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We develop a numerical method for solving shape optimization of functionals involving Steklov eigenvalues and 
apply it to the problem of maximization of the 𝑘-th Steklov eigenvalue, under volume constraint. A similar study 
in the planar case was already addressed in the literature using the boundary integral equation method. Here we 
extend that study to the 3D and 4D cases, using the Method of Fundamental Solutions as the forward solver.
1. Introduction

Let Ω ⊂ ℝ𝑑 be a bounded open set and consider the second order 
Steklov eigenvalue problem,{

Δ𝑤 = 0 in Ω
𝜕𝑤

𝜕𝑛
= 𝜎𝑤 on 𝜕Ω,

(1)

defined in 𝐻1(Ω). We will denote the eigenvalues by 0 = 𝜎0(Ω) ≤ 𝜎1(Ω) ≤
𝜎2(Ω) ≤ ... → ∞ where each eigenvalue 𝜎𝑘(Ω) is counted with its mul-
tiplicity and the corresponding orthonormal real eigenfunctions by 
𝑤𝑖, 𝑖 = 0, 1, 2, .... The eigenvalues can also be defined through a varia-
tional characterization

𝜎𝑘(Ω) = min
𝑆∈𝑘+1 max

𝑤∈𝑆∖{0}

∫Ω |∇𝑤|2𝑑𝑥
∫
𝜕Ω𝑤

2𝑑𝑠𝑥
, (2)

where 𝑘+1 is the family of all subspaces of dimension 𝑘 + 1 in 𝐻1(Ω)
(e.g. [13]).

Some shape optimization problems for Steklov eigenvalues were al-
ready considered in the literature. For example, in [31] the author 
proved that the disk maximizes the first non trivial eigenvalue of the 
problem{

Δ𝑤 = 0 in Ω
𝜕𝑤

𝜕𝑛
= 𝜎𝜌𝑤 on 𝜕Ω,

(3)

among simply connected planar domains with a fixed mass 𝑀(Ω) =
∫
𝜕Ω 𝜌𝑑𝑠𝑥, where 𝜌 ≥ 0 is a 𝐿∞(𝜕Ω) function on the boundary. The exten-

sion of this result to non simply connected domains is an open problem. 
For higher eigenvalues, in [22] the authors proved a result that implies 
the following inequality for simply connected planar domains,
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sup
{
𝜎𝑘(Ω)𝑀(Ω) ∶ Ω ⊂ℝ2} ≤ 2𝜋𝑘,𝑘 ∈ℕ. (4)

In [21], it was proved that the previous inequality is sharp and attained 
by a sequence of simply connected domains degenerating into a disjoint 
union of 𝑘 disks of the same area.

The connection of extremal Steklov eigenvalue problems and the 
problem of generating free boundary minimal surfaces in the Euclidean 
ball was studied in [20] and this connection was explored numerically 
in [27].

In this work, we will consider the following shape optimization 
problem

𝜎⋆
𝑘
= max

Ω⊂ℝ𝑑

{
𝜎𝑘(Ω), |Ω| = 1

}
, 𝑘 = 1,2, .... (5)

where 𝜎𝑘 are the eigenvalues of problem (1) and taking into account 
the properties

𝜎𝑘(𝑡Ω) =
1
𝑡
𝜎𝑘(Ω), ∀𝑡 > 0

and

|𝑡Ω| = 𝑡𝑑 |Ω|, ∀𝑡 > 0

the problem (5) is equivalent to

Problem 1. Given 𝑘 = 1, 2, ..., determine

𝜎⋆
𝑘
= max

Ω⊂ℝ𝑑

{
𝜎𝑘(Ω)|Ω|1∕𝑑} .

The existence of an optimal set was proved in [13] and some numer-
ical studies for the optimal solutions of this problem in 2D can be found 
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Fig. 1. Two distribution of points on the boundary of a star-shaped domain.

