scattered field v,
one wants to find some unknown properties of the obstacle, such as its location
and shape, the boundary condition or some refractive index, for instance. We
refer to the monographs Lax and Philips [Lax and Philips, 1967] and Colton and
Kress [Colton and Kress, 1983, Colton and Kress, 2019] for further reading on the
basic theory of some of these problems.

Our main purpose in this chapter is to focus on the acoustic time-harmonic
obstacle scattering problem within an homogeneous background. This is not a
good model for ultrasound imaging by two main reasons: a) usually the back-
ground is inhomogeneous, since there are several different organs, tissues and
bones with different densities; b) we will assume that the obstacle is impenetra-
ble, with is also not the case in many human organs. However, in the context
of theis text where we aim to introduce the reader to this topic, we will consider
this simpler problem, and say some words on how to extend the problem for
inhomogeneous mediums in section 5.7.

In this way we will motivate the Helmholtz equation as the model to the
inverse obstacle scattering problem in the next section. Then, in the following
sections, we will present classical theoretical results for the direct and inverse
obstacle scattering problems, including representation formulas and asymptotic
behaviours for the scattered field u°, as well as uniqueness and existence results
for the referred problems.
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5.2 The Helmholtz Equation

We start by giving a motivation to the Helmholtz equation
Au+ k*u=0

for £ > 0, as being a model to the space dependence of the limit state of a
time-harmonic acoustic wave with a point source excitement. We refer to the-
sis [Grinberg, 2004] or the classical work [Lax and Philips, 1967] for details.

Consider the wave equation with a point source at y. This means that the
system is at rest and at t = 0 the harmonic excitement is started at the point y in
free space. In mathematical terms, this can be formulated in terms of an acoustic
wave U'(z,t;y), depending on the space variable z € R? and the time variable ¢ >
0, satisfying the wave equation

1 0*U(x,t) <
Y7 A — ,—iwt _ 31> .
2 ap Lz, t)=e ™ (x—y), z€Rt>0 (5.1)
with initial conditions U (2.0)
T
(x7 ) at 07

where c is the speed of sound and w is the frequency. We are interested in study-
ing the behaviour of the solution as ¢ — co. One can show the asymptotic be-
haviour

Ul(z,t) ~ e ™“'®(x —y), t— oo,

where @ is the fundamental solution to the Helmholtz equation in R? given by
€Zk|w\

O(z) = Tl x#0 (5.2)
where |.| denotes the usual Euclidean norm and k£ = w/c is the wave number.
Let us now consider a bounded and connected obstacle D C R? and U’ (the
solution in free space as) the incident wave. In the context of impenetrable
obstacle, we then have an extra condition to be satisfied at the interface be-
tween the obstacle and the exterior propagation medium. Therefore, we will
consider either a Dirichlet, Neumann or Robin boundary condition at the bound-
ary I' :== 0D. In any case, if D has no energy traps, we expect the obstacle to give
rise to a scattered wave U® and therefore the asymptotic behaviour of the solution

is given by

Ulx,t) = U'(z,t) + Us(x,t) = e ™ (B(x — y) + u’(x)), t— oo, (5.3)
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and the scattered field u* behaves as an outgoing spherical wave, that is, it satis-
ties the Sommerfeld radiation condition (see [Lax and Philips, 1967])

lim r <8u — ikus) =0. (5.4)

r—00 or

The physical meaning of this condition is that there are no energy sources at
infinity (see the classical work of Sommerfeld [Sommerfeld, 1967]). As the solu-
tion U satisfies the wave equation (5.1) in R™\ D, by substitution of (5.3) in (5.1)
we get that

Au® +Eu®* =0, x € R™\D,

that is, the solution to the Helmholtz equation can be interpreted as the spatial
dependence of a time-harmonic acoustic wave as ¢t — co. Mathematically, the ra-
diation condition will ensure uniqueness of solution to the Helmholtz equation.

We also note that if the point source y goes to infinity in the direction —d, from
the asymptotic behaviour of the fundamental solutions, we then get

Tlirgo (4rre @ (x + rd)) = e**4, (5.5)
so in this case it makes sense to approximate the point source by an incident
plane field u'(z) = €**? up to some multiplicative constant depending on the
distance r between the evaluation point z to the source point y. We also note that
defining the total field u = u’ 4+ u® as the sum of the incident and scattered fields,
the boundary conditions on I carry over from the total wave U to the total field w.
This means that if, for instance, we consider a sound-soft obstacle D, that is, the
pressure of the total wave vanishes at the boundary I' of D, then the boundary
condition imposed is

U(z,t) =0, zel,t>0,

which implies the Dirichlet boundary condition for u given by
wx) =0, zel

since from (5.3)
Uz, t) = u(z)e™, t— o0

where again v = u’ + . In the same way, for sound-hard obstacles, the nor-
mal velocity vanishes on the boundary I" and so we get the Neumann boundary
condition for u
Ou(x)
ov

=0, el
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where v is the exterior unit normal vector to D. Since there are no perfect sound-
soft or sound-hard obstacles in reality, a more realistic situation is the one where
the pressure and the normal velocity are proportional at the boundary, that is, an
impedance boundary condition

Ou(x)

W + Z)\(I)U(IL‘) =0, xzel,

with A > 0. All these three cases will be addressed during this work.

5.3 The Direct Acoustic Scattering Problem

The main topic of this chapter is to discuss methods to numerically solve the
inverse acoustic scattering problem. Therefore, a solid knowledge on the direct
problem is needed. In this section we present the basic results on the solutions to
the Helmholtz equation and to the direct problem, that will be of crucial impor-
tance later on when studying the inverse problem.

We are interested in time harmonic acoustic obstacle scattering. Therefore, as
motivated in the previous section, we want to find a solution to the following
problem:

Direct Problem 5.1 (Obstacle Scattering). Given an open obstacle D of class C?
with connected boundary I' and an incident field u' we want to find the scattered
field u* € C*(R™\D) N C(R™\D), for m = 2, 3 that satisfies

Au® + k*u® =0, x € R™\D, (5.6)

Bu=0, zel:=0D, (5.7)

lim 775" (8“ - zk:u) —0, (5.8)
=00 or

where the total field  is given by the sum of the incident field v’ and the scattered
field u*, that is, u = u’ + u®.

A solution satisfying the Sommerfeld radiation condition (5.8) is called a ra-
diating solution. Again we stress the notation I' for the boundary of D, that will
be carried out throughout this work. The differential operator B represents one
of the already referred boundary conditions, thatis,

Bu=u|r (Dirichlet); (5.9)
Bu = (%) Ir (Neumann); (5.10)

Bu= (% +i\u) |r (Robin) (5.11)
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where A > 0 is a continuous function defined on I" and v is the exterior unit
normal to D. All these boundary conditions are to be satisfied in the sense of
uniform convergence on I'. We note that the Neumann case is a particular case
of the Robin case for A = 0 and that the Dirichlet case can be seen as the limit of
the Robin case as A — oo.

Most results presented in this section on the properties of the solutions to
the direct problem have as primary tools the following first and second Green'’s
theorems.

Theorem 5.2 (Green’s Theorem). Let D be a domain of class C*. Then for u € C*(D)
and v € C*(D) we have the first Green’s theorem

/(uAv—l—gradu-gradv)dx:/ u—ds.
D

Moreover if u,v € C*(D) we have the second Green’s theorem

Ov ou
/D(uAv—vAu)dx—/aD (ua—y—va—y) ds.

Proof. The first theorem is proved by applying the divergence theorem to the
vector field (ugradv) € C*(D). The second is obtained by interchanging the
roles of u and v in the first and subtracting both equations. ]

Based on these theorems, a classical result for representing the solution can
be achieved. For its formulation, we will need the fundamental solution to the
Helmholtz equation in R™ given by

HV (k|z]), m =2,
®(x) =

m =3,
where Hél) is the Hankel function of first kind and order zero given by
HV(t) = Jo(t) +iYo(t), teR,

where the Bessel function of order zero J, is analytic for all ¢ € R and the Neu-
mann function of order zero has a logarithmic singularity at ¢ = 0 (see, for in-
stance, [Colton and Kress, 2019, Chap. 3.4.] for details). Therefore both the fun-
damental solutions have singularities for m = 2,3 at zero, that will need to be
taken care of for numerical purposes. We will define

(2, y) = @(|lz — y|)
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to simplify the notation.
We are now in position to present the classical Green’s representation formula
for exterior radiating solutions to the Helmholtz equation.

Theorem 5.3 (Green’s Representation Formula). Assume the bounded set D C R™ to
be the open complement of an unbounded domain of class C*.

Let u* € C*(R™\D) N C(R™\D) be a radiating solution to the Helmholtz equa-
tion (5.6) which possesses a normal derivative on the boundary in the sense that the
limit

ou® , s
5 (x) = hlgélJr v(z)-gradu®(x + hv(z)), zel,

exists uniformly on I'. Then, we have Green's representation formula

spn s 0Q(z,y)  Ou =
v = [ (vl - G een ) dsty). «eRND. (612

Proof. We will just state a sketch of the proof in [Colton and Kress, 2019, Sec. 3.4.]
for the two-dimensional case m = 2 and [Colton and Kress, 2019, Thm. 2.4.] for
the three-dimensional case m = 3, and refer to those for details.

Denoting by B(z,r) the ball with center in « and radius r, let us then define
the set G* = B(0, R)\(D U B(x,r)) with z € R™\D and with R sufficiently large
and r sufficiently small such that D C B(0, R), B(z,r) C B(0,R) and B(z,r) N
D = (). As v* and  satisfy the Helmholtz equation in G* we have that

/ (u’(y) Ay @ (z,y) — ®(z,y)Au’(y)) dy = 0.
By the definition of the fundamental solution, we have

s 02@y) oo Out i
anm)(u Do) ‘i(’y)aygn(yi>d (y) = u*(w),

lim
r—0

where v is the exterior unit normal to G* and therefore the interior unit normal
to B(z, ). By the radiation condition, one can also prove that
@ S
lim (us y 90(x.y) O(z,y) Ou
R=o0 JoB(0,R) ov(y) ov(y)
The proof is now complete by applying Green’s theorem to v = v* and v = ®(z, .)
on G*and letr — 0 and R — oo. ]

@Qdaw:o.