Fig. 2. Convergence curve for the MFS approximation of 𝜎𝑘, 𝑘 = 1,7,15 of the ball of unit volume in 3D (left plot) and 4D (right plot).
in [1,11,13]. As pointed out in [1], the optimal domains for this prob-
lem in 2D are well structured. In particular, the optimizer for 𝜎𝑘 seems 
to have 𝑘-fold symmetry and the corresponding optimal eigenvalue has 
multiplicity 2, if 𝑘 is even and multiplicity 3, if 𝑘 ≥ 3 is odd. Also some 
progress on the analytical study of this problem has been made recently. 
In [29], using a perturbation argument the authors proved that the disk 
is not the maximizer for higher even numbered Steklov eigenvalues. In 
this work we will address a numerical study for the optimizers in 3D 
and 4D.

2. Shape derivatives

We will consider the numerical solution of Problem 1 using a 
gradient-type method. In this context it is convenient to make use 
of the formulas for the shape derivatives of Steklov. Consider an ap-
plication Ψ ∶ 𝑡 ∈ [0, 𝑇 [→𝑊 1,∞(ℝ𝑑 , ℝ𝑑 ) for which Ψ(𝑡) = 𝐼 + 𝑡𝑉 , where 
𝑊 1,∞(ℝ𝑑 , ℝ𝑑 ) is the set of bounded Lipschitz maps from ℝ𝑑 into itself, 
𝐼 is the identity and 𝑉 is a given deformation field.

We will use the notation Ω𝑡 = Ψ(𝑡)(Ω) and 𝜎(𝑡) ∶= 𝜎(Ω𝑡) and we as-
sume that 𝜎(0) is simple.

Define the function (𝑡) = |Ω𝑡|, which gives the volume of the do-
main Ω𝑡. Then the shape derivative of  is given by

 ′(0) = ∫ 𝑉 .𝑛𝑑𝑠𝑥. (6)
𝜕Ω
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The shape derivative for a Steklov eigenvalue, which can be found 
in [15,1], is given by

𝜎′(0) = ∫
𝜕Ω

(|∇𝑤|2 − 2𝜎2𝑤2 − 𝜎𝑤2)𝑉 .𝑛𝑑𝑠𝑥,
where  is the mean curvature.

3. Numerical methods

In this section we describe briefly the numerical methods that were 
used to solve Problem 1.

3.1. Parametrization of the domains

For the numerical solution of the Problem 1, we assume that Ω is a 
star-shaped domain whose boundary can be parameterized by

⎧⎪⎨⎪⎩
𝑥 = 𝑟(𝜃,𝜙) sin(𝜃) cos(𝜙)
𝑦 = 𝑟(𝜃,𝜙) sin(𝜃) sin(𝜙)
𝑧 = 𝑟(𝜃,𝜙) cos(𝜃)

(7)

with 𝑟(𝜃, 𝜙) > 0 for 𝜃 ∈ [0, 𝜋] and 𝜙 ∈ [0, 2𝜋[, and
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Fig. 3. Numerical optimizers and optimal eigenvalues obtained for Problem 1 in 3D. We obtained also the following optimal eigenvalue 𝜎⋆4 = 3.22, whose optimizer 
is the ball.
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Fig. 4. Local maximizer of 𝜎4 .

⎧⎪⎪⎨⎪⎪⎩

𝑥 = 𝑟(𝛽, 𝜃,𝜙) sin(𝛽) sin(𝜃) cos(𝜙)
𝑦 = 𝑟(𝛽, 𝜃,𝜙) sin(𝛽) sin(𝜃) sin(𝜙)
𝑧 = 𝑟(𝛽, 𝜃,𝜙) sin(𝛽) cos(𝜃)
𝑤 = 𝑟(𝛽, 𝜃,𝜙) cos(𝛽)

(8)

where 𝑟(𝛽, 𝜃, 𝜙) > 0, for 𝛽 ∈ [0, 𝜋], 𝜃 ∈ [0, 𝜋] and 𝜙 ∈ [0, 2𝜋[, respectively 
for 3D and 4D domains.

We define the family of 3D spherical harmonics

𝑆𝑚
𝑙
(𝜃,𝜙) =

⎧⎪⎪⎨⎪⎪⎩

√
2𝑘𝑚

𝑙
cos(𝑚𝜙)𝑃𝑚

𝑙
(cos(𝜃)) if 𝑚> 0,

𝑘0
𝑙
𝑃 0
𝑙
(cos(𝜃)) if 𝑚 = 0,√

2𝑘𝑚
𝑙
sin(−𝑚𝜙)𝑃−𝑚

𝑙
(cos(𝜃)) if 𝑚< 0,

where 𝑃𝑚
𝑙

is an associated Legendre polynomial and

𝑘𝑚
𝑙
=

√
(2𝑙 + 1)(𝑙 − |𝑚|)!
4𝜋(𝑙 + |𝑚|)! .

The 4D hyper-spherical harmonics are defined by

𝑆𝑚
𝑛𝑙
(𝛽, 𝜃,𝜙) = 𝑐𝑛,𝑙,𝑚 sin𝑙(𝛽)𝐶𝑙+1

𝑛−𝑙 (cos(𝛽))𝑆
𝑚
𝑙
(𝜃,𝜙)(𝛽, 𝜃,𝜙),

𝑛 = 0,1,2, ...
0 ≤ 𝑙 ≤ 𝑛

−𝑙 ≤𝑚 ≤ 𝑙

,

𝛽 ∈ [0, 𝜋]
𝜃 ∈ [0, 𝜋]
𝜙 ∈ [0,2𝜋[

, (9)

where 𝑆𝑚
𝑙

are 3D spherical harmonics, 𝐶𝑙+1
𝑛−𝑙 are Gegenbauer polynomi-

als and

𝑐𝑛,𝑙,𝑚 = 2𝑙+
1
2

√
(𝑛+ 1)Γ(𝑛− 𝑙 + 1)
𝜋Γ(𝑛+ 𝑙 + 2)

Γ(𝑙 + 1).

The function 𝑟 is expanded in 3D and 4D respectively in terms of 3D 
spherical harmonics, for a fixed 𝑁 ∈ℕ,

𝑟(𝜃,𝜙) =
𝑁∑
𝑙=0

𝑙∑
𝑚=−𝑙

𝑎𝑙,𝑚𝑆
𝑚
𝑙
(𝜃,𝜙), (10)

and 4D hyper-spherical harmonics

𝑟(𝛽, 𝜃,𝜙) =
𝑁∑
𝑛=0

𝑛∑
𝑙=0

𝑙∑
𝑚=−𝑙

𝑎𝑛,𝑙,𝑚𝑆
𝑚
𝑛𝑙
(𝛽, 𝜃,𝜙) (11)

and the optimization is performed by searching for optimal coefficients 
in these expansions.

3.2. Generation of points for the method of fundamental solutions

In [7] it was proposed a fast algorithm for the generation of points 
on the boundary of 3D and 4D star-shaped domain. It is based on an 
almost uniform distribution of points on the unitary sphere. Another nu-
merical approach to obtain a quasi-equidistant point distribution over 
the surface of a sphere was proposed in [8]. The problem of distribut-
ing some points on a sphere in order to maximize the minimum distance 
between pairs of points is known as Tammes problem ([28,14]) and the 
optimal distribution was already found for some particular small num-
bers 𝑁 (e.g. [19,16,25]).

The location of points on the boundary of a general star-shaped do-
main can be obtained directly from (8), mapping a sample of points 
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almost uniformly distributed on the surface of the sphere to points 
on the boundary of the domain. However, we have the effect of the 
function 𝑟 and in some cases this can generate clusters of nodes (see 
Fig. 1-left).

Another strategy is to calculate the points 𝑥𝑖, 𝑖 = 1, ..., 𝑁 that mini-
mize the Riesz energy,

𝐸(𝑁,𝑠) =
∑

1≤𝑖<𝑗≤𝑁
1|𝑥𝑖 − 𝑥𝑗 |𝑠 .

The Coulomb potential that models electrons repelling each other is 
the case 𝑠 = 1. To illustrate the results obtained with both numerical 
algorithms we considered a 3D star-shaped domain parametrized by 
(7), where

𝑟(𝜃,𝜙) = 1 + 0.4𝑆0
2 (𝜃,𝜙).

In Fig. 1-left we plot 1000 points obtained with the distribution of 
points considered in [7]. Then, this distribution of points was improved 
by minimizing the Riesz energy, with 𝑠 = 3 and we obtained the distri-
bution of nodes of Fig. 1-right. This approach is much more expensive 
from the computational point of view, but provides a much better distri-
bution of nodes. We considered an analogous algorithm for placing the 
nodes on the boundary of 4D domains. Before running the optimization 
procedure we calculate the vector of the angles that define the location 
of the points on the boundary of the initial guess, by minimizing Riesz 
energy. During the optimization procedure, after a few iterations we 
may observe some clusters in some parts of the boundary. Thus, after 
each 10 iterations of the eigenvalue optimization we refine the vector 
containing the angles that generate the collocation points by calculating 
a few iterations of the minimization of Riesz energy.