From the previous representation, one can conclude [Colton and Kress, 2019,
thm.2.2] that if u is a C?>-solution to the Helmholtz equation in R™\ D then u is
analytic in R™\D.

Another important theorem for what follows is the following.
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Theorem 5.4 (Holmgren’s Theorem). Let D be a bounded domain of class C* and u €
C%(D) N CY(D) be a solution of the Helmholtz equation in D such that

u-%-OonF

for some open set I' C 0D. Then w = 0in D.

Proof. Since u = 2% = 0 on I', we can consider Green's representation formula as

0®(xz,y) Ou ) —
u(r) = wWy)—m——~" — 7 (y)P(x, ds(y), xe€R™\D.
0= [, (05 - ey ) as \
Now, Green’s second theorem applied to u and the fundamental solution ® tells
us that

u = 0onR™\D.

Now one consider an open bounded subset A of R™\D such that 9A N T # .
Now v = 0 in D by analytic continuation, since u solves the Helmholtz equation
in AUT' U D and vanishes in A. O

We now introduce the notation €2, for the unit spherical surface in R™, that
is,
Qp={xeR":|z|=1}
where as before |.| denotes the usual Euclidean norm.

From the previous theorem one can conclude the following asymptotic be-
haviour of the solution.

Theorem 5.5 (Far-field pattern). Every radiating solution u® to the Helmholtz equation
in R™\ D has an asymptotic behaviour of an outgoing spherical wave

ezk\x|
w(e) = (uoo<
2

|z]

=

)40 (%)) Ja] > oo (5.13)

uniformly in all directions & = z/|x| € Q,,, where the function u.. is called the far-field
pattern of u. Under the assumptions of theorem 5.3 we have

De Ty 9y kg
2 — ; _ ik 14
wn) = 0o [ ()% = e ast) 58
o i ms .
Om = .
ﬁ, m = 3.



5. Acoustic Scattering Theory 81

Proof. Using the Taylor expansion of the square root function around 1, we get
that

lz—y| = Vl]g]P—2z y+y?

as |z| — oo uniformly for y € I'. Therefore we derive

eik|x—y\ _ ezk\x| (e—ik§:~y +O (i))
[z =y || z|) )"

o eik|x7y\ ezk\x| aefiki-y 1
)
v(y) |z —yl [z \ 9v(y) |z

as x| — oo uniformly for y € I'. Replacing this in (5.12) we have the result
for m = 3. For m = 2, the procedure is similar (see [Colton and Kress, 2019, Sec.
3.4.]), using the asymptotics of the Hankel function. O

Remark 5.6. We have seen in section 5.2 that if the source point y is very far in
the direction —d from the obstacle, then the point source incident field can be
approximated (up to a multiplicative constant depending on the distance |z — y|)
by a plane wave u'(z) = e**¢, with d € Q,,. In other words, the asymptotic
behaviour (5.5) means that the far-field of a point source is a plane wave, that is,

Poo(3y) = pum €.

In the same way, by theorem 5.5 if one measures the scattered wave very far from
the obstacle, one can assume that the measured data is the far-field pattern (up
to the same multiplicative constant). Both this assumptions will be taken later on
for the inverse problem, where we will consider an incident plane wave and the
far-field pattern as data.

In this way, we will present a few more properties of the far-field pattern,
since it will be important in the forthcoming sections. From the representa-
tion (5.14), we see that the far-field pattern u, is analytic on (2,,. The following
result shows us that having an incident field in the direction d and measuring the
far-field pattern in the direction  is the same as having an incident field in the
direction —2 and measuring the far-field pattern in the direction —d. This means
that, at large distances from it, the obstacle as mirroring properties.
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Theorem 5.7 (Reciprocity relation). For any of the boundary conditions previously
mentioned (5.9)—(5.11), we have that the far-field pattern satisfies

Uo(B7d) = uo(—d; —3), 2,d € D (5.16)

where u(.; d) denotes the far-field pattern obtained by scattering of a plane wave with
incident direction d € €,,.

Proof. Making use of the fact that the incident plane field u'(x; d) = e***? satisfies
the Helmholtz equation inside the obstacle D, by the second Green’s theorem
applied to u = u'(.;d) and v = u'(.; —1) we get

/F (ui(.;d)w (. —@)W) ds = 0.

Applying the same tools and procedure for the scattered wave in the exterior
domain, making use of the radiation condition we get

/F (us(.; d)w e —:@)a“;(; d>> ds = 0.

From (5.14) we get

L ovd) = /F (US(.;d)W —u@(.;—@)a“;(; d)) ds

Om

and interchanging the roles of d and 2

L (e —a) = /F <u5(.;—gz)a“;(; 9) —ui<.;d>W) ds.

m

Subtracting the last equation from the sum of the previous three, one gets

L (e (#.d) — oo (s —2)) = /F (u(.; d)%y_@ —u; —ae)a“é;d)) ds.

Making use of the boundary condition Bu(.;d) = Bu(.; —z) = 0, for any B de-
tined in (5.9)—(5.11), the left hand side of the previous equation vanishes and we
get the result. O

The question whether the far-field pattern u., uniquely determines the scat-
tered field v’ is affirmatively answered by Rellich’s Lemma. The detailed proof
can be found in [Colton and Kress, 2019, thm.2.11].
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Lemma 5.8 (Rellich). Let D be as in theorem 5.3 and u € C*(R™\D) be a solution to
the Helmholtz equation satisfying

lim lu|*ds = 0.
"0 Hal=r}

Then u = 0 in R™\D.

We formulate now the result that establishes the promised unique relation
between the far-field pattern and the scattered field as a corollary of the previous
result, simply by considering the asymptotic behaviour (5.13) of the scattered
tield (e.g. [Colton and Kress, 2019, thm. 2.13]).

Corollary 5.9. Let D be as in theorem 5.3 and v € C*(R™\D), m = 2, 3, be a radiating
solution to the Helmholtz equation for which the far-field pattern u., vanishes on ,,.
Then u = 0 in R™\D.

5.3.1 Layer Potentials

In this section, we will present the layer potentials and basic results on their
properties. The layer potentials will be of crucial importance to represent the
solution to the direct problem and to numerically solve the inverse problem for
methods requiring a forward solver.

Given an integrable function ¢, the single-layer potential is defined by

w(z) Z/Fq)(w?y)w(y)dS(y)? z € R™D, (5.17)

while the double-layer potential is defined by

v(z) = A %g@(y)ds(y), r € R™\D. (5.18)

Explicit computations show that both are solutions to the Helmholtz equation
in D and in R™\D and that they satisfy the Sommerfeld radiation condition.
Green’s representation theorem 5.3 tells us that any solution to the Helmholtz
equation can be represented as a combination of single-and double-layer poten-
tials. We will now state the classical result on the jump relations of these po-
tentials, but similar results can also be shown for densities ¢ living in Sobolev
spaces (see [Kirsch, 1989]).
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Theorem 5.10. Let T be of class C* and let ¢ € C(T') . Then the single-layer potential w
with density  is continuous throughout R™ and satisfies the estimate in the usual max-
imum norm

[[wl]oorm < Cllipl|cor

for some constant C' depending on I'. On the boundary, we have the representations

w(z) = [@@yw@wdw,xer,

owy () 0P(z,y)
— T
5 (2) Foo+ e p(y)ds(y), xeT,
where 5
W+ T )
a—y(m) = hlﬂ%l v(z)-gradw(x + hv(z)), x €T,

is to be understood in the sense of uniform convergence on I' and where the integrals
exist as improper integrals.

The double-layer potential v with density ¢ can be continuously extended from D
to D and from R™\ D to R™\ D with limiting values

wte) =250 ¢ [ Do), e,

where
ve(z) = lim v(x £ hv(x)), zel
h—0+

and the integral exists as an improper integral. We also have the estimate

0]l < Clléllsor,  [[0llcormp < Clléllso.r,
for some constant C' depending on I'. The normal derivative has no jump in the sense
that 5 5
lim (—U(a: + hv(x)) — —U(x - hu(x))) =0, ze€l,

h—0+ \ v ov

uniformly in I,

Proof. For the proof of these classical results, we refer to theorems 2.12,2.16, 2.17,
and 2.23 in ([Colton and Kress, 1983]). O

Let us now introduce the single-layer operator S given by

w@@wzfé@wwwwwjxen (5.19)

r
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and the double-layer operator K given by

(Kgo) (x) := A %@(y)ds(y), rel. (5.20)

as well as the normal derivative operators
(K"p)(z) = L%w(@/)%(y), rel (5.21)
(Te)(z) = 0 9®(z, y)go(y)ds(y), zel. (5.22)

ov(z) Jr Ov(y)

The previous jump relations can be given in terms of these operators, namely
through

w(@) = (59)@), ey = +2 4 (kg)(a),
vslw) = 2 4 ko), 2w = (o))

for z € I'. We will now state some results on the mapping properties of these
four operators. For the proofs, we refer to [Colton and Kress, 1983, thm. 2.31].

Theorem 5.11. Let T be of class C*. Then

(a) the operators S, K and K* are bounded from C(T) into C%*(T),
(b) the operators S and K are also bounded from C**(T") into C*(T"),

(c) the operator T is bounded from C1*(T') into C*(T").

We also state the following theorem for weak solutions and refer to [Kirsch, 1989]
for the proof.

Theorem 5.12. Let p € NN {0} and o € (0, 1).

(a) Let T be of class CP*%“, Then S and K are bounded from HP(T) into HP*(T)
and T is bounded from HP*1(T") into H?(T").

(b) Let I be of class CP*3*. Then K* is bounded from HP(T) into H**1(T").
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The mapping properties of these operatoirs in the case that I' is not C?-
smooth can also be obtained (see [McLean, 2000]).
We also introduce the far-field operators

(500)(®) = om / e MEo(y)ds(y), € 0 (5.23)
N
. o ae—iki'y .
(Keo)(Z) == Om o) o(y)ds(y), €. (5.24)

with g, given as in (5.15). Since their integral kernels are continuous, the previ-
ous operators are compact from the space of continuously k-differentiable func-
tions C*(7y) into C*(,,) and from the space of Holder continuously k-differentiable
functions C*2(v) for a > 0 into C*%((2,,,). By the asymptotics of the layer poten-
tials, one can also prove (see [Colton and Kress, 2019]) that the far-field pattern
of the single layer potential (5.17) is given by

Woo(7) = (Sa0p)(2), & €1,
and the far-field of the double-layer potential (5.18) is given by
0o (@) = (Kuop) (@), &€ Q.

For a combined single-and double-layer potential

B 0d(x,y) . m
U(x)—/r( ) —“7@(96,?;)) p(y)ds(y), x€R™T

we would obviously get the far-field given by

o) = ((Koo - inSoo)gzD) (z), &€ (5.25)

5.3.2 Uniqueness and Existence
We recall that the solution ©* must satisfy

Au® +E*u®* =0, x € R™\D,
Buw=f, xel :=0D,

lim r"2 (a“ _ zk:u) — 0.
=00 or

We consider f := —Bu’, where the incident field u’ is considered to be analytic
up to the boundary of D.
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We will state the uniqueness and existence results concerning the three bound-
ary conditions (5.9)-(5.11) but the proofs will only be given for some of the cases.
We refer to [Colton and Kress, 1983, Colton and Kress, 2019] for the remaining
ones.

Theorem 5.13 (Uniqueness). The exterior Dirichlet, Neumann or Robin problems have
at most one solution.

Proof. We will just give a sketch of the proof for the Dirichlet and Neumann case.
For details see [Colton and Kress, 2019, Thm.3.7.]. For the Robin case we refer
to [Colton and Kress, 1983, Thm.3.37.].

One has to show that solutions to the homogeneous boundary value prob-
lem Bu® = 0 vanish on the domain of definition. From the radiation condition
and applying Green’s theorem one concludes that

lim
T—00 QT

where Q, = {z : |z| = r}. As ¢’ is just assumed to be continuous up to the
boundary, for the Dirichlet case the existence of the integral on the right-hand
side must be assured. We overcome the problem by considering I" of class C?
and u' to be at least C** (see [Levine, 1964]). By the boundary conditions u® = 0
or Ou®/Jv = 0 on I we get that

ou’
v

2 s
+ k:2|u|2> ds = —lem/usau ds,
T al/

lim lu|?ds = 0
r—00 Q’r‘

and by Rellich’s lemma 5.8 one gets the result. O

Theorem 5.14 (Existence). There exists a unique solution to the exterior Dirichlet, Neu-
mann or Robin problem.

Proof. We first consider the Dirichlet boundary condition. We start by writing a
candidate for the solution as a combined single-and double-layer potential rep-
resentation, that is, let

00(x,y . =
o) = [ (T~ igd(an)) el)is). s €RMD. 629
r\ ov(y)
with some coupling parameter > 0. By the properties of the layer potentials,
we conclude that v satisfies the Helmholtz equation and the radiation condition.

By the jump relations, in order to fulfil the boundary equation, we get that

L (K —inS)p = f
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must be satisfied over I'. The fact that S and K are compact operators from C(I)
into itself (thm. 5.11 combined with the compact embedding of C**(T') in C(T"))
and the Fredholm-Riesz theory for equations of the second kind with a compact
operator show that the equation has a solution if the operator I + 2(K — inS) is
injective. Let us then assume that ¢ is a solution to the homogeneous equation

e+ 2(K —inS)p = 0.

Then, the potential v given by (5.26) satisfies the exterior homogeneous boundary
condition and by uniqueness of this problem we conclude that v = 0 on R™\D.
The jump relations from theorem 5.10 yield

Jv_
v = —, 5 —imy onl

and from the first Green’s theorem applied to v_ and v_ in D we get

in/|g0|2ds: /E_%LdSZ/ (| gradv|”> — k*[v) .
r r v D

Taking the imaginary part of the previous equation we get ¢ = 0 and the exis-
tence proof is finished.

For the Neumann and Robin cases, the proofs go in a similar way, choosing
appropriate combinations of layer potentials. We refer to [Colton and Kress, 2019,
thm.3.10] and [Colton and Kress, 1983, thm.3.38], respectively, for details. O

Remark 5.15. The estimates of theorem 5.10, along with the continuous depen-
dence of the density ¢ on the boundary data f contained in the previous proof
as a consequence of the Fredholm-Riesz theory, show continuous dependence of
the solution u* on the boundary data f.

5.4 The Inverse Acoustic Scattering Problem

The inverse problem is a much harder and more exciting problem to solve. It
has been studied for the last decades but there are still many rather fundamental
open problems, namely uniqueness proofs for a finite number of incident waves.
In this section, we will give an overview of the results for the time-harmonic
acoustic obstacle scattering problem under consideration.

We formulate the inverse problem we want to solve as follows.
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Inverse Problem 5.16. Let u' be an incident field, usually considered to be a plane
wave u'(x) = e*?, with incident direction d such that |d| = 1.
Given a far-field pattern u., corresponding to a scattered field v* satisfying

Au® +Eu®* =0, x € R™\D, (5.27)

Bu'+u®) =0, xel:=0D, (5.28)
lim 5 (a“ . zku) —0, (5.29)
r—oo or

where B is known and is one of the operators (5.9)-(5.11) corresponding to a
Dirichlet, Neumann or Robin boundary condition, find the position and shape
of the obstacle D of class C?. In the case of the impedance boundary condi-
tion (5.11), we also want to find the unknown impedance \.

Remark 5.17. The latter case is equivalent to recovering the obstacle and the bound-
ary condition, since we recover also the unknown impedance \. As referred be-
fore, both the Dirichlet and Neumann are particular cases of the Robin one. If A
is close to zero we recover the information that the obstacle is sound-hard and
if A is large that it is sound-soft. A coated-obstacle can also be recovered, though
in this text we assume A to be a continuous function.

The problem 5.16 is ill-posed in the sense of Hadamard [Hadamard, 1952] and
is also non-linear. The ill-posedness comes from the fact that the determination
of D does not depend continuously on the far-field pattern u... In the procedure
of decomposition methods (as explained later on in section 5.6.2), this is illus-
trated in the reconstruction of v* from the knowledge of u.., since it can be seen
as the inversion of the integral operator (5.25), which is a compact operator due
to its continuous kernel. The non-linearity comes from the fact that the scattered
wave does not depend linearly on the obstacle. This can be illustrated as finding
the position of the obstacle as the location of the zero level set of Bu not being a
linear problem. Moreover, scattering by two different obstacles is different from
the sum of scattering by each one of them separately.

5.4.1 Uniqueness

In the context of the inverse scattering problem, the first and only issue that
needs to be addressed is uniqueness. Note that existence is a wrong question
to ask, since we assume that the given far-field u., corresponds to scattering by
the unknown obstacle D. In this case of academic examples, existence is settled.
However, if one actually wanted to proof existence of a solution for a general



90 5.4. The Inverse Acoustic Scattering Problem

given far-field pattern u., it would imply that one would be able to character-
ize whether the zero level set of the scattered field corresponding to the given
far-field u., is a union of closed and non self-intersecting curves, which is now-
a-days way beyond the capabilities of the available theory. On the other hand, in
an applied context where the far-field data contains noise due to measurements,
then due to the smoothing properties of the far-field operator, it is clear that the
noisy data will fall out of the range of this operator. In this sense, in this case
there is no existence. However, and having in mind that the problem is severely
ill-posed, we would still want to find a stable approximation of the solution to
the inverse problem, despite the noise on the data making it outside the range of
admissible far-field data patterns.

Having these aspects in mind, we will proceed by presenting some classical
results on the uniqueness of this inverse problem and sketch the proofs. We start
by the classical result presented in [Lax and Philips, 1967], based on the ideas of
Schiffer.

Theorem 5.18. Assume that Dy and D, are two sound-soft scatterers such that the far-
field patterns coincide for an infinite number of incident plane waves with distinct direc-
tions and one fixed wave number. Then Dy = Ds.

Proof. Let uj(.,d), j = 1,2, be the scattered fields corresponding to scattering by
the obstacle D; with incident direction d and let u;(.,d), j = 1,2, be the corre-
sponding total field. By Rellich’s lemma 5.9, we know that the far-field pattern
uniquely determines the scattered filed and so we have that

ui(a,d) = uj(r,d), = e€G,

where G is the unbounded component of R™\(D; U D;). Consequently, we get
that u,(x, d) = us(x,d) for € G and by the boundary condition and continuity
of the total fields we get that

ui(z,d) = uy(z,d) =0, =z € IG.