We will follow the choice for the source points of the MFS proposed 
in [2,3]. We take 𝑀 collocation points 𝑥𝑖, 𝑖 = 1, ..., 𝑀 almost uni-
formly distributed on the boundary of the domain obtained by using 
the algorithm described above and for each of these points we calculate 
the outward unitary vector 𝑛𝑖, which is normal to the boundary at 𝑥𝑖. 
The source points are defined by

𝑦𝑖 = 𝑥𝑖 + 𝛿 𝑛𝑖,

where 𝛿 is a parameter chosen such that the source points remain out-
side Ω̄.

3.3. Numerical solution of the eigenvalue problems

The Steklov eigenvalue Problem 1 will be solved by the Method of 
Fundamental Solutions (MFS). We take the fundamental solution of the 
Laplace equation in ℝ𝑑 , 𝑑 ≥ 3 (e.g. [17]),

Φ(𝑥) = 1
𝑑(𝑑 − 2)𝛼(𝑑)|𝑥|𝑑−2 , (12)

where 𝛼(𝑑) denotes the volume of the unit ball in ℝ𝑑 .
The MFS approximation is a linear combination

𝑢(𝑥) ≈ 𝑢̃(𝑥) =
𝑀∑
𝑗=1

𝛽𝑗𝜙𝑗 (𝑥), (13)

where

𝜙𝑗 =Φ(⋅− 𝑦𝑗 ) (14)

are 𝑀 point sources centered at some points 𝑦𝑗 that are placed on an ad-
missible source set Γ̂, which is assumed to be the boundary of a bounded 
open set Ω̂ such that Ω̄ ⊂ Ω̂, with Γ̂ surrounding 𝜕Ω. The MFS approxi-
mation (13) can be seen as a discretization of the single layer operator

𝑆 ∶𝐶(Γ̂)→ 𝐶(𝜕Ω)

(𝑆𝜑)(𝑥) = ∫̂
Γ

Φ(𝑥− 𝑦)𝜑(𝑦)𝑑𝑠𝑦
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Fig. 5. (a) Maximizer of 𝜎6 and an octahedron; (b) Maximizer of 𝜎20 and an icosahedron; (c) Maximizer of 𝜎8 and the corresponding polyhedron, which is not a 
Platonic solid.

Fig. 6. Eigenfunctions associated to the optimal eigenvalue 𝜎2 .

Fig. 7. Eigenfunctions associated to the optimal eigenvalue 𝜎3 .
which is known to be injective, for 𝑑 > 2 (e.g. [23]). By construction, the 
MFS approximation satisfies the Laplace equation because it is built us-
ing shifts of the fundamental solution. Moreover, since it is a mesh and 
integration free method it is particularly suitable to deal with bound-
ary value problems defined in 3D or 4D domains, as those considered 
in this paper. For more details about the MFS, we refer to the following 
works [24,10,18,2,9,3,4,12,5].

The approximation of the Steklov eigenvalues can be calculated by 
solving generalized matrix eigenvalue problems. We define the matrices 
𝐀 and 𝐁, where

(𝐀)𝑖,𝑗 = 𝜕𝑛𝑖
Φ(𝑥𝑖 − 𝑦𝑗 ) (𝐁)𝑖,𝑗 =Φ(𝑥𝑖 − 𝑦𝑗 ).

The eigenvalues are calculated by solving the generalized matrix 
eigenvalue problem

𝐀𝑋 = Λ𝐁𝑋

using the Matlab routine eigs.
Next, we test our algorithm for the calculation of Steklov eigen-

values in the case of 3D and 4D balls, for which we know the exact 
solutions. Fig. 2 shows the absolute error of the approximations for 
three eigenvalues, 𝜎1, 𝜎7 and 𝜎15 in 3D (left plot) and 4D (right plot), 
which were obtained for 𝛿 = 0.2.
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3.4. Optimization algorithm

We define  ∈ℝ𝑃 to be the vector of all the coefficients in the linear 
combinations (10) and (11). Then, we define the cost function

𝑘() ∶= 𝜎𝑘(Ω)|Ω| 1𝑑 ,
where Ω is the domain whose boundary is obtained from  , by using 
(10) and (11) and will denote by ∗

𝑘
optimal coefficients defining a 

maximizer of 𝜎𝑘. The numerical maximization of the functional 𝑘 may 
be difficult, in the sense that it is expected that the optimizers may have 
eigenvalues with large multiplicities,

𝑘(∗
𝑘
) = 𝑘+1(∗

𝑘
) = ... = 𝑘+−1(∗

𝑘
),

for some  ≥ 1 defining the multiplicity of the optimal eigenvalue.
Thus, we must solve highly non-smooth optimizations. Several nu-

merical approaches were proposed in the literature to deal with non-
smoothness of the objective function in the optimization of eigenvalues 
(e.g. [26,6,7,1]). Here, we propose to use a gradient type method, with 
a convenient choice of the direction for performing a line search. We 
will assume that, due to numerical errors, all the domains that consid-
ered in the optimization procedure have simple eigenvalues and thus, 
we can calculate the gradients 𝑔𝑘, 𝑔𝑘+1, ..., 𝑔𝑘+−1 corresponding respec-
tively to 𝑘, 𝑘+1, ..., 𝑘+−1.

A typical situation during the optimization procedure is to obtain a 
certain domain having a few eigenvalues which are very close to each 
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Fig. 8. Orthogonal cuts of the optimizers of 𝜎𝑘 , 𝑘 = 2,3,4 in 4D.
other and we would like the algorithm to increase all of them. To be 
more precise, let’s assume that we define a small threshold parameter 𝜖
and that at some iteration, for some  ≥ 1, we obtain

𝑘+() − 𝑘() ≤ 𝜖, but 𝑘++1() − 𝑘() > 𝜖

The ascent direction will be determined by solving the max min prob-
lem

𝑣̂ = max
𝑣∈ℝ𝑃 ∶‖𝑣‖=1min

(
𝑔𝑘 ⋅ 𝑣, 𝑔𝑘+1 ⋅ 𝑣, ..., 𝑔𝑘+−1 ⋅ 𝑣

)
. (15)

Note that from the computational point of view, the numerical solution 
of problem (15) is not expensive, when compared to the calculation of 
the eigenvalues and gradients.

4. Numerical results and discussion

In this section we present some numerical results that we obtained 
for the solution of Problem 1. In all the experiments, we took N=20 
55
for the parametrization of 3D and 4D domains, through functions 𝑟 de-
fined in (10) and (11) and the Steklov eigenvalues and eigenfunctions 
were calculated with 2000 and 8000 collocation points, respectively in 
3D and 4D, taking 𝛿 = 0.2 in both cases. The calculation of the optimal 
solutions of Problem 1 requires approximately 50 and 100 iterations, 
respectively in 3D and 4D, taking around one hour for 3D problems, 
while the 4D problems may require 10 hours of computation using 
Matlab 2020a on a 2,8 GHz quad-core Intel Core i7 with 16 GB of 
RAM.

Fig. 3 shows optimizers of Problem 1 among three dimensional ge-
ometries for 𝑘 = 2, 3, ..., 20. The optimal eigenvalue is also marked in 
the Figure. All the values that are presented were obtained rounding 
down the optimal value obtained with our algorithm and are thus lower 
bounds for the optimal value. We can observe that, in a similar way 
that was obtained in the planar case in [1], in general the optimizers 
are well structured and have an increasing number of buds. Indeed, the 
maximizer of 𝜎𝑘 seems to have 𝑘 buds. However, there are some ex-
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Fig. 9. Orthogonal cuts of the optimizers of 𝜎𝑘 , 𝑘 = 6,7,8 in 4D.
ceptions in this pattern. We obtained a local maximizer for 𝜎4, that is 
plotted in Fig. 4, for which we obtain 𝜎4 ≈ 3.08, but this eigenvalue is 
smaller than the corresponding eigenvalue of the ball. Depending on 
the initial guess for the optimization, our algorithm converges either 
to the domain plotted in Fig. 4 or to the ball. Note that the volume-
normalized Steklov eigenvalue 𝜎𝑝2 , 𝑝 ∈ ℕ is stationary for the ball, as 
recently proved in [30]. This result could suggest the ball as a natural 
candidate for maximizer of 𝜎𝑝2 , for 𝑝 ∈ ℕ. Our numerical results sug-
gest that ball maximizes 𝜎4 (corresponding to 𝑝 = 2) but it is not the 
case when 𝑝 = 3 or 𝑝 = 4, for which we were able to find domains with 
eigenvalues larger than those of the ball, as shown in Table 1.