We now assume that D; # D, in order to obtain a contradiction. Without loss
of generality we can assume that D* = (R™\G)\ D, is non-empty. Then us(., d)
is defined in D*, since it is describes scattering by D,. Therefore, us(., d) satisfies
the Helmholtz equation in D* as well as the homogeneous Dirichlet boundary
condition on 0D*, that is,

Aui(z,d) + k*uy(z,d) =0, x € D*,
uy(z,d) =0, x€dD*.
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Therefore us(.,d) is a Dirichlet eigenfunction of the negative Laplacian in D*
with eigenvalue k. In this way, considering an infinite number of incident direc-
tions {d,, },n € N, we have an infinite number of Dirichlet eigenfunctions us(., d,,)
in D* for the same eigenvalue k*. The proof is now finished by showing that
the uy(.,d,) € Hg(D*) (e.g. [Colton and Kress, 2019, Lem.3.8]) are linearly inde-
pendent and that for a fixed eigenvalue there exists only finitely many linearly
independent Dirichlet eigenvalues in Hj(D*) (e.g. [Colton and Kress, 2019, proof
of thm.5.1]). In this way, we get the desired contradiction and the proof is fin-
ished. O

For practical reason, one should be also interested in methods to solve the
inverse obstacle scattering problem considering as data the far-field pattern for
just one incident direction, or, at most, a finite number of incident directions. In
this way, we will proceed by presenting uniqueness results considering just a
tinite number of incident directions, namely using some a priori bounds on the
size of the obstacle. The bound on the size of the obstacle was initially proposed
by Colton and Sleeman [Colton and Sleeman, 1983] and recently improved by
Gintides [Gintides, 2005].

Theorem 5.19. Let Dy, Dy € R? be two scatterers which are contained in a ball of ra-
dius R, let
N:= Y (2n+1)

tni<kR

where t,,;, | € N are the positive zeros of the spherical Bessel function j,, n € N and let

Mo N/2+4+1, Niseven
L (N+1)/2, Nisodd.

Assume also that the far-field patterns for both obstacles coincide for one fixed wave
number k and for M different incident directions d,,,n = 1,..., M, such that d,, # £d,,
forn #n'. Then Dy = Ds.

Proof. We use the same definition of D* as used in the previous proof. The
Courant maximum-minimum principle for compact symmetric operators im-
plies that the negative Laplacian Dirichlet eigenvalues have the following prop-
erty (see [Leis, 1986, thm.4.7]): The n-th eigenvalue )\, ordered by magnitude
taking into account its multiplicity for a ball B containing the domains D; and D,
is always smaller than the n-th eigenvalue p, for the sub-domain D* C B.
In particular, for )\, = k? the multiplicity of )\, must be less than or equal
to the sum of multiplicities of the eigenvalues of the ball B that are smaller
than £2. It is known that the eigenvalues of the ball B are given by p,,; = t2,/R*
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(e.g. [Colton and Kress, 2019, pp.57]) and one can show that each has multiplic-
ity 2n+1 (e.g. [Colton and Kress, 2019, thm.2.6]). Therefore, the multiplicity of A,
must be smaller or equal to IV, by definition of N. Assuming D* is non-empty,
that is, that D; # D,, similarly to the previous proof, we will be led to a contra-
dition. We have that M incident directions {d,,}, n =1,..., M, would lead to M
linearly independent eigenfunctions us(.,d,), n = 1,..., M with the same eigen-
value k*. Moreover, under the assumptions on the incident directions, the conju-
gate complex total fields us(.,d,), n =1,..., M would be also linearly indepen-
dent from the previous and would also satisfy the Helmholtz equation in D* and
the homogeneous Dirichlet boundary condition on 9D* (see [Gintides, 2005]).
Therefore, we would have 2M linearly independent eigenfunctions related with
the eigenvalue ), and so the multiplicity of ), is greater or equal to 2M, which
leads to a contradiction because 2M > N. Therefore D; = D,. l

Corollary 5.20. Let Dy, Dy € R? be two scatterers which are contained in a ball of ra-
dius R such that kR < tyo =~ 4.4939. Assume also that the far-field patterns coincide for
one incident direction. Then D, = Ds.

Proof. From kR < t;y and the fact that ¢y, is the only positive zero ¢,; of a Bessel
spherical function j, satisfying ¢,; < t19, we conclude that NV < 1 and so by the
previous theorem one incident direction is enough to uniquely determine the
obstacle. O

From the previous theorem, we can obtain the size constraint for domains in
R? that must be satisfied to ensure uniqueness for the far-field data of a single
incident direction.

Remark 5.21. A similar result can be obtained in R? with the restriction kR < 2,
where z,; are the positive zeros of the Bessel functions J,,. The proof is identi-
cal and relies on the fact that J,(kr)e**? is an entire solution to the Helmholtz
equation in R? and therefore p,,; = 22,/ R? are Dirichlet eigenvalues on a circle of
radius R. Everything then follows in a similar way.

Note that for the previous uniqueness results no regularity assumption was
made on the domains.

For the Neumann and Robin boundary conditions, the same procedure of
proof can not be carried out. This is due to the fact that the domain D* defined as
in the previous proofs might have corners or even cusps and the finiteness of the
dimensions of the eigenspaces of the Laplace operator with boundary conditions
requires the boundary to be sufficiently smooth. This cannot be overcome with
requiring more regularity or even analyticity on D; and D,, since this does not
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prevent D* to have corners or cusps. A new idea of proof that could be applicable
to these two boundary conditions was suggested by Isakov (e.g. [Isakov, 1998]),
who obtained a contradiction on the value of an integral over some appropri-
ate contour when its length went to zero. A much simpler approach was pre-
sented by Kirsch and Kress [Kirsch and Kress, 1993], where this contradiction
was achieved in a pointwise sense. Moreover, this procedure of proof can be
carried out for any of the referred boundary conditions, as mentioned in re-
mark 5.23. We formulate it in the following result.

Theorem 5.22. Assume that Dy and Dy are two sound-hard scatterers such that the far-
field patterns coincide for all incident plane waves with incident directions within an
open non-empty subset of 2, and one fixed wave number. Then Dy = Ds.

Proof. By reciprocity (5.16) and analyticity of the far-field pattern, we first con-
clude that the far-field patterns must coincide for all incident directions. Then,
as in theorem 5.18, we conclude that u;(.,d) = us(.,d) on the unbounded com-
ponent G of R™\(D; U D,). Let 7y € G be fixed and consider the two Neumann
problems

Aw? 4+ Fwi =0 inR™\D;, (5.30)
dw; oP( ., x0)

J _ ) .
5 5 on 0D, (5.31)

for j = 1,2. Our first goal is to prove that w; = w3 in G.

To this end, we choose a bounded C?-domain B, such that R™\B is con-
nected, the set (D, U Dy) C B, 7y ¢ B and k? is not an interior Dirichlet eigen-
value for B, which is possible to achieve with a proper choice of B due to the
strong monotonicity properties of the eigenvalues. Then, from the completeness
of {u'(.;d) |sp: d € Qp,} in L*(OB) (e.g. [Colton and Kress, 2019, thm.5.5]), there
exists a sequence {v, } in span{u’(.;d) : d € Q,,} such that

vn, — (., z0)||r2098) = 0, 1 — 0.

Then as each v, is a solution to the Helmholtz equation and by the assumption
that k2 is not an eigenvalue for B, we can conclude (e.g. [Colton and Kress, 2019,
thm.5.4]) that

grad v, — grad ®(.,z9), n — o0 (5.32)

uniformly on compact sets of B, in particular, in D, U D,. Since the v,, are combi-
nations of plane waves, from the first paragraph of this proof, the corresponding
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scattered fields v, ; for the obstacles D;, j = 1,2 must coincide in . This implies
also that 5
UfL i avn .
—= = ———ondD, =1,2
ov ov A

so the convergence (5.32) along with the uniqueness and well-posedness of the
solution to the exterior Neumann problem show us that

S S
Uy TP Wi, M= 00

uniformly in compact sets of R™\D;, j = 1,2. Therefore w; = wj in G, since as
already mentioned the fields v;, ;, j = 1,2 coincide in G.

We now assume that D, # D in order to get a contradiction. Without loss
of generality, there exists z* € dD;\Dy. We choose h > 0 sufficiently small such

that the sequence
h
Ty =2+ —v(z¥), neN,
n

is contained in G. We now consider wy, ; as the solutions to the exterior Neumann
problems (5.30)—(5.31) with z, replaced by x,. We recall that w;, , = w;, , = w,
in G. On the one hand, we have that the Neumann boundary data over 9D, is
uniformly bounded with respect to the maximum norm and along with the well-
posedness of the exterior Neumann problem we have that

<C,

S
‘ ows

5, (&)

for some positive constant C' and all n € N. On the other hand, the scattered field
corresponding to D; must satisfy the boundary condition and so

ows 0P (x*, x,)
I ()] = |22
'ay(az)—‘ 5 — 00, N — 00
This contradiction shows that D; = D,. O

Remark 5.23. Note that with proper changes in (5.31) and in the following bound-
ary conditions, this proof works for all boundary conditions (5.9)-(5.11). The
only requirement is that

|BO(z*, z,)| = 00, n — 0

in order to get the contradiction at the end. In particular, it is not needed that the
boundary condition imposed for both obstacles D, and D, is the same.
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A similar result can also be proved for the Robin or impedance boundary
condition, where the uniqueness is guaranteed not only for the obstacle, but also
for the impedance function .

Theorem 5.24. Assume that D, and D5 are two scatterers with continuous impedances A\
and Ay such that the far-field patterns coincide for all incident plane waves with inci-
dent directions within an open non-empty subset of 2, and one fixed wave number.
Then Dy = Dy and Ay = \s.

Proof. As referred in remark 5.23, with a similar proof to the one of theorem 5.22,
one shows that D; = D,. Let us assume that \; # \;. By Rellich’s lemma we
have that the total fields u; and us, corresponding to scattering by D = D; = D,
with impedances A; and ), respectively, coincide outside D and therefore by
continuity, one finds that

%+i)\1u: a—u+i)\2u:0, on 0D
ov ov

where u = u; = uy. Hence (A — \y)u = 0. If the total field would vanish on an
open set of 0D, then, by the boundary condition, the Cauchy data of v would
vanish on the same open set of 9D and by Holmgren’s theorem and analyticity
of the solution v, the total field © would vanish in R™\ D. Therefore, this cannot
happen and A\; = ), in a L?-sense. By the continuity of \; and )\, we have the
result. O

The previous result can also be extended to the case of a point source incident
tield instead of plane incidence (e.g. [Kress and Rundell, 2001]).

A uniqueness result for both sound-hard or impedance obstacle considering
just a finite number of incident directions is still open, even with a priori knowl-
edge on the size of the obstacle D (analogous to thm. 5.19 for the sound-soft case).
Uniqueness results for a finite number of incident directions with no a priori
knowledge on the size of the obstacle for the Dirichlet case are also an open prob-
lem. However, some work as also been developed in this direction with geomet-
rical restrictions such as the case of balls [Liu, 1997] and, more recently, polygonal
obstacles [Alessandrini and Rondi, 2005, Cheng and Yamamoto, 2003]. Unique-
ness results for phaseless data (that is, with knowledge of only the absolute value
of the far-field pattern) can also be established in some contexts [Sun et al., 2019].
Also, uniqueness for the transmission problem, that is, with transmission condi-
tion on a penetrable obstacle, was also be proven [Elschner and Hu, 2011].

In section 5.6, we will be interested in recovering star-shaped obstacles, that
is, with boundary of the form

F={r(@)z:% € Qn} (5.33)
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with r € C?(9,,). In this way, by a formal algebraic argument, given a complex
valued function u., on (2, it makes sense to try to reconstruct one real func-
tion r over (2, getting a formally overdetermined problem. In the same way,
for a star-shaped domain, the impedance A defined on the boundary can be seen
as A = A\(z), 2 € Q,,. Therefore, even for the impedance case it would make
sense to try to reconstruct both real functions  and A from the knowledge of one
complex valued function u., over 2. Having this algebraic formal argument in
mind, we will proceed in the next chapter by suggesting methods to numerically
solve the inverse scattering problem 5.16 having as data the far-field pattern u.,
corresponding to one single incident field.

5.5 Numerical methods for the Direct Problem

Usually one needs a deep knowledge of the direct problem, in order to attack
the inverse problem. In this way, we will focus on the numerical solution of the
direct problem in the following lines, concentrating on the solution in 2D. There
are many ways to do it, but we will focus on two approaches: a) the numerical
aproximation by appropriate quadrature rules of the integral layer representa-
tion; and b) the method of fundamental solutions.

5.5.1 Layer Potential Representation

In this section we will present the numerical procedure to solve the inverse prob-
lem 5.16 by the hybrid method in R?. For simplicity, in this section we will denote
the unit sphere by (2 := ;. We will briefly present the direct problem in order
to introduce the quadrature rule to deal with the logarithmic singularities of the
fundamental solution in R?. In this way, we present how the direct problem can
be solved in order to generate synthetic far-field data for the inverse problem.

The goal is to compute the far-field pattern u., corresponding to scattering by
a given obstacle D with boundary I" and a given incident field u’. We represented
the scattered field as a combined single-and double-layer potential over I'

soy — [ (92 y) -
ww) = [ (Tt~ igtan) plst). = RN

with n > 0, which is possible to do requiring enough regularity on I' and on the
incident field " over the boundary (see [Colton and Kress, 1983]). For each of
the boundary conditions (5.9)—(5.11), the scattered field ©* must satisfy

Bu®*=—Bu' onT.
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Considering the layer operators given in section 5.3.1, one is lead to the following
integral equation for the Dirichlet boundary condition (5.9)

g Y (K —inS)p=—u' onTl, (5.34)
making use of the jump relations. Considering ¢ in the appropriate smooth
space, as discussed before due to the comnpacteness of operators S and X, the
previous integral equation is of the second kind (e.g. [Colton and Kress, 2019]).

Now, assuming the boundary I can be parameterized by z : [0, 27] — R?, that is,
['={z(t) : t € [0,27]}

where z is a C*-smooth 27 —periodic and counter-clockwise oriented parameteri-
zation, the next step is to parameterize the previous integral equations. Then, by
the Nystrom method, one just needs to straightforwardly approximate the inte-
grals by appropriate quadrature rules, and collocate the equation in the quadra-
ture points in order to obtain a linear system.

For the operators S and K we simply apply the quadrature rules for smooth
functions and logarithmic singularities in [Colton and Kress, 2019, sec. 3.5.], which
are exponentially convergent for analytic boundaries I'.

Therefore, for the Dirichlet case, we write (5.34) in the parametric form

P(s) + 2/0 ' M (s, t)(t)dt =2g(s), s€]0,2n], (5.35)

where 1(s) = p(2(s)) and g(s) = —u'(z(s)) and
M(s,t) = M¥(s,t) —inM3(s,t), s,t€[0,2n], (5.36)

where M* and M are respectively the parametric kernels of the single- and
double-layer operators that will be defined in a few lines. The goal is to decom-
pose the parameterized kernel M in the form

M(s,t) = My(s,t)In (4 sin? 2 ) + My(s,t), s#t (5.37)
for s,t € [0, 27|, where M; and M, are analytic. This can be done by considering
the expansion of the fundamental solution Hél) = Jo + iNy in its power series
(e.g. [Colton and Kress, 2019]). The idea is to apply this decomposition to the
parametric kernel M of the single layer operator S and to the parametric ker-
nel M* of the double layer operator K and then make use of (5.36) to obtain the
decomposition (5.37).
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Therefore, following the ideas of [Kussmaul, 1969, Martensen, 1963] described
in [Colton and Kress, 2019, sec.3.5], we have that the parametric kernel M* of the
single layer operator S, such that

SN = [ MG v, s < 0,20
can be decomposed as
M¥(s,8) = LHD(K=(s) — 2(0)])](0)
~ M(s,6)In (4sin2 5 t) + M (s, 1)
where
MP(s,t) o=~ JolH]=(s) — =ODIZ )], (5.38)
MS(s,t) = M5(s,t) — MS(s,1) In (451112 2 t> (5.39)

are analytic and Mj has a diagonal term given by

M) = (5 - 5 - o (10R) ) 120

where C' = 0.5772156649 . . . is Euler’s constant.
In a similar way the parametric kernel M* of the double-layer operator K
can be decomposed as

MEst) = %[(Z(S)|z_<§>(t_>);<;(\z(tm H{" (k]z(s) = (0] (0)

-1
= M[(s,t)ln (4 sin? ST) + MJE (s,t)

where

M) =~ EE SO ) - D] G0)

—t
ME(s,t) = M¥(s,t) — MF(s,t)In <4:sin2 ST) (5.41)
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are also analytic with diagonal term

ke L 2(@) - v(z(D)
ME (1) = -

Note that though M* is continuous, this decomposition brings advantages since
its derivatives are not continuous at s = ¢. We also note that H fl) = —Hél)/ de-
notes the Hankel function of first kind and order one and J; = —J denotes the
Bessel function of order one.

For other boundary conditions or layers representations that require the use
of operator K*, the procedures is similar (see [Kress, 1995]), getting

M (s o= O SO Bk (5) — 201 o)

* _t *
= M (s,t)In (4 sin? ST) + MJ (s,1)

where
M (st = O k() 20D G42)
ME (s,t) == M"(s,t) — M (s,t)In (481112 i ; t) (5.43)

are also analytic with diagonal term

K 1 2"(t) - v(=(t))
Myt (t,t) = o Z(0)] .
In this way the logarithmic singularity of these kernels is exposed explicitly. As
for the layer operator 7" in (5.22), due to its hypersingular kernel, the treatment
must be different. We refer to [Colton and Kress, 2019] for details.

Going back to the Dirichlet case, having equation (5.35) in mind, one can
proceed using the quadrature rule for the equidistant points ¢; := 7j/N, j =
0,...,2N — 1 given by

2m ¢ 2N—-1
/ In (4 sin? —) fydt ~ Y R (s)f(t)) (5.44)
0 o
with weights
21 = 1 m
N
Rj(- )(s) =~ jcosl(s—tj)—mcos]\f(s—tj)
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and the trapezoidal rule

2N—-1

~ v Z f(t; (5.45)

Both these quadrature rules are derived by replacing the integrand f by its trigono-
metric interpolation polynomial and then integrating exactly to determine the
quadrature weights.

We end up with an approximated equation of the form

0

2N—-1

0(s)+2 Y (R ()M (5,1) + T Mas, 1)) (1) = 29(s), 5 € [0,21]

=0
In particular, by the Nystrom method, for ¢, = ¢(¢;), i = 0,...,2N — 1 we get the
linear system

2N—-1

i +2 Z (R‘(ZN)JlMl tits) + %Mz(ti,tj)> by =2g(t;), i=0,....,2N 1 (5.46)
where the quadrature weights can be simplified to the form

™) _
RN = — (5.47)

27 o= 1 l j s (—l)N s
N2 -
In this way, one obtains a reconstruction of the density 1 that can be used to
obtain the far-field u,, from the integral far-field representation of the combined
single-and double-layer potential. As the far-field pattern of a combined single-
and double-layer potential is given by

Uoo(7) = ((Koo _ iT]Soo)<p> (z), #€Q

and both S, and K, defined by (5.23) and (5.24), respectively, have a continuous
kernel, we simply use the trapezoidal rule (5.45) to compute the far-field pattern

by
Uoo(B) = > Muo(i,t))0, & €Q

where M, (Z,t) is the parametric kernel of the combined single-and double-layer
far-field operator given by
—im/4

Meo(,1) = ook (ki v(2(t)) +n) e =01 (1)].
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FTjis procedure allows us to compute the far-field pattern for one incident
direction at NV equidistant points on the unit circle €2 and considered it as the
given data for the inverse scattering problem. As suggested in [Kress, 1985] we
choose n = k.