Some of the optimizers seem to have some symmetries and some of 
them can be related with Platonic solids. For instance, the optimizers 
of 𝜎6 and 𝜎20 seem to have the same symmetries (and same number 
of vertices) of the octahedron and the icosahedron, respectively, as il-
lustrated in Fig. 5 (a) and (b). However, some other optimizers have 
different properties. For example, there are Platonic solids having 8 and 
20 vertices, which are the cube and the dodecahedron. The optimizers 
of 𝜎8 and 𝜎20 do not have the same symmetries of these Platonic solids. 
56
Fig. 5 (c) shows the optimizer of 𝜆8 and a corresponding polyhedron, 
which is not a cube.

All the optimizers that we obtained have multiple optimal eigen-
values. For example the optimizer of 𝜎2 and 𝜎3 correspond to optimal 
eigenvalues with multiplicity three and four, respectively. In Figs. 6
and 7 we plot linear independent eigenfunctions associated to the opti-
mal eigenvalue in both cases.

Next, we show similar results obtained in 4D. Note that in this case 
is not trivial how to represent the optimizers. We used an algorithm 
proposed in [7] that applies suitable rigid transformations to the opti-
mizers obtained from the optimization procedure, in order to exhibit 
its symmetries (see [7] for details). Figs. 8, 9 and 10 show some 3D 
cuts of the optimizers in 4D in four orthogonal directions, for the opti-
mizers of 𝜎𝑘, 𝑘 = 2, ..., 10. Every row in each picture corresponds to cuts 
in each of the four orthogonal directions. The optimal eigenvalues that 
were obtained are also presented at the Figure. The numerical results 
that we gathered suggest that the optimizer of 𝜎5 is the ball, for which 
we obtained 𝜎∗5 = 3.01. Table 2 shows the optimal eigenvalues, together 
with the corresponding multiplicity. We included at the same Table the 
corresponding values of the ball.
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Fig. 10. Orthogonal cuts of the optimizers of 𝜎𝑘 , 𝑘 = 9,10 in 4D.
Table 1

Eigenvalues of the ball, optimal eigenvalues and multiplici-
ties in 3D.

Eigenvalue of the ball Optimal eigenvalue Multiplicity

𝜎2 = 1.61 𝜎⋆2 = 2.19 3

𝜎3 = 1.61 𝜎⋆3 = 2.71 4

𝜎4 = 3.22 𝜎⋆4 = 3.22 5

𝜎5 = 3.22 𝜎⋆5 = 3.58 5

𝜎6 = 3.22 𝜎⋆6 = 3.97 6

𝜎7 = 3.22 𝜎⋆7 = 4.31 7

𝜎8 = 3.22 𝜎⋆8 = 4.59 6

𝜎9 = 4.83 𝜎⋆9 = 4.90 6

𝜎10 = 4.83 𝜎⋆10 = 5.17 7

𝜎11 = 4.83 𝜎⋆11 = 5.44 7

𝜎12 = 4.83 𝜎⋆12 = 5.76 9

𝜎13 = 4.83 𝜎⋆13 = 5.96 8

𝜎14 = 4.83 𝜎⋆14 = 6.20 7

𝜎15 = 4.83 𝜎⋆15 = 6.43 9

𝜎16 = 6.44 𝜎⋆16 = 6.65 8

𝜎17 = 6.44 𝜎⋆17 = 6.84 7

𝜎18 = 6.44 𝜎⋆18 = 7.06 8

𝜎19 = 6.44 𝜎⋆19 = 7.25 7

𝜎20 = 6.44 𝜎⋆20 = 7.46 7
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