5.5.2 Method of Fundamental Solutions

The method of fundamental solutions (MFS) is much easier to implement nu-
merically then the previous representation, but it not always presents the same
exponential convergence. It is based on density results in L*(T') of a family of
fundamental solutions

{®(.,s):s €~}
where 7 is an appropriate curve (or surface) inside of the obstacle D. For details
on this method we refer for instance to [Anténio et al., 2008, Barnett and Betcke, 2008,
Fairweather et al., 2003, Smyrlis and Karageorghis, 2009, Smyrlis, 2009]. One way
that is usually used to determine v is to define consider the boundary param-
eterized by Z = [z where 2 is the parameterization of the exact boundary I
and 3 < 1. Therefore, the idea is to approximate the scattered field by a sum of
the form

w’(z) = iaﬂ)(aﬁ, Si) (5.48)

where s; € v are the so called source points. An approximation of the previous
form satisfies the Helmoltz equation in R™\ D and the Sommerfeld radiation con-
dition, so one wants to find the weigths a; such that the boundary condition is
satisfied. Due to the previously mentioned denseness results, one cannot expect
to have a solution of the form (5.48), but due to the denseness one can expect to
aproximate the solution by a filed of the form (5.48) as well as one desires. For
the Dirichlet boundary condition and given the incident field u‘, one way to do
this is to use a collocation method, that is, to make that

W’ (x;) = —ui(xj), j=12....p

and solve the previous equation in terms of the coefficients g; in a least square
sense with p > n. This can be done by considering the matrix

O(x1,81) P(x1,82) ... P(x1,8,)
. D(xg,81) P(xg,82) ... P(x9,8,)

D(zp,51) P(zp,52) ... D(zp,5n)
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and the second member vector

—u'(zy)

b— _ul(xn)

_Ui(ajp)

If p = n, the solution of the linear system Az = b determines the weights a;, i =
1,2,...,n. If p > n, the solution of the linear system A* Az = A*b determines the
weights a;, i = 1,2,...,n that best fit (5.48) in a least square sense. For a proper
choice of the source points we refer to [Alves, 2009]. As the choice of source
points influences the conditioning of the linear system, [Aratijo and Serranho, 2019]
proposed a method to find equidistant points over a unit sphere to improve the
conditioning of the linear system in 3D. More recently, [Chen et al., 2023] pro-
posed an optimization procedure to optimize the pseudo-boundary ~yin terms of
the effective condition number of the linear system (5.48). It should be noticed
that the choice of the points s; are related with the accuracy of the approxima-
tion of the scattered field v* and conditioning of the system. Using fundamental
solutions as basis functions, Schaback’s uncertainty principle [Schaback, 1995]
states that usually one cannot have both accuracy and well-conditioning, so a
compromise between conditioning and quality of the approximation must be ob-
tained. Another approach is the one proposed in [Antunes, 2022], where a proper
change of basis functions that are close to orthogonal but span the same space
as fundamental solutions is considered to overcome the ill-conditioning for the
2D Laplace equation. This work was then generalized to the 3D Laplace equa-
tion [Antunes et al., 2025] and the 2D Helmholtz equation [Antunes et al., 2024].

As a standard approach for ill-conditioned system, one can consider regu-
larization. Using Tikhonov’s regularization, the previous systems should be re-
placed by

(al + A"A)x = A”D.

From the far-field behaviour ®., of the fundamental solution, one can then
reconstruct from the weight’s a; both the scattered field (5.48) and the far-field
pattern

’&oo(i.) = iaiq)oo(@a Si)> (549)

where the far-field pattern of the fundamental solution ® is given in R™, consid-
ering m = 2,3, by

—ikZ.y
)
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where o, is defined in (5.15). The MEFS is clearly easier to implement numeri-
cally, since no quadrature rule is considered. However, the convergence is usu-
ally poorer than the layer representation approach. The Layer representation
approach guarantees exponetial convergence for C*-domains in R?, while MFS
only has proven exponetialk convergence for the disk.

5.6 Numerical methods for the Inverse Problem

We recall that we aim to solve the inverse problem 5.16. For simplicity, we will
consider in this section that the obstacle is sound-soft, that is, we consider a
Dirichlet boundary condition with vanishing total field v in the boundary of D
as

u® = —u', indD. (5.50)

However, the methods can be extended for other types of boundary conditions.
We will also consider the domain to be star-shaped, that is, the boundary of the
obstacle is of the form (5.33). Again, the methods can be easily extended for more
general parameterizations

z:Q,, —TI.

5.6.1 Newton-type methods

Newton-type methods appeared in the decade of 1980. They usually consider
the far-field operator
F:0D — us

that maps the boundary of the obstacle to far-field pattern u., generated by that
obstacle, considering that the incident field u’ is fixed. In this way, given the
far-field pattern, one wants to find the solution D to

F(D) = .

As mentioned before, the previous equation is ill-posed and nonlinear. In this
way, one approach is to linearize the previous equation by Newton’s method,
and then solve a regularized version of this linear equation iteratively. Therefore,
at the n th step one has a domain D, that is parameterized by the function z,. In
this way, we consider the far-field operator for the parameterization’s space

F(2) = tso,
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and linearize the previous equation in z around z, by the Newton’s method
F(z,) + F'(20)h = U,

which is equivalent to
F,(Zn)h = Uoo — F('Zn)v (551)

and update the new approximation for the parameterization of the boundary of
the domain D by 2,11 = z, + h. However, this equation is severelly ill-posed,
so one should consider a regularized version of it, for instance, by Tikhonov
regularization, and solve

(al + F'(2,) F'(zp))h = F'(20) (uoo — F(22)).

Moreover, one also needs to characterize the Fréchet derivative of the opera-
tor F', which by definition is the operator A that satisfies

L IE() = F(z+h) = Ab|| _

0.
h—0 |12l

It can be shown that the Fréchet derivative of F'is given by
F'(2)h = ul_,

where ul, is the far-field pattern of u', which is a radiating solution of the Helmholtz
equation with boundary condition

ou
T
u' =—(h-v)— on~, 5.52
(h-v)= g (5.52)
where v is parameterized by z. This means that is the parameterization space is
of dimension n with basis function v;, i = 1,2, ..., n, one has that

h = i 5ivi>
i=1

which means that, for each iteration of Newton’s method, one needs to solve n
direct problems, one for each v; in the place of h in equation (5.52). In this way,
Newton’s method requires a forward solver as described in section 5.5.

Though Newton’s methods usually is able to get good reconstructions of the
obstacle, the main drawback of this method is that it requires a forward solver
to be used n-times at each iteration step, which is costly in terms of computa-
tions. A reasonable initial guess is also needed to start the iterations. As for
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the theoretical background, the convergence proofs for these methods are not
yet completely satisfactory, though there has been some progress in that matter
(see [Hohage, 1997, Hohage, 1998, Hohage, 1999, Potthast, 2001]).

For more details on the Fréchet differentiability of the operator ' we re-
fer to [Hettlich, 1998, Hettlich, 1999, Potthast, 1996]), where there are also ap-
proaches for other types of boundary conditions. The generalization of this New-
ton method for recovering both the shape of the unknown obstacle and the un-
known impedance was also made in [Kress and Rundell, 2001].

5.6.2 Decomposition methods

As an alternative approach appearing on the second half of the 80’s, are the de-
composition methods. These take care of the ill-posedness and the nonlinearity
of the inverse scattering problem separately, in the following way (see the works
of [Kirsch and Kress, 1986, Kirsch and Kress, 1987a, Kirsch and Kress, 1987b]).

In a first step the total field u is reconstructed from the given far-field pat-
tern u., which is an ill-posed problem. This can be done, for example, by rep-
resenting the scattered field «* as a layer potential over an approximate bound-
ary v, that needs to be considered to be inside of D. Moreover, we will need the
following assumption.

Assumption 5.25 (Analytic Continuation Principle). The solution u® to the direct
problem of scattering by D can be analytically extended to the interior of D as a solution
to the Helmholtz equation in a neighbourhood of the boundary I of D.

Remark 5.26. If the boundary I is analytic, then assumption 5.25 holds, by a com-
bination of thm.6.19 and lemma 6.37 in [Gilbarg and Trudinger, 1998].

Assuming that v is sufficiently close to I' in a way that the solution u° to the
direct problem of scattering by D can be analytically extended up to v and as-
suming that £? is not an interior Dirichlet eigenvalue of the negative Laplacian
for the interior of v, we can represent the scattered field u® as a single layer po-
tential over v (see [Colton and Kress, 1983, thm. 3.30]), that is,

u(x) = / (r,y) p(y)ds(y), =€ R™n (5.53)

with density ¢ € C(7).

Remark 5.27. We choose a single-layer representation because it leads to less com-
plexity later on in the implementation. However, the additional condition on the
wave number k is needed. If we considered a combined single- and double-layer
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potential as in section 5.5.1, the condition that k? is not an interior eigenvalue
would not be needed, leading however to a harder implementation, since we
would have to deal with the hypersingular layer operator 7" in (5.22) to compute
the (later appearing) gradient of the scattered field «° in the linearization step of
the hybrid method.

Due to analyticity of the single layer potential in R™\, it is clear that if the
analytic continuation principle 5.25 does not hold, then the previous representa-
tion would not make sense for the cases where v N D # (). One knows that the
exterior trace to the boundary of the previous potential is given by

u'(z) = (Sy0)(z), z€y

where S, : C(v) — C(7) is the single-layer operator (5.19) over . By the asymp-
totics of the single layer potential, the far-field must satisfy equation

Sy 00 P = Uso IN €Ly (5.54)
with the far-field operator S, . : C(y) = C(£2,,) given by

S, o= om / WY () ds(y), € D, (5.55)
Y

with g,,, given as in (5.15). As mentioned before, the previous operator is compact
(since it has a continuous kernel) so (5.54) must be replaced by a regularized
equation. In order to show that a regularization scheme is applicable one needs
to show that the operator S,  is injective.

Theorem 5.28. Assume that k* is not an interior Dirichlet eigenvalue of the negative
Laplacian with respect to the open bounded domain D., with boundary ~. Then the
operator S, o : L*(y) — L*(Q,,) is injective and has dense range.

Proof. Assume that ¢ € L?(v) satisfies S, ) = 0. Then the single-layer potential

o(z) = / (e, y) b(y)ds(y), T ER™\y

has a vanishing far-field. By Rellich’s lemma and analyticity, we conclude that v
vanishes in R™\ D,,. By continuity up to the boundary, we conclude that S, = 0
over 7. As k? is not an interior Dirichlet eigenvalue with respect to the open
bounded domain D, we know that S, is injective (see [Colton and Kress, 1983,
thm.3.30]) and so we conclude that i) = 0, proving injectivity of .S,,.

To prove denseness, one shows by a similar argument that the adjoint op-
erator S7 is injective. Then, one concludes that S, is dense, since for a linear
bounded operator A the closure of the range of A is the orthogonal complement
of the nullspace of A* (for details see [Colton and Kress, 2019, thm.5.17]). [
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Remark 5.29 (Denseness and noisy data). Again, we recall that in applications’
context, far-field data may contain noise due to measurements. Therefore, the
fact that the single-layer far-field operator S, ., range is dense in L? allows to
obtain reconstructions even from noisy far-field data u... Nonetheless, due to the
ill-posedness of the inversion of this operator (coming from its continuous kernel
and thoerem 2.33), a regularized approach must be consideredm, as follows.

Using Tikhonov regularization, we need to replace (5.54) by
(a[ + S;OOS%OO) =57 oo, (5.56)

solving it with respect to ¢ for some regularization parameter o > 0. The scat-
tered field u® can now be approximated by

u’(z) = /CID(x,y) wds(y), x € R™\y. (5.57)

and using the jump relations we also get the approximations to «* and its exterior
normal derivative Ju®/0v on 7, given by

W) = (S, ren 550
W) = —5o+(Kp)e), 7en, 5:59)

respectively.

Now, in the second step of the method, one tries to locate the obstacle as
the position where the boundary condition holds. For the considered Dirichlet
boundary condition, this is the position where the total field u = u’+u* vanishes,
considering the gicen incident field «’ and the approximated scattered field u*
calculated by (5.57). This step is clearly nonlinear, but it is well-posed. This can
be done in a least squares sense (by a iterative method) or in the Dirichlet case
just by plotting |u|.

Summarizing, in the Kirsch and Kress decomposition method, the require-
ment that the far-field of the potential coincides with the given far-field u, leads
to an ill-posed linear integral equation that can be approximately solved via
Tikhonov regularization. Then, in a second step, one tries to find the bound-
ary I' as the location where the boundary condition (5.7) is satisfied. This second
step is clearly nonlinear.

Another decomposition method, is the point source method [Potthast, 1998].
Similarly, an ill-posed integral equation needing regularization also arises. The
point source method was afterwards adapted in [Potthast and Schulz, 2007] to
reconstruct the obstacle without knowing its boundary condition.
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Though these methods do not need forward solvers to determine the solution
to direct problems, the reconstructions obtained are not as accurate as those ob-
tained by Newton’s iterations. As for the theoretical background, these methods
are usually compared with a minimization problem (see[Colton and Kress, 2019,
sec.5.4]), but there is a gap between the theory and the implementation of the
methods. While the method is applied considering two separate minimization
steps, in the theory the minimization is considered as a whole.

5.6.3 Hybrid methods

Several hybrid methods have arised in between, combining the ideas of decom-
position methods and Newton-type methods. The idea is to take advantages
of both of them by getting good reconstructions without the need of a forward
solver at each step. These methods can be revised in [Ivanyshyn et al., 2010] and
were motivated by the work [Kress, 2003], which related the connection between
the least squares method and the iterative methods for inverse scattering prob-
lems.

The hybrid method that we will focus on was developed in the series of
papers by [Kress and Serranho, 2005, Kress and Serranho, 2007, Serranho, 2006,
Serranho, 2007b] and consists basically in iterating the Kirsch and Kress decom-
position in the following way.

Suppose that at iteration n we have ,, parameterized by z, : X — R™ (with
usually X = [0,27] and m = 2, 3), as a curve approximation to the exact bound-
ary I', parameterized by z,, of the obstacle. Then, each iteration of the method
is divided in two steps. In the first step, one represents the solution over the
boundary 7, by a layer potential as in (5.53) by

uy, () = / (2, y) on(y)ds(y), =€ R™\y,. (5.60)

Tn

In this way, as in (5.54), we solve the far-field equation over 7,
Sin 00 Pn = Uoo N €1y

with respect to ¢, with 5, », defined in (5.55).

In a second step of each iteration, we now update the position of the approx-
imation v, in the following way. For a fixed analytic field u, we now define the
operator Gp that maps the parameterization z of the contour 7 to the exterior
trace of the Dirichlet boundary condition of that field u over ~, that is,

Gp:z+— uoz.



5. Acoustic Scattering Theory 109

If the field u is the total field, then in order to find the position of the boundary I
of the obstacle D as the location where the boundary condition is satisfied, we
want to find the solution to

GD(Z) = 0.

In the spirit of a Newton-type method, we now linearize the previous equation
around z, (which is the paramterization of the current approximation +, and
solve the linearized equation

Gp(z) + Gplza)h =0 inX (5.61)

with respect to the shift ~. In the next theorem, we characterize the Fréchet
derivative of Gp.

Theorem 5.30. The operator Gp : C*(X) — C(X) is Fréchet differentiable and the
Fréchet derivative is given by

G'h(2)h = (graduo z) - h.

Proof. By the Taylor formula, the Fréchet differentiability of G5 is a direct conse-
quence of the analyticity of u and the C?-smoothness of z. Moreover, from the
Taylor formula for u, one gets for each ¢t € X that

u(z(t) + h(t)) = u(z(t)) + gradu(z(t)) - h(t) + O(Jh()]?),
as ||h||c — 0. Therefore, by definition of G, we have
IGp(z + h) = Gp(2) = (graduo 2) - hl|e = O(||R]|%)
as ||h||cc — 0 and by definition of the Fréchet derivative one has the result. [

With this characterization, equation (5.61) can be rewritten in the following
way
(grad woz,) -h=—-uoz,in X. (5.62)

In this way, at each iteration n we approximate u* by u; given by (5.60) obtained
in the first step of the iteration and solve

((grad up + grad u') 0 z,) - h = —(u, + u') 0 2, InX,

with respect to h in a least squares sense, obtaining the new approximation 7,
parameterized by z,., = z, + h. Note that we use the jump relations (5.58)
and (5.59) to compute the terms involved, through the decomposition

0
gradul,, = v gu + V:u, (5.63)
ov

Tn
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where V,u represents the surface gradient of u, which in R? reduces itself to
the tangential derivative times the tangential unit vector. We now repeat the
two steps until some stopping criteria is fulfilled. The details on the numerical
implementation can be checked in [Serranho, 2007a].

Remark 5.31. Note that to show solvability of (5.61) we would need to show
that G',(z,) is injective. However this can only be done if we are over the correct
boundary I, if v is considered to be the exact total field and if there exists an open
set of I where h - v # 0. In this case, by the boundary condition, we have that if

0=Gp(z)h =h-graduo z, = h~u%

then h = 0 everywhere. By contradiction, assume that this is not the case. Then,
as there exists an open subset of I' where h - v # 0, the normal derivative of u
would need to vanish on that open subset of I'. By the boundary condition and
Holmgren’s theorem we conclude that the total field u = 0 in R™\ D, which can
not happen since the scattered field goes to zero at infinity and the incident field
does not. A similar result can be shown for the Neumann and Robin boundary
condition (see [Serranho, 2006, thm.5]).

This hybrid method is able to compete with Newton-type methods in terms
of the quality of the reconstruction, without needing a forward solver in each
step and therefore having less computational cost. In the spirit of decomposition
methods, it separates the ill-posedness in the first step from the non-linearity in
the second step. This method can also be extended for other types of boundary
conditions, namely for the Neumann condition [Kress and Serranho, 2007] an to
recover both the shape the obstacle and impedance function [Serranho, 2006].
For details on the hybrid method for reconstructions in three-dimensions, we
refer to [Serranho, 2007b].

Numerical Implementation of the Hybrid method in 2D

We will now detail the numerical implementation of the Hybrid method in 2D,
since it is easily adapted also to implement the Kirsch and Kress decomposition
method described in section 5.6.2. In fact, Kirsck-Kress decomposition method is
a simpler case, where the first (ill-posed) step is made just once and the second
(non-linear step) is repeated until a good approximation is found.

Also, we are now in a position to present the numerical method for the in-
verse problem, since we can reuse all the quadrature rules and its ideas that have
been already mentioned in section 5.5.1, concerning the direct problem.
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For the inverse problem that we will now discuss, we consider star-shaped
obstacles, that is, the boundary of the obstacle is given by

v ={z(t) =r@@)2@) | r: Q— Rt €]0,2n]} (5.64)
where i(t) is defined in R? by
Z(t) = (cost,sint), te X =|0,2n].

As for parameterization space for 7, we choose trigonometric polynomials, since
they are dense in L?[0, 2] (see [Kress, 1998]). In this way, we consider radius
functions r that are linear combinations of trigonometric polynomials of order
less than or equal to NV, that is,

N, N,
r(t) = ao + Z a; cos jt + Z b;sin jt (5.65)
j=1 Jj=1

withaj,bj S R, j = 17---7Nz-

Consider v,, parameterized by z,, to be the current approximation to the so-
lution I of the inverse problem.

In a first step, the total-field u is reconstructed from the given far-field data u,
by representing the scattered field u° by a single-layer potential over 7, that is,

w(z) = / B(z, y)o(y)dy.

This representation leads to less complexity in the implementation than a com-
bined single-and double-layer potential (see remark 5.27) and can be taken un-
der the assumptions discussed in section 5.5.1. In this way, as referred in sec-
tion 5.5.1, we have to solve the Tikhonov’s regularized far-field equation

(an + 82, ooS00) @™ = S5 e, (5.66)

where «,, should be decreasing with n (the closer we are to the real boundary, the
less we want to alter the exact equation) and

6z'7r/4
Bk J,
By the relation (e.g. [Spanier and Oldham, 1987, Ch.53])

(Sy00 )(2) e MY o(y)ds(y), & e

g 1 -
mJo(ly|) = / cos(|y| cost)dt = 5/ evdz, y e R?
0 Q
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one can write (5.66) in the parameterized form

™)+ 3 [ Ilklens) = 2 ODIan 00 )t =
B efiﬂ/ll
" Vet

where 1™ (t) = ™ (2,(t)). Since all the integral kernels involved in the previous
equation are continuous, by the Nystrom method associated with the trapezoidal
rule (5.45) one gets the linear system

27
ehEM)2n (), (Z(t))dt

2N—-1

(n) 4 / (n) _
i, 4/{]\[ Z Jo(klzn(ti) — 2n(t )|)|Zn(t])|w] =

_,m/4 2N—-1

- S i oty
j=0

fori =0,...,2N — 1, which is solved in order to obtain the wi(n) =M (ty).
By the jump relations for the single layer operator (see theorem 5.10) given
by

us(x) = S’Yngp7
ou®

LA
= _—
ay ('r) 2 + ’YnQOJ

using the same quadratrure rules as for the forward problem, namely the one to
deal with the logarithmic singularity of the kernels involved described in (5.44)
and the trapezoidal rule (5.45) to deal with the smooth part, one gets the approx-
imations

wet)) ~ un(ealts) = Y (R ME(tt) + M5 (0, 15)) 0",
=0
ou’ ou,
a—y(zn(ti)) ~ 2 (2n(t:))
w(n) 2N-1
— i (v ) K K ( )
=0
fori=0,...,2N — 1, where the kernels M;, My and M¥X", MX" are given respec-

tively by (5.38)—(5.39) and (5.42)—(5.43) and the quadrature weights are given
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by (5.47). One now computes the tangential derivative of the total field u, =
uf + u' over 7, by trigonometric differentiation, that is, one takes the tangential
derivative of the trigonometric interpolation polynomial of u, as an approxima-
tion to the tangential derivative of the total field . In this way, one can find an
approximation to the gradient of the total field using the decomposition
N ou, ou,
grad ul,, ~ v Ean T
Again, we stress that the normal derivative of u; and computed by the jump
relations, while the tangential derivative of v} is computed by trigonometric dif-
ferentiation.
From the linearized equation (5.62) and the approximation space for the pa-
rameterization given by (5.64) and (5.65) one gets

Tn

N. N
<agh)+2 a§h) cos jt; +Z bg»h) sin jtl-) grad u, (z,(t;)) - (cost;,sint;)=—u, (zn(tz))

Jj=1 Jj=1

fori = 0,...,2N — 1 and so one now fits the coefficients a§h), b;h), j=0,...,N,
by a Levenberg-Marquardt step (note that one must have N, < N) in order to

establish the shift

N, N
h(t) = (a(()h) + Z ag-h) cos jt + Z bgh) sinjt) (cost,sint), te€|0,2n],
j=1

i=1

and get a new approximation v, ,, parameterized by 2,1 = z,+h. We then repeat
the process until some stopping criteria is achieved, for instance, while ||u,,|[ 12
is decreasing.

For numerical results of the hybrid method we refer to [Serranho, 2007a], both
in 2D and 3D.

Tn)

5.6.4 Sampling methods

When the previous classes of methods first appeared, they required the a pri-
ori knowledge of some physical properties of the obstacle, namely the bound-
ary condition imposed and an initial guess for the position and shape of the
obstacle. An alternative method for recovering scatterers without this a priori
knowledge was needed. In the second half of the 90’s, a new family of meth-
ods arose - the sampling or probe methods - that could deal with this prob-
lem (e.g. the linear sampling method [Colton and Kirsch, 1996], the factoriza-
tion method [Kirsch, 1998] and the probe algorithm [Ikehata, 1998]). Their idea
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is to establish a criterion to distinguish whether a point is inside or outside D,
based on the range of some appropriate operator, and then apply it to a grid
of sampling points. Though these methods do not need a priori knowledge on
the boundary condition, they usually just reconstruct the obstacle and not the
boundary condition. Recently in [Cakoni and Colton, 2004], after reconstructing
the obstacle by the linear sampling method, a procedure was suggested to re-
construct also the unknown impedance A on the boundary of this reconstructed
obstacle. Moreover, a big drawback arises, in general, for this class of methods:
they require a huge amount of data, namely the far-field data for many inci-
dent directions, in order to get meaningful reconstructions. Recently a sampling
method was proposed, that needs only one incident direction [Ma and Hu, 2021].

Since then, several other methods were suggested to solve the inverse scatter-
ing problem (see, for instance, [Cakoni and Colton, 2006, Colton and Kress, 2019,
Colton and Kress, 2006, Kress, 2007, Potthast, 2005]), always trying to get good
reconstructions with small computational cost and needing only as few as possi-
ble input data. However, recently a new approach as emerged, namely the use of
machine learning. In the following subsection we will address briefly this matter,
with its benefits of great optimization quality and adaptability and drawbacks as
huge amounts of data needed for training.

5.6.5 Machine Learning approaches

Due to the development of machine learning (in particular, deep learning) there
have been recent developments in using this technique for inverse scattering
problems. The idea is to feed the training of the neural network with the mea-
sured or synthetic scattering data as input and a representation of the obstacle
as output. In this section, we will just briefly review the main possibilities of
this approach without going into detail. In general, machine learning offers the
promise of great optimization capacity and adaptability to different settings and
problems. On the downside, it needs huge amnounts of data for the training
process.

There are different approaches to inverse scattering problems using neural
networks. The first is to consider direct learning, where no structure of the prob-
lem or solution is embedded in the network. In this ways, one finds a proper
neural network architecture such that it maps the given input format of the scat-
tering data to the predicted obstacle representation in the output format, training
it with existing data [Yang and Liu, 2020, Xu et al., 2020]. Specific neural network
architectures have also been developed for inverse scattering problems, as the
SwitchNet [Khoo and Ying, 2019]. Another approach is to consider an objective
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function that needs to be minimized. In our context, this could, for instance, be
made by considering the optimal parameters of the representation of the obstacle
that minimize the difference between the measured and the corresponding scat-
tering data of that obstacle [Meng et al., 2020]. In this way, information on the
form of the solution must be embedded in the neural network. Other possibili-
ties include iterating the neural network procedure using a cost function towards
the global minimum and avoiding local minima [Sanghvi et al., 2020]. Finally,
Physics-informed neural networks are networks that embed the physics of the
problem in an internal layer, forcing the solution to satisfy the governing equa-
tions. One example is [Guo et al., 2022], where a forward solver using Green’s
function is embedded in the layers of the neural network.

For further details in review of deep learning applications to inverse scatter-
ing problems, we refer to [Chen et al., 2020].

As a final remark, it is important also to notice that most of the proposed neu-
ral networks produce as output an image that should be a mask to the position
of the obstacle. In this way, theresult is similar to the one of sampling methods,
while decomposition, Newton-type and hybrid methods between both look for
the boundary opf the obstacle. Therefore, while the latter three need usually
o0nly one incident wave and look for a boundary, they are involved in less di-
mensionality and complexity than sampling and machine learning approaches.

5.7 Models for inhomogeneous mediums

Until now, we considered the inverse scattering problem for an impenetrable
obstacle, but in medical imaging one should assume that the obstacle is penetra-
ble. Therefore we will briefly say some words on this, just to gist the possibility
of modelling, and leaving numerical methods and theoretical results out of this
text. In this way, instead of considering an obstacle, the goal is now to recover
properties of an inhomogeneopus medium.

We consider the Helmholtz equation in a inhomogeneous medium, that is,

Au(z) + k*n(z)u(r) =0, ne€R™ (5.67)

where the refractive index n(z) at a point € R™ is defined by square of the ratio
between the speed of sound ¢, in the background and the at the point z, that is
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and we assume that 1 — n has compact support. In the case that n is piecewise
continuous and the scattered field u® satisfies the Sommerfeld radiation condi-
tion (5.4), then the model for the total field u = u’+u* is given by the Lippmann-
Schwinger equation

ule) =)~ [ Blap)(1 = nl)ul)iy (5.69
For more details on this problem we refer to [Colton and Kress, 2019, Cha.8].

If, on the other hand, the inhomogeneous medium is due to a different homo-
geneous medium inside the domain D with wave number k;, then the problem
might be modelled by a transmission boundary condition as

Au+k*u=0 inR™\D
Aup+kuy =0  inD
Bu = Buy in 0D

where B is an appropriate differential operator related with the boundary condi-
tion (usually a vector differential operator with two components, for one Dirichlet-
and one Neumann-type boundary condition), the exterior total field u is defined
by u = u'+u* and u® satisfies the Sommerfeld radiation condition (5.4). Note that
in this case there are two unknown fields, namely the exterior scattered field u*
and the interior field u;. More details on this topic can be checked, for instance,
in [Yan, 2002].
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Parseval’s formulas, 50

Poisson summation formula, 51

probe method, 113
Projection theorem, 51

radiating solution, 77
Radon transform, 43
Radon’s

inversion Formula, 53

refractive index, 115
Regularization

singular values decomposition, 34

Tikhonov, 35
relatively compact
set, 18
Rellich’s lemma, 83

sampling method, 113
Scattering theory, 74
sequence

bounded, 14
convergent, 14

Shannon’s Sampling theorem, 60

singular
system, 33
values, 33

Sommerfeld radiation condition, 76

source points, 101

Space
Lr, 21
Banach, 22
complete, 22
Hilbert, 22
Sobolev, 21

space
Banach, 10
complete, 10
Hilbert, 17
normed, 9
pre-Hilbert, 16
Schwarz, 43
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